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Z yelsale A e s (x,y) el gl Al (S el Jgatall a2l o yry ;g iad) aamd)
z=x+1iy JSalL Sy

X =Rez »ual jepngz 2l &iallosall x awiades §=(0,1) 5l i =v—1 ua
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(z=3i , z=5+6i , z=5, z=3—3i )uic sl is¥ JxV:Jia

il axl 4 pad) (a) pAll
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= +x)+ily +y) =2+ 74
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d+i

Zy X t+iy;

Z Xy + iy,
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Re z = > Imz = - —
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7=7 —C
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|2y — 25| = |z1] = |22] — &

||Z1| - |Zz|| <lz; + 73| < |zg| + 12| -2
r QW !
|z, + Zz|2 =(z; + Zz)(Z1 + Zz)
= (21 + 25) (21 + Z3)
=212yt 212y + 2,2, + 2,7,
= 2112 + 71z, + 71z + |2,
= |z1|* + 2Re (z12;) + |2,|°
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argz=9=tan‘1%=tan‘1% Ol 233 0 Al Cay gt s Jad)
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9=Z+2nn OsSE o)
n=0,+1,+2,..

Argz=% Ol —T <0 <7 cums B Annll i go da jral gd Aol 03¢] 4l dal) Ll
g2iadl 22+l (Polar form)isbdl) dxpall 7 sis GV Ll
Wl gzl (e Lz = x + 1y b ol gaiall a2l i Al (i, ) ddadill dpkadll ClilaY) § 5 r oS3
o WS 5 Al pally 43S kv 7z 20l S <y =7 sinf ,x =1 cos Y

(D) z=r1(cosf +isinf)
JUAIL i WS 7 gdial) axlldald) a2 G, = |z] s

gial) 23all Al Bl Al 5 g 7z ) 2 2k

-2
Z =
1+3i
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1
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Argz=2Z Jl -1 < 0 <7 Cun 0 Anll om0 A il g8 Aaadl 03] A Al L]
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g ki

8 Olaiza Olaxe 7, 7, S

arg(z,z,) = argz, + arg z, A

arg(z,/z,) = argz, — arg z, L

arg(z;) = —arg z, N

Ul o 5ai€ Al g g Al & 5 (1) g Al s cla )

O (saiall 23all dydal) Zageall (e (1) Gl
z, = |z;|(cos B, + isin6,)
z, = |z,|(cos B, + isinf,)

i A1 Jeozo) 70 canaalldaldl 9,0, Sus
|z1|1z,|(cos 6, cos 8, — sin 6, sin 6,) + i(cos 8, sin B, + sin B, cos B,) L5 4-495

= |z||z,|(cos(8; + 0,) + isin(6; + 6,))
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1Y) JSElL (Euler's formula) Dbl dxua o s
=cos0O +isinb
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Arg z, = Argz, =m

s
2’
—TT
Arg(z,z;) = (=2i) = B OsSaadde



‘)Lu\z“ 3.’.41.; /4.’.4; ULAL.M ‘_.)AA‘)MJ-.\Q.J_‘

Argz, +Argz, =m+—-=— Ly
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sl K ails z=x +iy ol e Jad)
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Yosa kil Cunigz) = 2 — f gatall daall a5 (2, —1) & S el (558 4l 5 ol Alalas aa Lei jlaa

X sl jpadl Aobas Jisd |z — 2i] = |z + 20| of <l :Jba
Ll OsSemails z = x + iy ol W sl
|x + iy — 2i| = |x + iy + 2i]
x*+(y—2)2=x*+(y+ 2)?
y2—4y+4=y2+4y+4
=8y=0=>y=0
X sl el Aolaa o3

De Moivre's Theorem | b sa 45 33 g 538l a3l) 5 g8
058 @l dualallih 48 s g0 asia 23e (S

z" =r"(cosnb + isinnb)
Z# 0% 270 = = o Qlla maaa 220 S 13 U

ZTl
Lapall 028 caiis (cosnB + isinnf) = (cos @ +isinf)* cuan € Z I dauaa odlef A8)
8 sann Al
OB S Gl K
1 1 Argz+2kn Argz+ 2km
zn = |z|n (cos + isin - ),

k=01,..,.n—1&s 7 JM@)&S\J}A#\@A;M&MM\@J

12 L . .
Z=(—1+\/§i) Gl A1 g Al padia) Jla

z, = —1++/3i O s Jall
2 =2(2+20) o

cos 6 =5 sin@ =§
OsSaade s S @) b g 6 oY
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cosf = —cosgz cos(n—g)

- - 7T - n
sinf = Sm§ = sin (n ——)

3
_ 2
E
2 2@
Zl=2<cos?+15m?>

2T

0555 O
Lg.lj..) ‘JAJ

2T

12
z=2z1?= (2 (COS? + isin —)> OsS Aull

=212( _+ T
zZ cos 3 LsSin 3

= 2'2(cos 8w + i sin 8m)
= 212(1 + 00)
= z =212

241 247‘[)

3

43ld ) 18 g A8Me g

14 i gaiadl 2aall 3V ADEN Hgaall aa 1l

0 + 2nk +isi
3 isin—y
k=0,1,2

1
Z, =13 (cos

2 Zro Zro
zo = (V2)? (cos“T + isin“T)

1
= (vV2)? (coslﬂ—2 + isin %)

: T2 T2
z, = (V2)? (cos% + isin? 2 n)

=(v2)

wWlkr

o . . 9
(cos— +1Sin —)
12 12
1
2 171 . . 17m
zZy = (\/2)3 (cos— + Lsm—)
12 12

15
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Lapaly[q, b] sl sl Jeds yaall z(t) Gudiadl all i3 5 paiunal) AN gaall aily Coyay 315 inial) sa
Bodie Liis JIs X(2), y(D)e)s a < t < b&a 2(8) = (x(8), y(1))
AN ALE JI gy x(t), y(t) 0sSSlaie Smooth Lulel Jsiall (58
Jsa<t<b Eusz(t) =x(t) +iy(t) bl bl C sl saaing
0S5 z(b) = (x(b), y(b)) Wiv Finiall Ly Al ansi z(a) = (x(a), y(a)) Al
B Z; &0 Z Lgﬁgﬁ\kﬂ\d}édﬂikﬁi Zy =X, + iy, , Zg = X + 1Yo il A oY)
0<t<1&anC:iz(t)=(xg+ (x; —x)t+i(y; —yo)t)
A8V by grally AUUS (S5 (£-)) AL i e LS

Ciz(t) =zyg+ (21 —2zp)t, 0<t<1
r ) Sl sl Adladll (8 —C sl dpilly

_C]/(t) = ZO + (ZO - Zl)t, 0 <t< 1

0585 —C Fniall ddag gl Adsadll (8 Z(8) (o A sl Aflalae inie € OIS 13) 4l J il padatiss Lid (e g

0<t<1,z(1-1t)

N
z, =2z(1)

c

z(t)
zo = z(0)

\

Y Aaiall e pailies YV Closed curve (3l Ssie oo C (Saiall B z(a) = z(b ) <ilS 135
Glosl A s s dim e 0 <t <2méus y(t) =sin2tsint s x(t) = sin2tcost
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5s(Zo) ={z:|z — zo| < €}
Lpally 8l ya all

