2) Linear First Order Equations
A difTerential equation that can be written in the form
d'lr’
——+P(x)y=0Nx
e (x)y=0(x)

where F and (J are functions of x, is called a Linear First Order Eguation. The

solution 15
1
¥= (x)Q(x)dx
£x) f g
where plx)= E!'[FmIJIl

Steps for Solving a Linear First Order Equation

L Put it in standard form and identify the functions & and O
i1 Find an anti-dermvative of P(Xx)
il Find the integrating factor p{x)= ej ERle :

1v. Find ¥ using the following equation

1
}'"mfﬂi-‘f}@fﬂf}ﬂ'—t

ExﬂmEb:

v
Solve the equation xrj-— Ip=x'
;s

Serluation

Step 1 Put the equation in standard form and identify the functions ' and () To do
s0, we divide both sides of the equation by the coefficient of dy/dx, in this
case X, obtaming

ﬂ—i}':x = P{x]:—i_ G‘{x}:x
dy X 3
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Step 2. Find an anti-derivative of F(x).

3 1
[Pxyde= [~ =dv==3[—dr=-3In(x)

Step 2. Find the integrating factor p(x)

Fxja 3-|I!'| e |

1
P{x} g'[ = g =g — g =F

Step 4 Find the solution

J-—IF{T} (x)ebx =

'l_rJ ) ’F[‘J%)(L}m

=X I-—-.:Lr:-r [—-+C] Cx' — &

x

The solution 15 the function = Ot = !

Example

Solve the equation (L4 x° Jdv + (¥ —tan ' (xNdx =0

Solution

Dividing the two sides by (14 x*)dx

$+ y tzm't{r}
de 1+x' 1+
dy v tan(x) 1
—t——= = Plx)= L
dc 1+x*  1+x’ %) 1+
[P(xyae=| Ildx=tan"{x}
1+x
P[I-} e Et-:l_ izl
Elu"i:-.]}I:j'E -J,:._]_tﬂ-n [l}ﬂﬁ. {-_
1+ x*
s=tan{x) = &= l,dx
1+=x°
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& ¢y je: x zez+C
=ze —[e'dz+C
=zg —g +C

-y _ -1y e
™ Wy=tan (g™ W™ W Q
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St or Solving other Form of Linear First Order Equation

There is another form of differential equation that can be written in the form

dx
d—"‘PU’JI =)
iy

where P and (J are functions of 3 The solution is found as follows:

1. Putitl in standard form and 1dentify the functions P and O
u. Find an anti-dervative of P y)
. Find the integrating factor p(y)= E"F g

v, Find x using the following equation

1
X —— Q(y)dv
P{HIP{.}J} (v

Example
Solve the equation e™ dx + 2{xe™" — ¥)dy =0.
Soluton

Dividing the differential equation by ™' d)' to get

ii:"—-+ 2x—2ye ™ =0
ey

;Eﬂhh‘e““ =  P()=2. Q()=2ye”
-}!

jF{y}a}=Izajr=2}, p{y}=ﬂ‘[_=t-]a_- =E;__,.

X + H{-:I-" IZ__FE_IF :Idy + = gPx= Zj'ydy +C
g 4\

)
]
e % +C =% =3+



Reducible to Linear

% The general form

f" + P(x)y = 0(x) f ()

X
where the tunction f 15 ¥ o any power 1

% Also, 1t may be in the following form

)
i+F{x}§U'] = O(x)h(y)

where the function g and /i are functions of y

Example

Bolve the equation £+£ = lll'[I].]r’i
dx x

Selution
Dividing the two sides of the equation by »*
dy  xv
dz I dy dy 3§
letz=— = —=——— —mpt
¥ de  v'dx el
-£+—:=1n{x}|
dx x
adz 1 =1
_——:=—]n{,1':|- =5 P=e—
dv x

jP{:-:)r:a&r: =j"T1m:=-1n(x;
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1
Iyt _ ln:;l

PI;‘:’]-E". B, T ]
X

plxl=e
p(x)z= [ p(x)x)dx+C

-1-: =—J'=l-ln{x}a'x &

i X

“M-}*F — L=-M+[‘
2 X 2

=

1 1
R et
x ¥

Example

Solve the equation % + xsin(2y) = xcos’ (1)
Selution

Dividing the twa sides of the equation by cos® ()

L 2sin(yyeos(y)

: .:1’_1;+Tain{2y}=x = sec“{_]r}£+

cos’(y)dr  cos’(y) e cos*(y)
seﬁlij’]%+xiz:$?=x = sec’{y}%+2xl&n{y}=x
e 2 ) dy | B
1 z=1a d B . £y, i e o=
et niyy = — =sec {}}dx = = o
£+2£=3": = P=2x, Q=
dx
J:—'n;.-.].ﬁ =t

jP{x}dx = J' Wxdx=x" = pl=¢e =
p(x)z = | p(¥IQ(x)dx +C

e

E’!:=J-E"':[J:}{J’I+C' =5 e‘: tan( v)= - +




Another Form of Reducible to Linear

% The general form may be as follows
dx
—+P(p)x=0(n)1(x)
dy
where the function { 15 X to any power B
== Also, it may be in the followimng form
el
—+ P(y)g(x)=(y)h(x)
cy
where the function g and # are functions of X

