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DEFLECTIONS USING ENERGY METHODS

6.1 Method of Virtual Work: Beams and Frames

The method of virtual work can be applied to deflection
problems involving beams and frames.
The principle of virtual work, or more exactly, the —x

i
2

method of virtual force, may be formulated for beam m
and frame deflections by considering the beam shown S ‘)
in Fig.6-1b. Here the displacement A of point A is to be x v
determined. ' Apply virtual unit load to point A
To compute A a virtual unit load acting in the direction (a)
of A is placed on the beam at A, and the internal virtual W
moment m is determined by the method of sections at m/] l\rﬂ J
an arbitrary location x from the left support, é - ‘?
Fig. 6-1a.When the real loads act on the beam, el e - .
Fig. 6-1b, point A is displaced A. =
Provided these loads cause linear elastic material as |
response, then from the equation below , the element i’i
dx deforms or rotates AAAARL *) M

M A

do= (—) dx X v

EE B Apply real load w

Here M is the internal moment at x caused by the real (b)

loads. Consequently, the external virtual work done by Fig. 6-1
the unit load is 1. A, and the internal virtual work done )

by the moment m is

mdo=m (Kj dx
EI

Summing the effects on all the elements dx along the beam requires an integration,

L
1.A=ij dx (6-1)
A
where
1 = external virtual unit load acting on the beam or frame in the direction of A
m = internal virtual moment in the beam or frame, expressed as a function of x and caused by
the external virtual unit load.
A = external displacement of the point caused by the real loads acting on the beam or frame.
M = internal moment in the beam or frame, expressed as a function of x and caused by the
real loads.
E = modulus of elasticity of the material.
1 = moment of inertia of cross-sectional area, computed about the neutral axis.
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In a similar manner, if the tangent rotation or slope %l
angle at a point Aon the beam’s elastic curve is to be A [T A') 8
determined, Fig. 6-2, a unit couple moment is first |—x4

applied at the point, and the corresponding internal =
moments m,y have to be determined. Since the work of P ‘,)
the unit couple is 1 . &, then v

X

E Apply virtual unit couple moment to point A

When applying Eqs. 6-1 and 6-2, it is important to
realize that the definite integrals on the right side
actually represent the amount of virtual strain energy
that i1s stored in the beam. If concentrated forces or
couple moments act on the beam or the distributed load
1s__discontinuous. a single integration cannot be
performed across the beam’s entire length. Instead,
separate x coordinates will have to be chosen within
regions that have no discontinuity of loading. Also, it is
not necessary that each x have the same origin;
however, the x selected for determining the real
moment M in a particular region must be the same x as
that selected for determining the virtual moment m or

£ r
1.0=["2 M b (62)
) EI

Apply real load w

b
mg within the same region. )
Fig. 6-2

EXAMPLE 6.1.1 | 12 KN /m
Determine the displacement of point B of the steel beam
shown in Fig. a. Take E =200 GPa, I = 500(10°) mm*. TR IR I ITNIY

A |B
Solution 10 m ]
Virtual Moment m. (a)
The vertical displacement of point B is obtained by . LkN

placing a virtual unit load of 1 kN at B, Fig.h. By 7

inspection there are no discontinuities of loading on .9

the beam for both the real and virtual loads. Thus, a 'Ef‘qr 4 B
single x coordinate can be used to determine the
virtual strain energy. This coordinate will be selected
with its origin at B, since then the reactions at A do not
have to be determined in order to find the internal L kN
moments m and M. Using the method of sections, the
internal moment m 1s formulated as shown in Fig.b.

Qb-ob'
b
!

el Tey

10 m

Y
Real Moment M. Using the same x coordinate, the ==l ( Ti
internal moment M is formulated as shown in Fig.c. ECTRNE T - L—x
(b)
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Virtual-Work Equation. The vertical displacement of B is thus,
r 10(—1x )(—6x .
kN A, zjﬂdx ZJ( ) )dx | 12kN/m