Di(z9) ={z:0 < |z — zo| < €} = D.(2,)\{0}

iy S (A alaSh a8y adadill o3¢] ) ga a9 1) S 4e geaall (Interior point) 4ulala ddads ceus 7, ddaai)
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2 X < Y} 5 i) it I3 e Ui Ailice idaie e
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((Multiply connected) liclias Ylail iliaie § ()l Alaie caud SEEIS 1Y) L

MES—WQA {Z:\Z\<1} 4 gaaall o)) sJb__fia

-

i JAY) e s sing 7, Akill s JS (IS 13 S e senall (Accumulation point) aess ddais e
2 kil

1 . - Y e Ry 2% e L5t
.(n=1,2,...) anz @Mc&}\@aﬂ\@d@%&\@u\hy

Cun S e samall el Lk 2 -l
5={ —n.lipg = 1,2,...}
oiaay  Jdall
s={-izi,=i30 ..}

S, = {—i,_?li,_—li,...} Cus § =5, U S, iaadle (S Lia

5
1.1. 1.
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S de sanall penill Lol o 2o iy el (e dgle 5§ Al s —f & VI BEL S Ao ganall panil) Llds )f Jaadls
i, =i} &
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(V2 —i)—i(1-+2i) =-2i -
22 42=0 Wdgala —v/2i, V/2i-<

o ) -
Ime) <O Imz>0 OS) dieesae Y -
(Ses e 7z B oz, 7, COplExa (pdde Lﬁii &
|Re z| + [Im z| < V2|z| O z Sixe e Y —a
|z, = 2,1 = |211*> = 2Re(21Z,) + |2,/ —
Dl sl Gy o5 Al dapally 40U Slac ) e e Y
1_—\/§i 2—3i
1—0? '

Y Lakad) alaeSU Hsaallaa o€
1 1 1
(1-+3i)5 .= (-16)* .« (8-—8V3i)* .|
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Jaa¥) ddaii L 3S ya5¥ Wyl Caai b jila Jasa o adidhais 7z Cus |22+ 22— 1] <9 -1
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O ) o6 g s

38T 9 B yalina 983 g ga A3 Jal) agiliidia g D Jlaall (A48 8 g0y, v SIS NI f =y + (v oSyl
cU BB e e v B DA Ol - 25 S Sl

osSeade s wpy +uy,, =2-2=00% ulx,y) =x% —y? oSl Jha
d]JS}@sa\}JZ\J\JLaJ\GA v(x,y) = 2xy Of aas SN o 4ad) g3 Adly g
osall Jhad f(z) Ay y A 85 S e v s Jalby uy, = -1, =2y 5 u, = vy, =21

aiy)
f(2) = x* —y% 4+ i2xy = z*

Al 38 38 e p QSN ka1 D daal A4S F(2) = u(x, y) + iv(x, y) D), 4k

D Al atls f o R Bl sl 53 ¢ D dladl b g Al 5 G 1 13 Gl
oS

) ALYl Aglall &yl i A8 8 Jlgd v, 1w 0 O D (A Al Al f Sy ¢ SEN slany) Aa
| Aliate a3 58 Hllaa ol

mai z=0 el z eV JUaE A y(x,y) = n(x? + y?) admsd D of cudl:Jba

f@)=u+iv
Ll (588 o Comdial) AT Al (o, ) Adlall 2l As ) (e 4 jal) culiiiall ans dglal) 8 | Jad)
2x 2(«* —y?*)
Ur =2 2’ Uxx = 75 1 22
xc+y (x2 + y2)
2y 2(x* —y?)
uy=x2+y2 ) uyyzm
e diand paally

Uyy + Uy, =0
¢ 488 g alla g Al 3]

ele U e S slae e e 5 810 B 58 1, ) o g« Led 8531 Gyl sy
2x
9) ux:vy:x2+y2

Uy, = —Vy
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55

Sl dant y uialldualy (9) 483l JalSy
2x y
_— = -1(Z
1y dy = 2tan (x) + @ (x)
o osdall danally Jalsill el B () S
O . lay - 58 Silalaa (e AN Aalaal) aladinly @lld s (x) dad 2 o oy

v(x,y) = f

2 d ;y ,
Ve (x,y) = ﬁa(;) +¢'(x)
1+(3)
2y .
Sy W
—2y .
Uy = —'Lly = m USSJ

C ssbut Lhad (SEl A0 AN @(x) 0sSSellY ' (1) = 0 dad QL4 Al
VS e P @8 pall ()5S Sl

v(x,y) = 2tan™! (%) +c
ot AL Ll Al

. 1 (Y
_ 2 2 1(7
f@)=mnkx"+y )+l(2tan (x)+c)
u\@ﬁmzzxcyzﬂeaqzuymudbﬂyj
f(2) =In(z?) +ic
 Aaalall 4 Hhaill andio 43880 g5 Ao Y 880 i) (3 yall dlagY dale 3y sean

855 Gl e 23 52 4dld (i, ) W S e ) ALail) ) g e A 880 53400 i (x, ) S rdg lAd
ClssA f(2) = ulx y) + (e, y) O olsal 1 e G v(x,y)
ot i sS llalra (383 (3 ¢ 4380 3 Jl g2y, v O Le L Gl

Uy =V, Uy =~y
D Oty sy (X, ) (&) B8 el ans O aadaion (Y1
Uy, o alindiiad Al ), Aol JelSs ¢ 5V 5 5l
L) 0588 g ) il Ll
(10) vy) = [ un)dy + )
Ly il e sdies s o(x) Cus

& —U Aty ) el gy x psiall Al (10) Usbaal) GBLEEL 7 (x) Slag) 568 Al dauss 1) 3 gladll L

So Janit ) Gl
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d
(an —uy) = o [ wndy + '

¢ (x) A JalS 25y i) Slo aaiad i) o gas) lac L Cadad (11) 23 aven 1 43880 5 Ay gy Ol Layg
c () dad Aoy 2iall il il
(8 5 33 5all) v (x, y) AaaY dpnll il ghadll oda

L1 5 3 m 25: I
ad)all v(x,y)
u(x.v) =e*cosv S o
—i0) ) Al g alau (x . }’) Yol s
Uy =-€ cosy , Uy,=-€ SNy , Uy,= € Ccosy ., U= € cosy
Uy T Uy =0
—ile drand layy — (68 lalea aladiuly
u, = € Ccosy =V
V = j1 dy + ¢(x) = Je cos vdy + ¢(x) =e” jcos ydy + ¢(x)
Al x Jlbely y Al Jalsill Al
v=e siny + ¢(x)
dauilly 40 jall AT KRk QULIS Alld g Lass x e adad 4y jlaal Ala ¢ (:\‘ ) O Cua

—Cu

L Ve = - Uy oY po ) (5 slai 55 A Y Alaleall x I Ay x

oy

v, =¢ siny + ¢/ (9=, = (' (~siny)
s siny + ¢ (x)=¢€" siny
¢ (x)=0

P(x) =¢,

=

JJ@A!M@B C; «ua
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Homework

e S A any) f(2) = 22 + 27 — Re(z) <13 -)

fRi+1)-= f(1+i)-
w =u(x,y) + iv(x, y) deall 45Y) alall i) -y
(2) = Z—1
12) = z+4
Ay Adadl) LAl aadiul f(z) = 721 577 1 974 culk 1)) _y
f(1—iV3) = f(=1410)-