Example
Solve the equation cos( ¥)dx = x(sin{ y) — x)dy

Nolution

Dividing the two sides of the equation by cos( y)dy

dx _sin(y) . x dx _—
5 cnsm:}x 2050y = b xtan( y') secy)

Dividing by x°, we get

1de 1

— == ——tan(y) =—sec(y)

xdy x
'[E‘["=l =% .ﬂ.r:_.=:.£frf. =% £=—Il—.:_.-
T dy  xdy dy  dy

dz

- —-—ctan(y) = —sec()

91.1

-;E +ztan(y)=sec(y) = P=tan(y). O =sec())
-}!
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J POy = tan(yydy =[ 222 gy = n(eos()

cos( v)
i ¥ I —!—"
p{y}= E]'-""E.-'.'ﬂ'.'r e E-lulullfl"l!- =E,Ju.l¢¢:l'r:ll- —e .r-l:l!l:.'-'!.l =SEC{_}",}
p(y)z= [ p(1Q()dy +C
sec( 1) x 2. [sec(y)sec(y)dy+C
x
sec( 1) N jseﬂl{y}dy+f g sf,-c{-_;.:} = tan(y) 4+ C
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Exact Differential Equations

Example
If fix,¥)=C and f(x, ¥)=sin(xy)then

df’ dy

_— ) T e Ny =}

= yeos(xy)+ xcos{xy) = , Or
df = yeos(xy)dx + xcos(xy)dy =0

Le, yeos(xyldy+ xcos(xy)dy =
a

From the above eguation, we see that M (x, V)= ycos(xy)= El- and
l:jfx

N(x. ¥)= xcos(xy)=—-—. The solution of this differential equation is f{x, y)=C
_]

Exact Differential Equation Test

A differential equation M (x, v)dx+ N(x, y)dy =0 1z said to be exact if for

some function f(x, )

M {x, v+ N(x, »)dy = ﬂri:u: + in}# =df
cx oy

M _éN

dy  dx

15 exact if and only 1f

Example
» The equation (x* + y*)dx+ (2xy +cos(¥))dy =0 is exact because the partial

derivatives
AL 4, oo a8
—— e _2; _=_2ﬂ+|:|;|5|,,]_31
ay E‘L{ ) e 61{ ) :
are equal
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¥ The equation (x+3y)dc+(x" +cos(p)dr =10 1s not exact because the partial

dernvatives
- AnT
ML xrap=3, Do hcostyy=2x
_E]J.l a}.r 5.‘4: 'L:-'-h:

are not equal.

Steps for Solving an Exact Differential Equation

1. Match the equation to the form M (x, y)dx + MN(x, 1)dy =0 1o identify A4 and
N

i Integrate M (or N with respect to X (or ), writing the constant of integration
as g()) (or g(x))

i Differentiate with respect to ¥ (or x) and set the result equal to N (or M ) to
find g'(¥) {or g'(x))

v Integrate to find g03) (or g{x))

v.  Write the solution of the exact equation as [ (x, v} =C

Example

Solve the differential equation

(' + y )b + {2y + cos(y))dy =0

Selufion
Step |- Match the equation to the form M (x, Vidy + N(x, v)dv =0 to identify M

M{x. =2+

Step 20 Tntegrate M with respect to X | writing the constant of integration as £( 1)
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3
F9)=[M (o p)de=[ (2 + )= "+ 0 +209)
Step 3. Differentiate with respect to V' and set the result equal to N to find &'(v).

X

,3{4 +x° +gm]= 2xy+g'(y)
oyl 3
2ap+ g (¥)=2xr+cos(y) = g'(¥)=cos(y)
Step 4. Integrate to find g( V).
| &' (»ydy = [cos(y)dy =sin(y)

Step 5. Write the solution of the exact equation as [ (x, )=

3
% +x° +sin(y)=C

Another Nolution

Step 1. Match the equation to the form M (x, v)dx + N(x, v)dy =0 to identify N
N(x, y)=2xy+cos(y)
Step 2 Tategrate N with respect to v, writing the constant of integration as g{x)
Fle )= [N, y)dy = [(22 4 cos(y)dy = x* +sin(y)+ g(x)

Step 3. Differentiate with respect to X and set the result equal to M to find g'(x).
a 3 [}
(i +sin()+ ()= +2'00)

yagn=x+y = gx=x



Step & Imtegrate to find g(x).

Ig‘{x}a& = Ixzdt = ;

Step 5 Write the solution of the exact equation as [ (x.v)=0C

3
% +xp° +sm{v)=_C

Reducible to Exact

A differential equation Ad (x, ¥)ax+ N{x, 1)dy =10 which is not exact can be
made exact by multiplying both sides by a suitable mtegrating factor o . In other words,
the equation

PM (x, y)de+ pN(x, y)dy =0

15 an exact equation for an appropriate choice of o

Method to Find the Integrating Factor

oM e

o u‘¥= F(x) or Constant then p(x)= ol Fen
aN _au

o 182D o (y) or Constane hen ()=l



Example

Solve the equation 2y + xdy =10

Soluition
cld
M(x,y)=2y = —=1
g}l
aN
J.ll"lll r.| "= :.::3‘ —=]_
(X, y)=x P
This equation 1s not exact
oM _ f:'&_’
dy ox 2-1 1
Ad - = = —= f{ 1)
N X X

s Pl
f_f{x}ix-_[xdx In(x)

p(x)= ejr'[mzm - -
Multiplying both sides of the equation by the integrating factor p(x) = x_ we get
2ydi+xdy)=0 = 2xpdr+xdy=0
aN

which 1s exact because 7 = 2x and E = 2x_ and the solution is
‘:. L}

flry)=[2pyde=x"y+g(y)
[':} 3 ) f
g(r y+g())=x +g'(y)

PHg'=x = gu=0
g=[gdy=C = y=C
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Chapter Two

Complex numbers

If the Imaginary unit 7 (where F=-1 J Is combine with two real
numbers &, 8 by the processes of addition and multiplication,
we obtain a complex number @+ 16, If @ =40, the number s
said to be purely imaginary. if f =10 it is of course real. Zero is
the only number which is at once real and imaginary.