T AT T
‘G. f; -ﬁ

A 15(10° ) kN m* a0 g
e EI - L—x
B 10 m
3 3 X lzx
15(10° )}kN.m B3
A, = e7) e N
200(10° )kN/ m’ (500(106)nun4)(10*12m4 / mm’ ( T'
=
=0.150m = 150 mm
real load X
(©)
EXAMPLE 6.1.2
Determine the slope @ at point B of the steel beam 3N
shown in Fig. a. Take E = 200 GPa, I = 60(10°) mm"* | . l
Solution T
S5m 5m
1 kN'm 00 (@)
V' AC‘T‘)‘ 1 )
A - [0 4 = =0
N = y M=l
‘7-‘&*“ }7-"24 o x1 ! T TN
‘m
| fa IR="
| O | my, = 1
| i | ¥2 :
| 5m | X2 |
virtual unit couple
(b)
3kN 3kN
1 7
B clg 1
AN : —_§ *1 ) ==
‘ 1 = ’ % ‘ . W real load
3kN
|
s B ]
| c | 1 )
1 Sm | 2 !V2
(c)
L 2(0)(-3x (1) =3(5+x
(1 kN.m).6, :j’"@M dx =j—( i l)dx1+j( [36+x,)] dx
Bl = El = El
2
QB = —112.5kN.m =-0.00938 rad Note: The negative sign indicates is 8z opposite to the direction

El

of the virtual couple moment shown in Fig. b
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EXAMPLE 6.1.3 ¥
Determine the displacement at D of the steel beam in i l
Fig.a. Take E = 29(10%) ksi, I = 800 in"*. A —r —
Solution ; | ‘ T -
101t 101t ! 15 ft |
1k
(a)
P S R
075k 175k
1k
( o
vl‘*"l‘l
1k
i X3+ 15
g | = =)
‘72‘**24[ ]’X:;A‘ Y3
175k 075k
virtual loads
(b)
611(
80 k-ft
(= |
S N R W
1k Tk
\A
wi=1 (j=m
Lxlgl
80 k-1t
My=Tx, ( 1‘ | ('% ) M= 80— 1x;
L. !
7k 1k
real loads
(©)
B 15 10 10
mM —1Ix, }(O 0.75x ., —15)(7x -0.75x ,)(80—-1x
IKN.A, = | dx:j—( ( )dxl+j( 2 ~15)07%,) dx2+j( )¢ ) g,
0 0 0 Ll 0 Ll
A = 1 3500 2750 _ 6250 k.ft’ Note: The negative sign indicates the displacement is
b EJ EJ EI B ET upward, opposite to the downward unit load, Fig. b.
Also note that m; did not actually have to be

_ —6250 k.ft°(12)*in’/ £’

D = 3 ) A —0.466 in calculated since M; = 0.
29(10°)k/1n"(800 in™)
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EXAMPLE 6.1.4 af - |
Determine the horizontal displacement of point C on the ' '}f;_
frame shown in Fig. a. Take E = 29(10%) ksi, I = 600 in* for L_‘_z’_“/
both members.
Solution St 10 £
|
X
1 =Ra
BEa

=153 , .
n 1k 3 }"—xz

|‘_X2 125k i 5k
. T 5 8 ft 4.
4 y r-
' 8 ft ‘ I 1
!
125k | 551
M, = 40x, — 2x%| |
) N |
o N 40k —>
Y1 21 [
I & T | |
*1 x—1| | 51t
4 |
1k 1k 1T jl_ | L
_T 40 kb 40 k-
125k 125k A ]
virtual loadings 25k 25k
‘ real loadings
(b)
(c)
i 10(~1x,)(40x, - 2x; 8(1.25x.)(25
1kN A, :ij dx =I( (40, l)dx1+j( x,)( Xz)dx2
"o B ] El ) EI
| _83333 53333 136667k ft
“ ORI EI EI

_13666.7 k.ft’(12)’ in’/ ft°

= =1.357 in
“ 29(10*)k/in*(600 in*)
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EXAMPLE 6.1.5
Determine the tangential rotation at point C of the frame shown in

Fig. a.Take E = 200 GPa, I = (15)10° mm".

Solution
x{ 5 kN \f ; ~N
\'( 7\ iz 1 kN-m
X1 Vl\(
|,,30°
Vi my = —1
M1 = _2.5?61 1
7.5 kN m\E i 1 kN-m ()
1.5 m—-
5kN
75 kN -m 7.5 kN-m T T
T —x[— X3 _’CE
2 A2
A v i V2
2 my =1
8,
My =175
115)
N, S
real loads virtual loads
(b) (c)
3 2 5x 2(1)(7.5
(1 kKN.m).4. _j mM g =j dx1+JMa’x2
- 0 EI
11.25 E _ 26.25kN .m?*
©  EI EI EI
2
g. = 26.25kN.m = 0.00875 rad

200(10°)kN/ m> [15(106) mm4](10’12 m*/mm")
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