VA cz_w\quy‘aj\ﬂ\uc‘)m -¢
w=x%+y%—2xy+i(x —xy)
w=0B+4i)z—2+i Lic |z—-1| <1 e dlé jpangd -0

2
W=225ﬁu\gi3¢;su=":_1@\sm¢w@y=145,‘4\3,,@0\@43\ -1

s g o) ) allall cuws) =Y

) In(1-z2) } iz3-1
lim o (g )= lima T
lim,,;z>=—-4 )
oSl A

(2% if z#i
f(Z)_{O if z=i

lim,,; f(z) = =1 O <l =il aladinly
Bl (5 sl Azad (S5 i f(2)0) @b f(2) = 0Silsz # 0 Sus f(2) = zRez <1 .y,

||
f1(2) = 53 O By il Gy e a2l f(7) =~ o1 -))
F1(2) i &5 7 o JS 3EEN ALE 25Y) J)sall o) LY Gl 58 ililae padiud )Y
f(z) =sinxcoshy +icosxsinhy -« f(z) =iz+4i -
Al Al £(z) g e dae & Qliddss Gl £(2) 5 f(z) <l I asl gl )Y
Allat g SELE Lenlld Cua e dY) AN 8L o) ¢

f(@)=(x*+y)+i(y? —x)

Agiaa) Allall &) g1l 3 pal) sy f(2) Aldadll Al s Y0
u(x,y) =x*+y* —6x2y? + 2x* = 2y* + 1 -« u(x,y) = x> - 3xy* +y -
v(x,y) Wall &l 5 38 e —u(x,y) o <k u(x,y) Al 85 3 e v(x,y) oS -1
Al g h = u? — p? o) il u(x,y) Dall @) 6 G e v(x,y) oS -V
Jiaall A4S £(Z) = Inr + 10 DA O Gwe Gl £h5S Slalaal odadl) JSA aladsuly VA
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r>0s—nm<0<m

( e 8 - }alu]‘)
Elementary Functions 4 s¥) Ji sl

Polynomials of degree n 4a_all ¢ &lua gas

Al oKl

n

w = f(2) =Zaizi =ay+ a.z+ -+ a,z"

=0

J)sall Tl (ge 25 f(z) Alall 5 4 saall da )3 vy a0 grania 230 7 ¢ Ailiia Cul 5 (1 = 0..7) @; s
(siall (s ginnall L man 8 (LRI AL 5 5 paione) ALa Al a5 Lial

(Exponential Function) 4swd! Jisal
A1y Aal ) puaiad) il a1 A adL y JalSal) Jualiil) e aalia ) g sl Lile A1l o3 Gy jal
S5 () e I 5 ddial) alad caad 5 )

et = cost—isint
L) Al Gajad | Ciy s
z=x+iy =l  exp:C-C
SV
exp(z) = e*(cosy —isiny) = e*eV”
Ly =0 Ldie daliie ) LY Al (alis o (e e o s i i)
e JSAL iSs Bale

) J) gl Gal g (g

exp(z) # 0 O LS A exp(z) LY A

exp(2) & exp(z) Lu¥) Al diise

exp(zy + z;) = exp(zy) - exp(z;) 0¥ Olias Glase 74,7, JS W @
exp(zy — z;) = exp(zy)/exp(z;) B Ohina Glase 74, 7, G813 S
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60

z=x+iy JSH-a
le?| = |exp(2)| = |lexp(x + iy)]
= |exp(x) - exp(iy)|
= lexp(x)| - lexp(iy)| = |exp(x)| - |exp(cosy — isiny)|
= lexp(x)| - [1] = e* ;
o)l (2mi) Slielias (e Ay s A LY A
Z¥2TKL — oZp2Tkl — oZ(cos 2k — i sin 2mk)
=e?(14+0) =e*

e

e?=1+i O z=x+iy adl g2 1Jba
Y daall eZ = 1 47 Adaladd) (s, Jad)

. in

eXe” =+2e%
O ) sa5 138

i _
eX =2, y=Z+2nn (n=0,%1,%2,...)

Ll o sSa 03) In(e®) = x o e

1
x=ln\/§=zln2

1
y=(2n+Z)n n=0,+41,+2,...) 9
Ll ey 13
1 1\ .
z=§ln2+<2n+z>m (n=0,41,+2,...)

Asleall sl 25 ;e

Zy # 0 e? = 7,

Jadl



DY) Andls fazes Gleb e llae )
Zo=r10e' % 5 z=x+iy oS
y =0 + 2kmi ce"= 1 <¢ e = et P e Jasi il
x=Inry JJus(k=0. +£1.+£2,...)
Al ) ) mnmsae sak Osz= Into +1( Op + 2k ) o Jslall o588 1ag
o A A0 ol Ul 13 (e mcaty 4l anle 5 o3le | Alalaall Jglall e Ao Y 2ae
Oy ¥ AL lae W g siuall LS aren Jiay Walaa s 7 (o siusel) L5 aren Lgillaie 2l
LW el 875 83a) 53 ) pea Ll Lalsil) (JS Y €A pae Al o2

O el ; Jla

4 y2
:Jall
p~2—-—-~= exp1 exp—ﬂ—l =\[; Cos—+isin—
2 4 4
=~£[—’—+i-'—]=\/—ﬁ.(1+s).
2 2 2
o) ol 1Ja

exp(z + mi) = —expz.
:Jall
exp(z+7zi)=(expz)(expmi)=~expz, since expmi=-L.

o el zdlta
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7 i .
exp(z7)] = exp(|z]).
:Jall
Y iss

;exp{lzz-)l :IE}{p[{x{-fy)z_[! = lexp(xz “}’2)+f2xy = exp(xz - yz)

S
exp(lz") =exp(x” + y°).
O L
x2 —y? < x? +y?
O el sl (e

exp(x? — y?) < exp(x* + y?)
O Ll (e g s

(The Logarithmic Function) i & sl &

038 5 5 b i daedie gl z Cua W dall W = z Al da s L e Sl Al Cay il 1) sall aal (g
i jle ol AN sa g sSra 5 (2n) s dl-aal 5 ) Al Ao ol W O Jslall (e e e e Lgd Aaladll
Aal g a5 ¢ S gl &3 le sl & g 58 Cay ety dald B ) geay algi I al) Badatia Allal)

L) Al i San 8 log 7z Apaile WA i 7 = 0 oSl | oy

z=eV O3 Jaad,g i) logz=w Qiggi

logz =In|z| +i(argz) (z+0) OB sl o3gn

z| sl 222l papdall 23 e G g8 In|z] Cus

YIS e sl (Al At N el (3 7 £ 0 oS | oyl
Log(z) = In|z| +i Arg(2) , (Jz]| >0 ,— Tt < Arg(z) < m)