Two complex numbers ave equal If and only If they have the
same real part and the same imaginary part.

Le. o +if=a,+if, < o=a, and B,=p,

Assnming that the ordinary rules of arithmetic apply fo
complex numbers, we find indeed:-

L (e +if ) ¥ e, +if, )=(a, Yo, )+i( 5, + §,)

Lo (e i Na, +ig )=(oye, — 5,8, )+ ifa, S, + a5, )
where ' =-

o +if; a,—ip, _ oo+ 8.8, i iﬂ_-ﬂ; * ‘IJJIH;

a,+if, a,—ip, a, + f; a; +if;

The real number &, — /5, that is used as multiplier to clear the
f out of the denominator is called the complex conjugate of

a,+if,. It is customary to use I to denote the complex
conjugate of 3. thus I=a+if and I=a-iff .

We note that i has only four possible values 7,7, -1, /.
They correspond to valoes of n which divided by 4 leave the
reminders 0,1,2.3.

EX-1 — Find the values of :

1) (I+ 2 2

5 244
. 1) .
— 3+ i-2,




1)(1+2F =1+6i+121° +81"=1+6i-12—-8i=-11-2i
§  =3-4i -15-20i 3 4

3% d4i —3-4i 9+16 i 5

i}(.?hf L3N _(647i-2) (4470
\3-2 3+2) | 942 ) | B

_16+56i-49 33 56

2}

= — + !
169 169 169
EXN-2- If 7=x+iy where x and y are real, find the real and imaginary
parts of:-
1 =1 ke
1) 1 2 = 3) 4 =
z I+1 z

Sol.-

) =fx+iv) =x"+dxX(iy )+ 6x(ip ¥ + dxiiv ' +(iy J*

=fx'—6x'y + ¥y )+it 4y 47 )

2)

| *.1:—:}1': x-fy X 5 JF

c+ly 2=ty iy P+ Pif
:—..!'_f.‘l.'—.f)+{'l'tf.‘\.'+1)—f]‘_.T'T—.I—.?.Itl‘+j"1
z+1 (x+D+ily (xad)=lp (x+dP+y’
¥ J"? =1 i 2y

T xe TPy TxlP

3

S 1 X =y =2y
r Ix+iy)y x=y+lxgh xT-y' =23y
¥ =T X'y 2xy

TP iy (XA P (X ey )

oy
- IFiy3
EX-3- Show that | = .? =1 =1 for all combination of signs.

Sof.-

| B




— 3
- :F ] :rj‘ ] | oy M o o
LH.S. =[ ! }h - ] = ;[I"—H*+3|’—IJ‘FIFI'»;'5 I NFiNI ) +(FiN 3 J’*]

. %[—} 1_1-5;f§+ 9+ f.?ﬂ]= 1=R.H.S.

EN-d- Solve the following equation for the real numbers x and y.
(3+4i)F -2(x-iy)=x+1iy
Sol.-

94+ 241+ 161" =2x -2y + x+ 1y

—T+Mi=3x- = -T=3x > .*.'=—E

Ls By =5 gou2n

Argrand Diagrams:- There are two geometric representation of the
complex number =X+ :-

a) as the point Pix,p) in the xy-plane . and
b} as the vector op from the origin to P,

In each representation, the x-axis is called the real axis and the y-
axis s the imaginary axis, as following figure.
In terms of the polar coordinates of x and », we have:-

b ) A
X=rcos@ , y=rsing , fan@ = & Pix.v)
x

and Z=ricos@+isind)
{polar representation)

]

The length r of a vector @ from the origin to Pix.y) is:

b +iy|= ,‘nll_\"’ +y°

The polar angle & is called the argument of z and is written

8 =arg:




The identity & =cos8+isin® 1is used for caleulating products,

quotients, powers, and roots of complex numbers, Then 1=re”
exponential representation.

a) Product: To multiply two complex numbers (figure below):

l=r ., argy=

Ei=r ., argz, =6,

i id,
L=rn€ " and I;=r.& "’ sothat

-

Then ‘-'I :_, = rJ_Ei'w-' _r‘!gm‘." e ‘r: F, F”ﬁ'z"'ﬂj-'

; L =nn=| 2 i %
LenCe
arg( 3, 2,)=0,+8,=argZ, +argz, "Ll__ 4 £
¥ :I':\" "y o
.III i
¢ *F
> ol S — 2L L=l )
b tients: = =g
) Quotients . rﬁm_. r, &
':I 'rJ 1""J'| . -
henece |- :r_:|' and argl — |=6,-8,=arg7 —argy,
E X i L
EX-5-Let z,=1+i and z,=+3-1 find:
1) the expﬂnenﬂalr?presmtaﬁun for g; and ;.
2) the values of £, 7, and == In exponential and polar
representations.
Kol =
1) gi=1+f = x,=1, y,=1 = "—\.T:“""- =1+1
%
¥ 0 = 4 i~
fnf=" = 6,=tan" L=tan1=" Lp=2e?