G sinsall 33 shall je il daeY) IS o Alall oda (Jlae) Blaie () 5 32l 54 I3 A Log(z) of Laadls
Wed gsiwdl b —r < Im (W) ST G8Y) byl bl 7z gaid)

(VS UsSE [og z Aad Of i) Gy el (e o JanDl SIS
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logz = Log(z) + 2nmi n=0,+1,+2,...)
¢ ol S el AL B e 001 A (s
logz=Inr+i(6 +2nn) ,z=7re’® ,n=0,%1,7F2,..

logz aé z=—1—+/3i O3 :Jba
0 =28 r=2 058l a3 dndl oz dad slayl ki Ul (il oy aal) (g . Jad)

3
OsSagle
21
logz=ln2+i(—?+2nn)
1
=ln2+2<n—§>ni (n=0,41,+2,...)
20 aar Jba
:Jall
2'=e'2? butlog2=In2+2kni . k=0.+1.+2 . .
- eiloglzei(].nl+lkrri)
=gt ln2-2k7 Ck=0.%1.+2 ...
log(1 +1)
:Jall
O L

o , T LT
[+1= /2 [cos— + fsm—}
4 4
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64

M &

ng(l-l—f):hlx-"E-l-[;-l-zﬂ'ﬁ" i Lk =0,£1,£2 £3 ..

(elad ) 1ayadad)

(b pal) (g3a3 Al 7 dadi S die 3 e pe Al longd\ﬂ\_i L ag las

Imz=0, Rez<0

Q=17 «r=90 &M\‘_AQQAJY&'J\M\JSM&@M:\LU logz Al
gladdl e aii(Imz=0, Rez <0) s z >z, «idiledic Jogz A adle sy ol
coaill e Sy (g siuall 6&.:31\&4.4;&' Al e Zowzg\)ﬁjmdjiﬁ\)w\ﬁjgﬁpez

T
e deanin I3V lall 22 aind gaiedl (5 sisall JauY)
lim [ =l [ i
B 10g7 = ol (T ¥ 8D
=Inry+mi

YIS A ) Sid U L) ]
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ZIHZ) logz = (T’e)ll_)r?rojn)(lnr + 0i)
=Inry—mi

Gl Beds Imz =0, Rez <0 (i3 Al z Ll JS vie 3asm ge e Al () sSiuajle

(Aallat G ) glanidl Al

logz =Inr+ 0i Ol o
v(r,0) =0, u(r,0) =Ilnr oL

e a8 Ak JS e (g o sS illae @ A o Can lay - oS ilabaa Lialadin e

Qi =g gladll

1
ur=;,u9=0,vr=0,v9=1

O Gy z Ada S die 5 paione 40 jall Coliiiiall o2
0=argz #m

sl a8 Y )z £ 0 JS e JEaALE [og z Al o @l Gla i sS illae a5 Gl

4 (log7) =
dZ OgZ =

@L@%Q\}an tl.a.aﬂ\

1 1 ” 1
—=—e W==— (r=|z|>0,-n<Argz<m)
ret® r A

o ad Sl e sl Al e 335 o) Wil (S Gailadl) (e d &5l s Ay g 5 aladinl vie Aiadla

) QU Lgal ll a1l g JalSil) 5 Juzalatl

:Jbia
T T
Log(i®) = Log(—i) =In1 - if = _Ei
3Lo i—3(ln1+iz)—3—ni
gt = 2) T2

Log(i®) # 3Logi Of ani Lia

O (i pa e (piiaa e 7y, zy OIS 1Y) Akl
log(z,z,) =logz, +logz, .
log(z,/z,) =logz, —logz, .«
1
log (;) =—-logz .z

alall oy 5aiS @ i Aa) Ll (1) dpalad) oy
Lol 058 ol sl Ay Gy el e, Ol )

log(z,z;,) = In|zy||z,| + i arg(z,2,)
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= In|zy| + In|z,| + i arg(z,) +iarg(z,)
= In|z;| +iarg(z,) + In|z,| + i arg(z,)
= log z; + log z,
b e Jlas Log(z) Als die dale 3 ) gy (3aai o3hef 4y plaill A& (V) ¢ (V) dpalad) o) ddaaDle cang L

U}ﬁ Zz=_1+i\/§, Zl=_\/§+i US"J :du“
ol il e 0 A0 Aot ) nll S 5 7,7, = —ui

I
Log(z,z,) = Log(—ui) = Inu — >
Log(zy) + Log(z,) = Log(—V3 +i) + Log(—1 + iV3)
—In2 i57t+l 2+i2n_l +i3n
=In 3 n 7 = mhut—

O Aale 5 ) gy SN
Log(z,z,) #+ Log z; + Log z,

AnY) Aledll ddaisl g3 2€ Capmidiea 2o ¢ Oy z # 0 S L (Aaaiad) GuaT)ciy

z¢ = exp(clog(z)) = ec09@
o AN g Baseia ad 3 el B puay oS 7€ Al U wdll aania w3 S0 AN [og(7) Cus
Y5 seally
f(Z) — eclog(z)
2€ A s g il o

i720 dad o sdlia
(720 = g=2il0g1  la Cay il e, Jad)
logi=lni+i(§+2nn) S

1
_ (Zn 4 E) mi (n=0,+1,42,..)

Lol 58y el

l-—21 — e(4n+1)n

SR P ARRRE LAY ei = 7 dualall L Al Al o Le A Jaada

1 — 1 — e—clog(z) — 7€

; T eclog(z)

ol s edle | JUal) ) 5 gally g ddaaDall o2g] Lad g U
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j~2i = i = o(t4n+D)m)
l'Zl
Ll ()5S Al sac B alasinly f(z) = e€109(2) Aol dinde Sy
f'(2) = Eeclog(Z)
Z
b LS 7€ diiie o Siagle
izc — _Zc
dz z

Jiaall 8 2 7 Ladie 5 ) Aagdll & 2€ (IS 1) ddiaia 038
Maede cds —T < Argz<m,|z| >0

R (—i)iid\;ﬂ Ao Hl) daadl) 5 lia

. . O
etlog(=1) — el(lnl 12) =e2

2
AN 8y pualls AR (S 75 Al i) g Al 2 Jlha

3;/—6216’

e3logz — lnr+ 16

2
o 75 Alall e ) Al Gl

20
\/_cos—+1 2sm?

—T <6 <m,r >0 s SAablasallalg

2 1 Jla

log(—1 —V3i)
o)

—21

—2 9=
r 3

ol

3

2w |
log(—1 — V3i) =1n2 _H(_T +2rm’) In2 +7(n — —) i

(n =0,%1,£2, ... ).

o) cudl ¢ Jlia
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T
Log(—ei) =1——=i

2

:Jad)

; o . . . T,

Log(—ei)y=Ini-eil+iArg{-ei)=he——i=1——I.

2 2
o) il 1 Jla
1
log(—l + \/§l) =In2+2(n+ §)7Ti
:dad)
. (2m 1 . +. +

log(—l + \/§l) =Inl12+i <? + 2n7t> =In2+2(n+ §)m, (n=0, 1,2 o)

o) il 1 JGa

loge =1+2nmi

:Jall
. . +. +
loge=Ine+i(0+2nm) =1+2nmi,(n=0, 1, 2,..)
o) il 1 JGa
—1Y™ = exp[(2n + 1)i]
:Jad)

(—DV* = e-xp[i—iog(—l):l == exp{z::—[in] + (7 + zmr)]} = exp[(2n + 1)i].