x x,
.=V —1 = x.=43,p5=-1 = r= VA = Ji+1=2

i ! o — 1 X i
SR T o2 o e gy =2e f

I_I ‘ql._; 6 i



T Lo lp= [207.20 ¢ =220 exponentio [ represenfation
= Fid
r=2av2 f=— =
: i2
T:3; = 22| cos % + i sfn ;i}) polar representaiion
3 i _
T e I ==
=L —=——p exponential representation
B gy s W
1 8 ]
r= . =— o
J2 12
L 1 ; )
= "E easf —x )+ isinf—x )| polar representation
a1 o'l

¢) Powers: If n is a positive integer, then:
2 =(re® )" =r'e" hence |2'|=r" and argzi"=n6

DeMoivres Theorem ! (cos@ +isin@ ) =cosn@ +isinng

EX-6- Find: {u’F— :‘ﬁjM

Sol -
= A k3 ! T sy =2 T
v3—i =% r=+N3+l=2 and @O=tan —=lan —==——
-l'\-—‘! X ill..i ﬁ

— s T x 4
vi—i=2 cos(——)+isinf——) |= ms——nm—]
[ & o } 2{ ] 6 )
; W
WETE .E”[rﬂs.!ﬂ% — f'sin m%J = 512+ 51243
d) Roots: If Z= re” isa complex nmmber different from zero and
n is a positive integer, then there are precisely n different

complex numbers W, W, W, ... W, . that are auth roots of I
given by:

8 =
.
Yre® —afp et wd ko ppr  on-1



EX-7- Find the four forth roots of (-16)

= ——— 0
1=-16 = r=y/{-16 +0=16 & E=fﬂﬂ"i=mn"?=x
X -
W%, LAY
V=16 =416e * * =2¢ ' 7 .  k=0123
af k=0 = Isfroof —w;.—}e' E[Eﬂs +Is.l‘nj] =+/2 ++/2i

]

af k=1= 2nd Fﬂﬂf—wI:.?Fl e [ms-‘ + i sin j}:_\f§+.ﬁf

3 .-
W k=2= Jn-irw!:w::;‘f 7 = 2| cos— :r+fsmj J——JE—JEI

at k=3 = dthroot =w,=2e ! = .?[-:*m;rr - h-:'nj rr}: (2421

8- Find the four solutions of the equation:- zf — .E:‘l +4=10
q

Sol.-
Pl —

J 3 II —_ L ® 2 =, =
:J—Eg'-l--'f:-ﬂ:i[,":} vi—del J:}'+-|,|."}f =+ j'.|.'.,.,"}
2%1
) —BF b —dar

{ﬁ:r ax  +hx+e=0 = X= }
2a
 re—— '
for N1+iv3 = r=y1+3=2 and O=lan™ :—fﬂn'f%=%

Ist root =w, =277 =260 = 2 cos Z + fsﬂrE

i { n :r]_v;ﬁ J2

2nd roof = w, —w'r.?#-'- ”=*~.-":?rr“ =*."'§[msg.1r+.‘s.‘ﬂ;x

Pl
__V6 2,
2 3
— . &
for J1-iv3 = r=J1+3=2 and 6 =tan"L = taw ;jz—i?
x



— r'l- =

drd root =w, =27 3 = \J2¢' 7 = m'E[rﬂEf—§J+fsim’—%J]

6 2.
~ 2 2

i x ¥ F - -
pot = +32m | e T 3 = ] Gae
dthroot =w,=+2e? & " =42e¢ = -.."I.?LI‘HSE}T+I'SF"E?I]

EX-9- Graph the points I = X+ that satisIy the given conditions:-

i TR : I
_g/_

The exterior peints of the circle witl center 4

at origin, and radius 2. Q_j

1)|z=2 2) |z]<2 3 lz=2 I lz+1=lz-1

Sol.- 4
D=2 = J¥*+y =2 = X4y =4 _ .:/_ 1,
The peints on the circle with cenfer Q J

ar origin, and radins 2, -z

£

2 |:E-r_.? = a.,r-'rx‘:'+_1"){} iy .‘['I+1'|."I{-.||' /_}1
e interior points of the circle with center - -Q _~... "

afl origin, and radius 2, i

Fi

) i+d=z-1 = =x+iv+ll=|x+ir-1 y
=5 .ulrr‘x+.i')"+;|"' =1,|,Irf’_1'—l')"+'1"' =]
:u:"+.h'+1+_r":x"—.E.T+I+J"’ = X=4 T
The points en the y - axis. ‘



Problems

I} Find the valunes of:-

at (2+3i)d—-21) fans. : 14+ 81 )
D r3—-ilf=2+3:i) fars. : — 1487 )
c) (—=1—28)2+1) {ans. : =31}

titi3
.

&
2} Show that [ ] =1 for all combination of signs.