A0l A 1) Al - Jla
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(1-*
:dad)

(1-i)* =exp[4dog(1—]= eXp{ﬁli(ha\/E_ "'%J:f _ E;remmﬁ

A1l A 1) Al - Jla

5 (~1 - V3P
:Jall

[.;.(.,I._J;)]”mp{hm[g.(_l_@f)]}:w[am-[m..,-zg]]

=exp(27? Yexp(i37) =—exp(27r?).

] ° R
( o il - )mlu]‘)
Trigonometry and Hyperbolic Functions . dsi 33 5 Akl Jf gal

D0 el G anli Y dpaiall il il (8 (&) L5 Al 3N dlas Al 3l alad oy Ay ) 30 G ) A JI sl
Ao sl (e duals LS 553 yaay Ly a3 aadaiand Sl Adial) J)sall 8 Jlal) o LS
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‘fyﬁuﬁcﬁuﬂ\ Me\.aﬁa._\g;j\«._g;l\uh Ty i
1, . .
sinz=—(e¥—e™*
21 ( )
1, . .
coSZ = E(elz + ')
Liaal o g ymn LaSeil Cum A4S U150 (g S 5 LY A4S Jlga o8 JIsall 028
(D) e” =cosz+isinz
(2) e =cosz—isinz
Ll gy ilalanall (pila ey
e? +e % =2cosz
ey
eiz + e—iz

cosz =
2

Wl ity ilaladll & o vie Gl
e? —e % =2jsinz
o)
eiz _ e—iz

21
(G AY AR Ol IS e J geanl) ol Lgia g
L e 30 (g oy IS5 Tl a3l Al i) 8 (paal il 4 ) sall 03] al 53 llin
oY) e Sl Agal) Jsall d Lalie (e Apaiall il puriall ol Al J) sall
Y Ay 277 Lagia JS3 00 Sy (2 W cos z |, sinz ol i

ei(z+27t) _ e—i(z+2n)

sinz =

sin(z + 2m) = .
20
eiz. eZni _ e—iz. e—eri
- . 2i .
_e"(cos2m + isin2m) — e™**(cos 2m — i sin 2m)
- . . Zi . .
e¥(14+0)—e™(1—-0) e%—e® ,
= : = : = sinz
20 21

OF <ty 48, Hlall il
cos(z + 2m) = cosz
o Lagiliidia g GLLIS (Ul o oS5 UM (oall (5 ghnall (B 7 2 IS (8 Qllss Ul cos 7, sinz @l o
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dsinz d [e?—e i i(eiz + e‘iz)
= = = coSsZz
i

dz  dz 2i 2i

O s 48y Hlall iy g

dcosz _
o, = —Sinz
Z=§+nn,n=0,i1,12,... OS ki) cosz =0 A
z=nmw ,n=0,%1,+2,.. o8I Lhil) sinz =0,
sin(x + iy) = sinx coshy + i cos x sinhy 2

cos(x +iy) = cosxcoshy +isinxsinhy
AUl <l gladll s el sy

1, . . . .
sinz = sin(x +iy) = z—i(elz —e7%) = Z—i(e‘ye”‘ —eYe ™)

1
= Z(e‘y(cosx +isinx) — e”(cosx — isinx))

1
= E(ey —e Y)sinx + iz(ey —eY)cosx
= sinxcoshy +icosxsinhy
| A T s Ay ) i
|sin z|? = sin? x sinh?y -
|cos z|? = cos? x sinh?y
dandl) Aaias) J) 5all ‘; Laiy Lﬁﬁd\ < giosall ‘;oags.n € ol cosz ,sinz Qi W oty Ml il e
Ctdlal)
Can oSl GuEdlall Lol & oy @l mpa il s x 2 JSIY g5k o) BBl cos Z 5 Sin z ) ddkall
|sinz|? = |sinx coshy + i cos x sinh y|?
= sin® x cosh? y + cos? x sinh? y
= sin? x (cosh? y — sinh? y) + sin® y (cosh? x — sinh? x)
cosh?y —sinh?y =1 dX;s cosh?x —sinh?x =1 ol Ly
e Joas el
|sin z|?> = sin? x sinh?y
Al A8Mal) s Agy Hhall sy
y = 00 gaily JNI ANl & 7 = x + iy Ly 13) QY
OB
lim|sin(xy + iy)|? = sin? xy + lim sinh?y = o
y—)OO y—)OO
Ll J)sall 4 e e atl e 138 5 €05 Z (Ao Gahaiy 138 g3k e Al ginz O Wil ol SO Le riia g 128
. Aadeal) f‘fﬂ\ Gl e e dgasal)
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Of sl Aaiiall ol ppaiall (8 58 LS ey o O G 7 (6 (sindl (g sl 8 4000 311 LB ) sall G jrins (Y1

e
, e?—e? e‘+e’”
sinhz = — ,coShz = —
A0y Al o LeilEidie s S Jl o Ladl cosh z, sinhz osSS NS O ga o2 2 o Lajg
d d
—sinhz = coshz , —coshz = sinhz
dz dz

0585 Al ol uaial) 3 J1sall e Jsall o3l ua e A3 AAR ) gl A iy e i Lia s
O Cus (2711) (o Lagie IS 393 Gl y 50 (ills cosh z, sinhz S
z4+2mi __ e—(z+27ri)

e
sinh(z + 2mi) = 3
eZ. eZni — e Z. e—27ri
- 2
_e*(cos 2mi + i sin 2mi) — e™?(cos 2mi — i sin 2mi)
B 2
e?(1+0)—e?(1—-0) e?—e° % ,
= 5 = > = sinhz

.cosh z Alall il 45y Hhall sy SIS

JVsall G ol ) aa gy sial) Jlaall & 815 gl Jlaall 8 et iiad) Jlaall 338 5 yral) ol A6, Ll
of Jaa D Slied dugiiall 5 adal) AGEE 2409 )

sin(iz) = isinhz , sinh(iz) =isinz A
cos(iz) = icoshz , cosh(iz) =icosz &
tan(iz) = itanhz , tanh(iz) =itanz z

el ¢y i€ 555 (pml 530153 (o

OS5 bt e gin Z A ) mitiwidie s sinZ = sinz o <) 1Jba
Laal eaal 5l (pe 2 Jad)

sinz = sinx coshy —icos xsinhy
sinz =sinxcosiy —cosxsin iy

Wal 0 A sin iy = i sinhy Ay cosiy = coshy A ol Lag
sinz = sinx coshy —icos x sinhy

..

.SinZ = sinz O Fi g
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O il s Jla

cos(1z) = cos(iz)
Ll eal gl (g

cos(iz) = cos(—y +ix) = cos ycosh x — isin ysinh x
and
cos(iz) = cos(y + ix) = cos ycosh x ~ i sin ysinh x.

..