3) Solve the following equation for the real numbers x and y :-

(=2 Nx+iyl=d{x—2iy )+ -1 fans. : r==Iy=l

4) Show that E

5) Let Reiz) and izl denote respectivelv the real and imaginary
parts of 7., show that:-

#) z+z=2Rr
B) z—z=2ilmfz)

? 1 ? B
e} [ea+ o] = el +lea| + 2Rz, 22)

6) Graph the points 3 = x + i that satisfy the given conditions:-

il |:, — =2 fans. : on the circle with center (L0 radius 2}
) |: +I=1 fans. : on the circle with center { —1,0), radins 1)
o) T4i= |:.— I| (ans. : onithe iine y=—-x)

7) Express the following complex number in exponential form
with r20 and -m<8<nmx -



a) i+ -..uqf farms., : -a'.e*lJ'j

]l s faais. : & 2
I—=i§
I+i3 i
B e s ;e -
G f J
d) (2+3iN1-21) (ans, s \JGFe ™ 1=I5) |
1 J
&) Find the three cube roots of 1. fans. * — T? ig,a
e W e
9 Find the two square roots of 7. fans. : + —f= T .*—GJ
N N

I1#) Find the three cube roots of (-8 .
(s, » — 24 ¢ ?1."}—.?}

1) Find the six sixth roots of f6d) . -
fans. : T2 2 1Fiyd  —I1Fi3)

T2} Find the six solutions of the equation: 4273 42=0

— .1 o . 2
fans. : Y2 cos=m Fisin=n ;
9 9

4 4
ﬁ[—ms%?:‘ﬁn %J 3 {l'?[-.ﬂm: Eﬂ?a‘.ﬁn;n]j

I3) Find all solutions of the equation: x4+ 16=0 o
{erms. 2 jl:'\."} : =1Fid3)

T4 Solve the equation: ' i=0

{atns, : I-T- - }-$ I,d
W2 N2 N2 W2
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Chapter one

Differential Eguations

A Differential Equation 15 an equation that contams one or more derivatives of a
differentiable function. An equation with partial dervatives 1z called a Partial
Differential Equation While, an equation with ordinary dervatives, that 1s, denvatives
of a function of a single vanable, 15 called an Ordinary Differential Eguation

The order of a differential equation 15 the order of the equation’s highest order

derrvative. A differential equation 15 Imear i 1t can be put in the form

d“-‘l? ‘:?1.“—1}’ {11}_
“n{I}F"' a_ (x) = +-.-+a.{x}E +a, (x)y=F(x)

The degree of a differential equation 18 the power (exponent) of the equation’s

hughest order derivative.

Example
. . / dy .
First order, first degree, linear ﬂ =35y, 3 i —sinx=
clx dx
d'y d*vY ay
Third order, zecond depree, nonlinear —1 + llE A S =g
! dx* dx

Solution of First Order Differential Eguations

1) Separable Equations
A first order differential equations is separable if it can be put in the form

M (x)de + N(v)dy =10



Steps for Solving a Separable First Order Differential Equation
i Write the equation in the form M (xX)ax + N()dy =0

. Integrate M wiath respect o ¥ and N with respect to ¥ to obtamn an equation

that relates 3 and x.

Example
Solve the following differential equations
d'ln:' H |
|:__-ﬂ_:I+={:1+_:|-"2}E.' i ﬂ'_‘l}ﬁ—'}m I:‘:‘{_:Ill.'f"‘l}
d dr  siny+ ycosy
Solution
=14 e = fde———dp=0
dx L+
fﬂli’-’—J‘ 1 dr=C = ¢ —tan" y=0C
1+ y*
tan ™’ y=e =C =’ y=tan(e" - )

)£= II{E‘[HIH) = (sin y+ ycos y)dy = x(2Inx+1)dx
dr  sin y+ ycosy

[ (sin y+ ycos yyey = [2(2Inx + Dde =C

fsin{y}dy +jy~:us{y]dy - EJ'J: h(x}aﬁr—jxeir =i

) . | A A | x*
— cos( 1)+ |vsin vy= s Wdv =2 In(x)x —= | —x—dt |=—=C
() +|vsin y— [sin(y)dy] [(}: [5x } :
xr x
— cos{ ')+ ysin y+cos y— x* 1nr+—-?=f_"

ysin y=x'lnx=0_C



Notes

) £008, () + fo(x)g,(1)dx =0 Separable

2 AC) dv+ (%) de=10 Separable
g0 " &)

3 [t e v +[A(x)te, (e Not Separable

Example
L =x, fi(x)=sin(x). g(=y. g, () =tan(y)

1) xvdy+sin(xitan(y)de=0 =  xvdy=—sin{x)tan( y)dx

= dy=— s dx Separable

tan{ v) : -
2y E gy 2 4 o Egye MY L

y tan(y) y tan(y)

) gy = SO0 4 Separable

¥ x
3) (x4 p)dy+sin(x)+ tan(y) Jde = 0
(x + y)dy = =(smn( x) + tan( v) Jdx Not Separable



Special T'vpe of Separable Eguaiions

dv
If EL = fax+by+c). then let Z=ax+ by + ¢ and the resultant equation may
be reduced to a separable equation
Example

i

Solve the differential equation E} =tan’ (x+ 1)

Selution
= dy
z=x+y = s
dx ax
dy_d = Bty
de  dy e
d- . dz
— =tan’*(z)+1 = — =sec’(2)
iy ' b
dz
——=dy =  cos’(2)dz=dx
sec (I)

jms*{:);ﬁ—jdzr:=(’ = J*HL;{Z:}J:—J.{J&EC

1 |
—z+—sin(2z)-x=C

2 4 (22)

While =z = x+ y, then the solution 15

%{I+ v+ %sm[llix + ) —x=C



Homogencous Function

I f(AcAv)=4"7(x) then f(x,y) is homogensous function and #
represents the degree of the homogeneous function,
Example
For the function f{x, ¥)=x" + )" then
T2, Ay = (Ax) +()
S L
=2l +7)=2f(x)

So, the function /X, ¥) i1s homogeneous with degree 2.