.COSZ = COS zJ)) i 13¢a 5

(ﬁc Ll ;o}'a‘u]\)
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Sim z WAl Leuall A iy ja im il s il L as gom ot pdatos Aol 315 A el )52
w=sin"lz B z=sinw O
ERTERE

i 2 i
(e™) —2iz(e™)—1=0
Ghast eV il Al odle | Auay il Aalaall Ja

) 1
eW =iz+ (1-12z%)2
Ll 0 65 o pdall SIS 5 e Sl aaly

1
sin"z = —ilog [iz +(1- zz)?]

2 Ol aadaies A3y Hhall ity 7z Adads (S 2l (e dlie e 230 aa padll Bamde Al sin Ttz O Laad L (s
Ll € AN ALn&all ) ) Ay

1
cos™1z=—ilog [z +i(1—- ZZ)E]

[ l i+z
z==lo
2 gi—z
- otlila lly S e A2l LY Aldas ) ga b 5 adll Ba0a%a Alla Laa DS
(Y8 cosTlz , sinTlz Aiha S Cua ai el cliiia (e A g Lo Joanid agiliiia Ll
da . _, -1 d 1 1
—sin" "z =——m5 , —C0S™ Z = —
dz (1—z2)2 dz (1—z2)2

1

tan—

Ay dapal) U8 pan T 7 ASiial Al Wl a5 3al) Ay adll U jlaa) e Sl aadad il
d 1

—tan~1lz =
dz 1—2z2

sin~14/2 dadan Jla

sin~'v2 = —ilog [L\/E + (1 — (\/E)Z)E] = —ilog(ivV2 ¥ i) Ll
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in(vV2-i)=In = [

= i|Im(VZF i) + i (5 + 2n)| = 2+ 20m — 1 In(VZ F 1)

R G T S (JETEN
ol Bhaay 13 oY)

= —ln(\/f + i)

i f iy Gl

(V2-i)(V2+i) 1

(V2 +1i) "Vz2+i)

i
sin~14/2 = E+ 2nm F i ln(\/f+ i)

R G s i T

S AV Vel s ) g Al Ao 31 JIsal) ) (5 ki ()Y

1 s
sinh™'z = log [z + (z% + 1)5] J

1
cosh™ z = log [z + (2% — 1)5] -
-1, = 11,012
tanh™" z = > log — z

@Y\E‘)}mlbuj&d\}ﬂ\m@luwb

—sinh™lz = . \
z (z2+1)2
_ 1
—cosh™lz = . -
(22-1)2
d 1
—tanh 1z =
d 1-2z2 d

Sinh™12i 4ad aa ;Jla

sl

1 s
sinh™1i = log [Zi +(—2+1)2[=1log(3i) =In3 + (E + Znn)i
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: )
1+1+4+2i 1 3
tanh™1(1 + 2i) ——logm=—log( 1+1) ——ln2+l<8+n)7r ,NETZ

sinT1(—i) dad o ;Jla
:Jad)
sin™1(—i) = —ilog[1 + V2]

Ao aa pdlia

A1)
cos >
:dad)
1 -1 1
cosh [?J—log ?+\'IH_ ]
zlog —J_+’}i' 3 :log (_—',’(N-SJ :2—;7?
tan 1(—i) dad o :JUa
:dad)
L+ (=i) i [
tan~1(— l)——log e E1og(o)=E

0s71(i) dadan :Jla

:Jad)
0s7(i) = —ilog(i + V—=1—1) = —ilog(i + iV2)

= i[log(i) + log(1 + V2 )] = i[logei(%”k") +log(1 + v2)]

= —i [i (g + an) + log(l + \/7)] = (g + 2kn) — ilog(l + \/E),k = Otl, tZ, .
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Homework

Az dleZ =y +ivadan -)
z=2+3m
Ay Vsl s il 7 adas -V

Logzzl—%-a cosz =cosh2 z e? = —ie -« e?=+3+i-
blee JS af aa oY

tan~ti -2 sin"li-z (—-1)V2-w (2401

o)l -¢

La e dbe? - el > |e22| -

AoY) sl e Sl Jog z dad 2 -0
z=—V3—-i-w z=2i -

|sinhy| < |sinz| < |coshy]| ol @l -1
st ye Al gin 7 o) <l -A

- 1 , , .
(lez)a;tzlazza o\g_\:u\c a=EJZ1=l+l,Zz=lUJ\5\J\ -9



‘)Lu\z}\ :uu\\.; /4.’.4; ULALM QA;‘)!\AQ::_J_\

(}k ladul ;o}'alu“)

Complex Integral (sl Ja\ill
Al
as<t<b & f(t)=u(t)+iv(t)

CalS 1) adl gdal) gl sall Uil j2 DDA e Cayai as £ sl uatall 4dds a8 i3 JVsd p(t) , u(t) Sus
:u.usdsus\wam £ el die QoS AL ) 685 Lili Las 58 e 5 yaive Ul 50 1,

b b
jf(t)dt = ]u(t)dt+ ljv(t)dt
;uLS 13 u d\ PORALS _u:uu F(t) A JolSs ol a3 al gll (ga 9
v'(t) =v(t),u'(t) = u(t)
B

b
jf(t)dt =u(b) —u(a) + i(v(b) — v(a))
JalSill dad 2 3 Jlia

el =cost+isint
u)%uoms\ug)ﬂb«ﬂlﬂ
T
[6052t+isin2t]€ 1[ n+ T 1
= coS — lSlTl——
21 o 2I 3
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DY) dndls fanes Glals Gen e 3 )

~ &
NI

JalSill dad 2 10l

T
3
f e”dt
0

et =cost+isint

A
cos—t+isin—t]13 1 T .. T
[ ] =— cos—§+Lsm—§—1]

—1 0 —1

el a2 lia

T
3
IzJeitdt
T
6

T
= [sint]3 + i[- cost]
6

o] w|
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JalSill dad 2 10l

Pe—

TR

& | =
I

2

1
f——i dt—j t——l)dt—le dt
1

1

1
=—§—211n2= —E—lln4

stiall JalSil) e guati ) Gl &) i 4l gaial) JalSl) AZiadla

sl e B jeas e s g(8) = up(8) + i, (1) , F(2) = ug () + vy (B) oS8 Ak
Mda<st<bh

[P(F@ +g@)de = [P de+ [ gde

b c b s :
J,f@®dt=[ f@®dt+ [ f(O)dt HEc Sdsxegd <
b

b
j (c +id)f(t) dt = (c + id) J F(t)dt

a

[Lf®dt=—[f(t)de .
P r@ad] < [Lir@lde -
[ F®g® dt = [ Tuy (Dua () = vy (Do (O] de + i [ [ug (D2 (8) + 11 (Dup (D] dt

L Rl
0583 il JSEIL Alall AUS sale  olld 5 Jaié ()
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b b
ff(t)dt= ff(t)dt e 9l

<l
b

ff(t) dt| = Je‘goif(t)dt

IRy

b b
Jf(t) dt —J ‘9°‘f(t) dt

a3 gaial) MacY) Gl sd A e Ll Cag jaa 08 WS

Re (e‘eoif(t)) <|e®if@|<If@ , a<t<b

BN
b
fRe (e‘eoif(t)) dt < jlf(t)l dt

ol Gink g
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(Jﬁc 4l ;o}'alul‘)

8 (i) Jsa ¢ g Bataa ad I3 AN f«i\:\;fc f(2)dz daaall (e COLSH Clus 5 oy iy a8 Y
1A o seie 2285l ¢ lsall iy xS ) Sl b dim e aile iany iyl B0le Ly o s a5 € 5 el
s by F by 0sSedie z(t) # 2(t,) O @ et gL ands aday a1 13) sy cany ¢ Cun | Aphasa )
Lo (3l Sl s €l z(@) = z(b) s sl @il s S 1Y Wl z(a) = z(b) IS 13 Gl

Cla slaal 03¢ a5 (1) S g

.