Lxamyple
For the function f(x, ¥)=x+ " then
f(Ae )= Ae+(y)
= A4+ A7
= i{x + 47 }
So, the function f(x, ) 15 not homogeneous.
Example
flx,)y=x"+1"+5 (Non-homogeneous)
e, )=x"+x+x (Non-homogeneous)
1(x, )= cos(xy) (MNon-homogeneous)
fix, ¥)=cos(x’ £v°) (Mon-homogeneous)
flx, )= cus[E] {Homogeneous)
¥,
. [x‘ ] .
f(x ¥)= cos| — (MNon-homopgeneous)
Iy



Homogeneous Equations

The differential equation M (x, y)ax + N(x, ¥)dy 15 homogencous if M and N

are homogeneous functions of the same degree,

Ex e

1) (x4 p" e+ xpdy =0
This is homogeneous because Af and N are both homogeneous with degree 2
2) (' + 3"yl + xydy =0

This is not homogeneous because A is homogeneous with degree 3 while N is

homogeneous with degree 2
3) xde+ (' + v)dy=0

This is not homogeneous because N is not homogeneous.

Solution of Homogeneous Egquations

A homogeneous first order differential equation can be put in the form

dr_ [i]
v o

This equabion can be changed mto separable equation with the substitutions

P dy dv
p== = y=w = =4 r—
X dx dx
Then becomes v+ xﬁ = F(v)
e

which can be rearranged algebraically to give

o dv
— — i_]
x v—F{{v)



with the vanables now separated. the equation can now be solved by integrating with

respect to X and v. We can then return to X and ¥ by substituting v = v/ X

Example
Find the solution of the differential eguation
dy_ 4y
dx 2xy

that satisfies the condition w{1) =1
Solution
Dividing the numerator and denominator of the nght-hand side by x gives

ay _ 1+(p/x) ~ dy 1+
dx 2y x) dx 2v

=F{v)

v 20 +14+9v* 3+

r=F{v)=v+

2y 2v 2y
E+L=[} — ﬁ+ 21':"?1' =)
x v=F(v) x v +1

The solution of this equation can be written as

jafx ” 2vdv
r 3 +1

Jnx+n(1+3°)=3C = Iy +n{l+3*)=3C

|
=7 = 1nx+§1n{I+3v“}=t’.‘

Eh.‘c‘;lﬂ_ldr] ol E.?ll’.' = El|.|.:-:" " E_|I.I.1_|-3'|":| 7 EJI‘.“
}'1
Jl+3)=C" =  ¥[l+3|=C"
X

r1':.I- +3-1’-__H"'l — Cr



The condition 1s that when X =1 then ¥ =1 and the constant (' can be found
(1) +3(1y* =" = ('=4

The final solutionis x* +3x" = 4.

Reducible to Homogeneous

If the differential equation has the form

dv _ ax+by+teg
dc  ax+by+c,

R . ST -
Case [:1f ——=—+- then c=ax+hy
a, &
. E:'l
Case 20 if —# 2y then intersect the two lmes @xr+by+eg =10
a
F i

d,x+b,v+c, =0 to find the intersection pomnt (/. &) and let

x=X+h = dc=dV.and y=YV+k = dy=dr



Example

Solve the differential equation E m
dy 3y+2x+4
Sulution
f_}i_ix+3}=+4
dx 4x+6y+3
-ﬂ'|=2 ﬁz=4 — ﬂ=__2_=l
a, 4 2
h=3 h=6 = h_3_1
b, 6 2
. s
Let  z=2x+3y = & 3
dx dx
ﬁ——{——z] = laz 1 =44
dy 3\ dx 3ds 3 2245
dz _ 3z+12+42+10 - d _T1+22
dax 2z+35 dx  2z+5
j dE—Id_‘,r=C' - j i
Tz4+22 7 7 T4

;
e e e Lt

gf-ixln[?_-'-!*EE}-xz['
7 49

%{21+3_1’]—;—9x In(?{21+3_}:]+ 22)—x=C

L]

]dv—jab.e{:



Example

Sobve the differential equation (2x+ y—3)dy = (x+ 2y —3)dx

Nolution
dy _x+2y-3
dx 2x+¥y-3
a1
=1 aq. =2 = —t—
4 ; =3
b
b=2 h=I =4 —=3
IE).l.
o ﬂ;&i == Case 2
I::'IE II'::|.E
by +2y 3 0 (1)
2% T¥ =3 0 (2)
+2x +4y =6 =
F2x ty =3 =D
3y -3 =0
e

Substituting into (2), we get
2x+1-3=0 = x=1
The intersection pomnt (f, k)= (L1).

Let ¥x=X41 = de=dX
y=F+l = dv=dY
dY _{,‘['+]]+2ﬁ"+])—3
dY AX +D+(Y+1)-3
B e b o o = dI’_X+2]’
2X 424V +1-=3 dy 32X 4+Y

10



Let

¥
T

dF_ s
ax 2+E-
X
'|_.I'=}_ — £=1+2F:F{1}J
X Y 2+vw
o av
+ =
X v=Fv)
1+ 2v
-y = -
e 249
vty =1-2v v -1
2+ 2+v
£+11+Udv=ﬂ = X+ fz'”’ dv=C
X L |
2+ 4 i B Alv—1D+B(v+1)
=1 v+l v-1 =1

2+v=A{v=1)+Bl(v+1)

oo gad
2 2
1n1+j m+j—.:sv c

lnﬁ'—-;-ln(v-l-l}+~§-|n{v—]}=f’

1
ln;l’——ln— D+ 2 -p=C
el Al et

=1

In{x-i}-%ln[ L”-l} C

+}+ Ina(,

=1 & a1}

11



2) Linear First Order Equations
A difTerential equation that can be written in the form
d'lr’
——+P(x)y=0Nx
e (x)y=0(x)

where F and (J are functions of x, is called a Linear First Order Eguation. The

solution 15
1
¥= (x)Q(x)dx
£x) f g
where plx)= E!'[FmIJIl

Steps for Solving a Linear First Order Equation

L Put it in standard form and identify the functions & and O
i1 Find an anti-dermvative of P(Xx)
il Find the integrating factor p{x)= ej ERle :

1v. Find ¥ using the following equation

1
}'"mfﬂi-‘f}@fﬂf}ﬂ'—t

ExﬂmEb:

v
Solve the equation xrj-— Ip=x'
;s

Serluation

Step 1 Put the equation in standard form and identify the functions ' and () To do
s0, we divide both sides of the equation by the coefficient of dy/dx, in this
case X, obtaming

ﬂ—i}':x = P{x]:—i_ G‘{x}:x
dy X 3

12
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Chapter Three

Gamma & Beta Functions

I. Gamma Function

Definition

Finj= o7 2™ e*dx ;n=0

o

& TNinl=Tn+#l) fn nER-F

Results:

(11 Tinkl) = n Din) : n =0, where ['(1) = 1

£2) Tinsl) ! .nE N { convention: O!=1)

{3} Cin} I{1-n} ==/eminm) ;0<=n=1
In Particular;

{12y = n

Examples:

Example(1}

Evalvate o x* e dx

Solution

e xteTdx = T xM e dx = TU(5)

(5 = Tid+li= 4! = HIK2H1) =24



Example(2)

Evaluate f” x ' e ™ dx

o xPetdy = o x* etdx = (I
Ji= Y +1

T = T+ = %5 T) =%

Example( 3}

Evaluate ™ x % ¢ " dx

" etdx = ff x™ e dx = {5
2= 32 +1

T(52) = T(¥2+ )= 32 T(M2) = 32.% M%) =% = %

Example(4)
Find 14
(fa)+1 =1

-1y = Ti-Ya s iy = -2 TH2Y) =-29n

Example(5)
Find r(-3/2)
(=32)+1 = =14

C-32) = T2+ 1) H-32) = T2 4 (23 =(-2+r )/ (-2 =41z 3



II. Beta Function
Definition

Bim.nd= of' x™ (1-x)3""'dx : m>0 & n>0

Results:

i1y Bi{m,ny= Tim} Tin) / Tim+n)

(2) B(m.n)=B(n,m)
(3 Jsin™'x . cos™'x dx = Tim) M)y / 20(m+np 5 m=0 & n=0

(4) o 2% J (14x) .dx = Iq) T(1-q) = MN/singn) ; O<g<l

Examples:

Example(1)

Evaluate o'x" (1-x) dx

Solution

ah X7 {(l-xY'dx =¥ (1-x)"&x

=HB{(534)=T(5 T4 / T19) =41, 3! /B! =3 NB.7.6.5)=I1/(B7.5)=1/280

Example(2)

Evaluate T = of' [ 1/ WP (l-x)1 ldx

solution

B ,_.]‘I x lr[—x}""}dx = (J' il 1) GO (el
=B(1/3.2/3)= I3 e ! T

Fi /Y (23 = T Oil- U3) safsinn3) = o/ V302 = 2n/ 43

Lad



Examplei3}
Evaluate 1| = o' ¥x . {(l-x) dx
Solution

I = of 2% =) dx =4 ™7 =)y ox

= B{3/2 , )= Tar2y T2 § T(72)

rian)= vsda

(M3 = Tid2+ 1) = (H2) [(32) =(¥). ¥l =3 /4
(2 = Ti32+1) = (572) T(52) =(52). (W /4 =150 /8
Thus,

[ = (wde). 11 (15n /8) =415

II. Using Gamma Function to Evaluate Integrals

Example(l)
Evaluate: 1= of° x" & iy
sSolution:

Leting v =2Ix, we get

o= (1128y0f” v® e ¥ dy=(1/128) T(T) = (1/128) 6! = 454

Example(2)

Evalugte: 1= " Vi e " dx
Solution:

Letting ¥ =x° , we gei

L= (™ v ™ e ¥dy =) Tiy=nd 3



Example(3)

Evaluate: 1= 4" x™ e By )
Solution:

Leming v =kx" . we get

I = [1/0n. k™0 o7 0=l o v gy =1/ 00 K™} | Tlim+1¥n ]
II. Using Beta Function to Evaluate Integrals
Formulas

(1) o' x™ (1-x1™"dx = B{m.n)= I{m) T{n)} / 20mén) - m=0&o=t
(3) Jf** sin™'x . eos™'x dx = (12)B(m,n)