° \_

z(a) 2(b) 2(a) M&I;},
W z(a) = z(b) z(t)

z(t)
b el z(t)
S e Slie Javny b
1o UG
L e Glae e
z(t)aaaall 2l culd Adla)
(1) C:z(t) = x(t) + iy(t)

dwdll 7' (B) il s a <t < b s FEEALE 488 Jlsa (), x(t) e IS OIS 1) GLELidU AL ¢ <
(2) zZ’)=x'"t)+iy'(t) a<t<b

[a, b] 558l e 4 jia e 53 aiua ool 4 jaallz! (1) OIS 1) Galal (5585 oo T i yrall € (Jlasall) iniall
aaidl dae (8 x'(g) = 0 QS 1 (5 hia e dnie Je dl sShahle

_ZSO; Fanall ans 7(t,) el e Z_z dal b x7(£g) # 0 OS5 Lasee 2'(2y) = iy’ (to)
0
AV Aageally (5 5S5 Al 450 301

82



‘)Lu\z“ 3.’.41.; /4.’.4; ULAL.M ‘_.)AA‘)MJ-.\Q.J_‘

6(t) = arg(z’(t)) =arg[x'(t) +iy'(t)]

JSEIL e g LS o 55 1 L) g 3 ol A Gl Gl i)+ Adaadla

z(t)
/\/Z(b)
z(b)
Z(a) b})/
ekl (e z(a)

Yoi U< UAA\};G‘M

2! (1) <lS 13 2 SUE T e 0580 ale¥) iniall s Tliia s T pine IS 1Y) (1350 Jinie ansy Jiniall
O sl i a seia Canany QS AL 5 [, b] dasal) Jlaall & (S JS 853 52 50

jb |2 () ]dt = fb \/(x'(t))z + (v (©)%dt

Cilsinia Cp, Gy, vory Crpeq SN 4 Camy 3 ja sloddll cilyiniall (he 4ie 2 (e O sSall € Aniall ansy | a5
ae oy )il ey C Bk =1,2,..,n — 1 dY Cppyq Bl Al (e 381535 0 S olle
Ay Aapally

C=C1+C2++Cn
()33.'115]\) )L..ml\ d}jau\
Y=V1+tV2t+t+V¥

L(y) = Z(length of ¥j) = z L(y;)
= =

(SYS Gy y Gaiall Jsha e f Adlall () 551S) JalSall jluse i {y} aie 3 et A1) CilS 13

f f(z)dz = zn: f f (z)dz

Y J=1ly;
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84

SYEA ey (Sily 7 £ 0 G f(z)=§05ﬂ :Jla

y:z(t) = et, 0<t<m
Jad)
e gall BLaTYL Aga gaBan sl 3 50 Aaia o o) Jaa3l
2T
1 Lo i
jf(z)dzzf;dzzfﬁle dt
Y 14 0
21
=j idt = [it]3" = 2mi
0

GA':)[LSI\.AJM y oSl f(z) =z &4 o Jla
y:z(t) = 2t +it, 0<t<1

Jad)
1
I=Jf(z)dz=szz=j Qt+it)(2+i)dt
Y % 0
1
3
=f (3t+4it)dt=§+2i
0
RREEIEpE

2w aeidz =dx + idy 0588 z = x + iy o palk
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=jf(z)dz= f(x+iy )(dx + idy)
Y Y

wid oy =x(t) =2t ,y =y(t) =t Sl g3

= f; Qt+it)2+D)dt =>+2i0 & f(z) =z +- o< 1Jha

yiz(t)=e™, 0<t<1
Als ol inie a o) el sl e
1
j f(2)dz = fﬂi(e”it + e ™) e™Mtdt = i
14 0

(ﬁc daull ;o}'alu“)

If(2)| <M U5 C sl e (s sinida gida de gane o A8 jra s gatua Ao f oS3 s (M- 4aa) jia)
b zelC™

jf(z)dz <ML
C
C o8 Jgh [ &ua

z(t):[a,b] = C s Gkl JaiaC S, Gl
b

b
j f(2)dz| = f f (z(0)z' (©)dt| < j £ (z(D)|12' (t) |dt
Cc a

a
b
< Mf|z’(t)|dt = ML.
a

el y, Sa C=Cp +Cy + -+ €, S 138
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ff(z)dz = ijf(z)dz <i Jf(z)dz
c i=1¢ /

j=1 Ji j=1 Cj

< ZML(C]-) = JZ:ML(C)

Jadl |z =2, z=2i Mz =2 Aapall Sl HsilS € S 1l

z+4 n
Uz3—1
ol la L dad)
z+4|<|z|+4=6 5 |z22—1|=|z3|-1]|=7

O

z+4|  |z+4] <é

z3—11 |z3-1|"7
03\7=M3L=n Ol s

zZ+4 61

Uz3—1dz S7

(Cauchy-Goursat Theorem) <busS - oS 4y i

a<t<b , z=2z() b dhe 58 n € ol pai
Lal )y sSms GlY) C Jame e s JaIs € Jali pe A JS wie uldad £ Al ol g de L) o g slaily
oAl G oS y 5 e by f 5 e (Se oladly g

j £ (2)dz = j £ (2()7 (©)dt

Cc a
z(t) = x(t) + iy(t) ,f(2) = ulx,y) + iv(x,y) o bajilily
S ¢ Akdal) dadl Lo JalSH) 6l ja) sy 5 4ld

b
j f(z2)dz = j(ux’(t) — vy’(t)) dt +i f(vx’(t) + uy’(t)) dt
Cc a

a
f(D)=u+iv, dz=dx+idy ey 083
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(3) f f(2)dz = J udx — vdy + lf vdx + udy

L;LUML;JUUAJSMJLJ(JMM@MJA&LA\ (B)JM\&&@}MWMU&MU@M\@&JL}A}
‘“rd\ R 4aladll AA.LL\A\@\A;‘_AL o‘)m‘;j‘)(\@);l\ L@_\M@ Q(x’y)’P(x’y) dagaal) J)gall cils \JjM\
W € el Gl 5000 B e il L aen e (5523

f Pdx + Qdy = ﬂ (Qx — P,)dxdy

Cc R
Beds R Jalys yaiue oSGl R A4S F A ol Ly g

f f(2)dz = Jf (—vy —uy)dxdy + ij (u, — vy)dxdy
c R

R
Uil &S5 Il R oy - S (illan o i 5

jf(z)dz=0
iall JalSil L dagall gl (et bl LSy e il () 3l 4 5 S Lggle Juas dagiall oda

O sy Blae S € S 1Y i Jla

fez3dz=0

Cc
LI e f1(z) = 32267 of GV ALYl Bl gaes 8 Ll AN Y Gl
f1ooh gl eslall (e £ 4l i) a s 0 08 2 e Jsl Goursat e oS allall (o )5 LEY) jans Uia
) painy) da b aday 8 S Lgle Joan ) daiil) e 3 dile 98 e 5S35 b jids Y f dubilal) A1l
Aeal) Ay plaill s paies S5 s 5o 5 S A el e Aaiill oda 5 f7 ARLA

Gl D Jals ady (Jasw Gl 5558) € ¢ D ) Juaiall Jlaall e dldas Al calS 1y 4

J f(z)dz = 0.
C e
O 2 (S &k e Al
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ju(x, y)dx —v(x,y)dy = ﬂ(—vx — uy)dxdy =0

S,

j v(x,y)dx + u(x,y)dy = Jf(ux — vy)dxdy =0
C D
Ll iy 13

j f(2)dz = J (u + iv) (dx + idy)
c C

= J u(x,y)dx —v(x,y)dy + ij v(x,y)dx + u(x,y)dy =0
C C

Lobi e ald Do e LlaSAll f oy N f(z) = 2 (Silg Gl o Jaie € oS pJla
Gl oS- 2 S
jezdzzo

c

Cp J2h g €y S (Aeldl o jlie (e ) Can sall slai¥ls Jass Gl 58S €, € 0 JS QS 1), Aagild
Qb Lagin Ll K5 €, € e s sind Alaa dilaia e 405 £(7) Al

jf(z)dz— jf(z)dz

d&&m&d\ﬂ\}m}dhﬁda#\ \JAMJ\A«JM\QJJH\J&MSYJA\SJ\MMMMM\cdﬁs}

-

A g P E U UK 1 B - [N RC S AP RE L
9 4 i L= C1 z T

Joa Ak W 38 ye A5 Al g8 €, Sl o (Sadl) Ge @l 7 = 0 Ledie &idad ye f((Z) AN, Jadl
Jilh mage p WSy Cyrlz] =1 ol gl ) ki Caaig
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o Lo Adaadle Sy L

Cy o8l adadl) Jabs alSh ady €, iniall Y

. C,, Cp O Al 5l dikaidl) 8 Allas Al £(Z2) A Y
.Cy, €y bl& (e ddats € A llaidlly f((z) A ¥
Lal S5 L) it Cans U1

| r@iz= | sz
¢y C,

0<60<2m S dz=1ie%dl, z=e KA (2] =1 O s

BT
Znieie Zn.
[ reaz=[ o= ia0
C, 0 0
(i0]3" = 2mi
OS 4dasg

j f(2)dz = 2mi
C1

¢Chp 0S8 OVb sy C Gmidly € .., € Sliiniall G dadl gl dalaiall AL Al £(Z) oS, Al
Gliaidl Je i Llas f(7) GlIX g Aalaa Aav Gliiaia lganea g lpany an dabalie ye (k= 1,...,0)

OsS dvie €, Gy

k=1ck

| r@ =i [ r@az=0
C
C
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ol <l s Jkia

z+3 ,
f > = 14mi
zZ%—Zz

<

(0-%)dsill Sl Hsuls € s

jf(Z)dZ=—3j§dz+4JZi1dz
c

Cc C
058 ) Cahall & Y1 Jalsall alagy

1 1 1 1
—3]—dz=—3]—dz+(—3)[—dz=3 j—dz+0=6m’
z z z z
Cy Cy

_Cl
Agy Hlall pudiy
1 1 1
4] dz=4f dz+4j dz = 0 + 8mi = 8mi
z—1 z—1 z—1
C Cq Cy
il (S el

jf(z)dz = 6mi + 8ni = 14mi
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(gl 0 plnal)

O daie @,z € D JS5 D Juaiy) sy dihaie A LLSTANS f(7) culS 1) Ak

F(z) = ff(u)du

F'(z) = f(2) 055 D Aakiall 83
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el Jlanind (Sadll cpe L A

lf(u)dusz(u)du

a
z Ay g Lladlddas pdilegd D G sl €, Cp S
Ll ity Sl o8- 2058 Ay aladiuly g (Blae sy Jaie €= () — €, Wl sSen el

j f)du f fadu= [ fadu=o
. C1—C;
BT Dd;\_‘:cs.aha.a\ Z+AZ JJA,}\ASS\A,}BL@@ woa Az oSl diliddasy g Qﬂc@m\;ﬁ\&ﬂ}
OsSiadle sl ks f(z) = k glhantiddaa
zZ+Az zZ+Az

f f(z)du = f kdu = kAz = f(z)Az

Ll AY) gall Gy

z+Az z
F(z+Az) —F(z) = f f(u)du—ff(u)du

= jf(u)du— ff(u)duzjf(u)du

2
Z+Az geakn C, z goatun € 2440z g0 z Aaiill day py 508 € s

Olusy §> 025 &> 090N oz dkiill vie 3 aiwadlla £ () Lay
lf) - f@)| <eddlu—z| <N
O S |Az] < & Wl GsSedle) ¥ alaall (ag

A —_
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1
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j f(2) dZ:f(Zo)Z”iJrrl_i]gkjf(Z) — f(2) iz
Cr

Z_ZO Z_ZO

M, = max{flf(z) —f(z9)]:z € (.}
r—-20 LAJ.LCMr—)O G‘A\}MUA}DM‘\J\J f u\LAA}
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Azf(s)ds - |Az|M
! (s—z—Az)(s—2)?|~ (t—|Az|)t?

C sl Jsba [ s
i Az = 0 Leie 4 2l (W)
 fz+Az)—f(z) 1 [ f(s)ds
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I O gutians dgle 5 4y jhem Al (685 G ang A (8 jiam (5 b9 8y o 6 painal) AL e Al JalS5 )
M 0<O0<2m<0<r<R
f(2o)] = |f (20 +7e”)| ’
A6 A ) ) o 1gd Tl Aldal) A1l ulide (\S 138
O¥ Dy: |z — 2ol £ R = Al Gz ISl
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101




‘)Lu\z“ :uu\\.; /4.’.4; ULALM QA;‘)!\AQQ_J_\

Maximum Value Theorem  sakal) dadl) 4, Jas
Cuni D 37 255 Y 4l (5] D b oabie Aad L G [ £(2)| 0l D Jlaall 8 2505 Canady Bulilas £ R S 13)

z€D W |f(D)] < |f(z0)] I

Aaiall dshidl & f(2) = sinz S |f(2)| Dl cadaall Aol 2 5 Jla
D=[Z:OSRezS%,OSImZS1]
Ao 2l Al ol | F(2)| D Y @l g D dala Llal e calae 40 22l Y A G eaal 1) e, Ja)
D dshiall 4 gaall Llail) gaa) e _adac
Ol L
|sinz|? = sin? x + sinh?y
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2 z2-1
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2

dua QQY\LhEﬂ\&gégmm;\-V
C z2-6z ~
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A f o)l 728 I |f(2)] = 1 Cus LR A £ ol -4
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n
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