> m>0 & n=0

(4) of™ xT' /) (14x) .dx = T T-q) = Misingm ; 0<q<]

Using Formula (1)

Example(1)

n 3
Evaluaie: [= n.r' xI2-x) .dx
Soluon:

Letling x =2y, we get

1= @420 ¥2(1-y)" dy = (82, B3. 1121 =6442715



Example(2)
Evaluate: 1= of* x' Y(a®—x%) .dx
LSolution:

: a 2
Leting =~ =a v, we gel

=@ /nad v (1-v)% dy= " 12, B52.321=a" 132
Example(3)

Evaluate: T= of° % Y(B-%x7) .dx
Hin
Lett x° = By

Answer

1= {8 v (-1 .dy=(BB(Y3. 43)=160/(9V3)

Using Formula (3)

Example(3)

Evaluate: 1= fJ'“ dx / ( 14x* )
Salution:

Letting x' = ¥, we get

[ e (i y ™ dy 4 (14y) = (dd). TAM).T( - L)

= (M. [x!sin(b.x )] =424



Using Formula (2)

Example(4)

a. Evaluate: = ,]J“ sin” . cosx dx
b. Evaluate: 1= ufm.z sin? . cos’x dx
Solution:

a, Motice that: 2m-1=3 — m=2 & In-1=22 - m=3%2

| = (123 B{2,32)y=8&15

b.1 = (1/2) B(52,3)=8/315

Example(5)
i, Evaluate: 1= n['ﬂ sin” dx
b. Evaluate: T= of™ cos’x dx

Solution:

i Notice that: 2m-1 =6 — m=77 & In-1=0 — m=1[f2

[ = (1/2) B{72, 1f2 )=5x/31

bl = (142 B{ 1/2,7f2)=5=x /32



Example(6)

. Evaluate; 1= .-_,r' cos'x dx

b. Evaluate: T= of** sin® dx

Sodution:

o I= of cos’s = 2 J*° cos™ =2(1/B(1/2,512)=3" /8

bl = I= of" sin®k = 4 Jf* sin®x =4(L/2}1B (X2, 1/2 ) =35z /64
Details

L.
Example(1)

Evaluate: 1= of° & " e ™ dx
1=}'.|'1

5=y

dx"(lf"}dy

x®ePdn = yUiss e (1)

Example(2)

I= o™ V& €™ dx x=y"

Vx= gt

dx=( 13y ™ dy

vk e dx =y"e T (18 P dy

Example(3)

Evaluate: 1= of° x™ e ¥ dx
y =kx"
¥ = I:IIP'lI' kll'ﬁ
X _.:|.I'I'\|'1I|l krnl'n
Ihimn- |'Il|| kll'll

dt-{l.frl'l
iy -k"LﬂI _[- rn.'nll. e J_E-!-'_“I.-n}y.lrn-l_.ll. e d}'
m.-"n # 1 - 1=(m+lVa - |
-m'n — Ifn=-{m+1)n
=1 |-I'1|:'|.k'r""|"'}] nl’m :r.llrnilrn—lj t-yli]:f'



1.
Examples

Example(1)
| = ._,.r x° JW2—-x) .dx

=2y
dx=Tdy
x%—d Elrz

W2-x) =Ad2=-2y) =2 dl=¥)
X* SN2 -x) .dx = 4y 12 Wl-y) 2y

y=Il when x=(}
v=1 when x=2

Example(2)

Evaluate: 1= |,J' x' 'JII::H.:—IE] cdx

2 2
Ao e
=1 3.-"'
dx=(1/2) }_-I.IR dy

J(@2—x*) =A@ —aly) =a(l—y )7

b

iz rs

x' fa’—x') Ldx= 'y afl -y 1" ey Cdy

y={1 when x={1
v=I when x=a

Example(3)
1= of* dx / (14xY)
4

=%

}:=:§.-']"J1
dy=(1M4) v dy
de / (14x) = iy dy / (1+y)



Proofs of formulas (2) & (3)

Formula (2)

We have,
Bimn)= o x™" (1-x)""dx

Let x =sin’y
Thendx = 2 siny cos~y dy

&

x™ (1=x)"dx =(in"y)™' (cosy )™ (dy /2sinx cox )

2w

= 2 5in ™'y, cos *"y dy

When x=0, we have y=0
When x=1, we hae y=u/2

Thus,

2n-1

[=2 J™ sin ™y . cos ™y dy

I = sin*™'y. cos ™'y dy = B(m,n)/2

10



Formula (3)
We have,
I=of x%' / (14x) dx

Let
y= x/(l+=x)

Hence,x = y/ l-y
d+x =1 +(y/1-v) = 1/{1-y)
& dx =-[(1-y)—y(-1)] / (L-y)y .dy= 1/(15y) .dy

whnx=0, wehavey=10
when x—0 . we have v= lim—e x/(1+%) =1

Thus,
1= o["[x %"/ (1) Jdx= of"[(y/19) ¥/ (U) ] 17 0y) L dy

=o' [y ¥ 11 ] dy

= Blq, 1-q) =T(g I'(l-q)
Proving that T(1/2)="n

Filigi= 2" e e =7 v e gy
Lety =X
X =3.fi
dx = 2v dy
[(112)= of" y'e ™ 2ydy
=2 f° e ay

=2 (N1 /2) =

11
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