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Component form of the dot product: 

   For purposes of computation, it is desirable to have a formula that expresses the dot product of 

two vectors in terms of the components of the vectors. 

   Let u= <u1, u2, u3> and v= <v1, v2, v3> are two nonzero vectors in 3-space, and 𝜃 is the angle 

between u and v as shown in (figure23), then using the law of cosines yield, we can obtain the 

formula of dot product of two vectors as shown below: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   ‖𝑃1 𝑃2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗‖2 = ‖𝐮‖2 + ‖𝐯‖2 − 2‖𝐮‖‖𝐯‖ cos 𝜃                     ............ (2) 

 

    Since 𝑃1 𝑃2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = v – u, we will write (2) as: 

      

    ‖𝐮‖‖𝐯‖ cos 𝜃 = 
1

2
 (‖𝐮‖2 + ‖𝐯‖2 − ‖𝐯 − 𝐮‖2), and by (1) we obtain 

     u . v = 
1

2
 (‖𝐮‖2 + ‖𝐯‖2 − ‖𝐯 − 𝐮‖2); and since, 

   ‖𝐮‖2 = u1
2 +  u2

2 + u3
2; ‖𝐯‖2 = v1

2 + v2
2 + v3

2; ‖𝐯 − 𝐮‖2 = (v1 –u1)
2 + (v2 – u2)

2 + (v3 – u3)
2; 

   

  We obtain,                               . . . 

 

   Similarly, for vectors in 2-space, if u and v are two nonzero vectors in 2-space then, 

    

 

           . 

    

   The formula is also valid if u = 0 or v = 0. 
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P1= (u1, u2, u3) 

P2= (v1, v2, v3) 
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u . v = u1v1 + u2v2 + u3v3 

Figure 23 

u . v = u1v1 + u2v2  
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Example (20): find the approximate angle between two vectors x= <2, 4> and y= <-1, 2>. 

   Solution: 

   x . y=  ‖𝐱‖ ‖𝐲‖ cos 𝜃  → cos 𝜃  = 
𝐱 .  𝐲

 ‖𝐱‖ ‖𝐲‖
 , 

   x . y= (2)(-1) + (4)(2) 

         = 6, 

   ‖𝐱‖= √(2)2 + (4)2 

         = √20 ; 

   ‖𝐲‖= √(−1)2 + (2)2 

         = √5 ; 

   cos 𝜃  = 
6

√20 √5
 = 0.6  → 𝜃 = cos−1(0.6)  →  𝜃 ≈ 53°. 

 

Example (21): find the approximate angle between the two vectors u= <2, 3, 5> and v= <1, 6, -

4>. 

   Solution: 

   u . v= (2)(1) + (3)(6) + (5)(-4) 

          = 2 + 18 – 20 

          = 0 

    

   ‖𝐮‖= √(2)2 + (3)2 + (5)2 ;    ‖𝐯‖= √(1)2 + (6)2+(−4)2;  

          = √4 + 9 + 25                          = √1 + 36 + 16 

          = √38                                        = √53 

 

   cos 𝜃  = 
0

√38 √53
 = 0 → 𝜃 = cos−1(0)  →  𝜃= 90. 

 

Note: If the angle between any two nonzero vectors u and v is equal 90° then by formula (1), 

cos 𝜃  = 0 and       u . v=0. The opposite if u . v=0, then cos 𝜃  = 0 and the two vectors are 

perpendicular (orthogonal) since 𝜃= 90°. 
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Example (22): If u= <2, −4> and v= <4, 2> are two nonzero vectors in 2-space, find the 

approximate angle between the two vectors. 

 

   Solution: 

   Using formula (1),  

 

          cos 𝜃  = 
𝐮 .  𝐯

 ‖𝐮‖ ‖𝐯‖
 ;  

             u .v= (2)(4) +(−4)(2) 

                   = 0 

 

 

   Now according to the note, cos 𝜃  = 0 and we don’t need to find the magnitude of the two vectors, 

because the dot product of these vectors is equal to zero, so the angle between them is 90°and they 

are orthogonal as shown in (figure 24). 

 

Example (23): Find the approximate angle between the given vectors. (Homework). 

a) u= <1, 2, 3>, v= <−3, −1, 4>. 

b) u= <2, −1, 1>, v= <1, 1, 2>. 

c) u= <0, 1, 0, 1>, v= <1, 0, 0, 1>. 

 

Example (24): If u= <3, 4>, v= <5, −1> and w= <7, 1> are three vectors in 2-space, evaluate the 

expressions:         (Homework).   

a) u . (7v +w). 

b) ‖(𝐮 .  𝐰) 𝐰‖. 

c) ‖𝐮‖ (v . w). 

d) (‖𝐮‖v).w. 
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Example (25): a) Show that the components of the vector v= <v1, v2> in (figure 25) are v1= 

‖𝐯‖ cos 𝜃 and v2= ‖𝐯‖ sin 𝜃. 

b) Let u and v be the vectors in (figure 26). Use the result in part (a) to find the components 

of 4u – 5v. (Homework).   

 

 

 

 

 

            

 

 

                                               

  

 

 

 

 

Example (26): Let u= <2, −1, 1> and v= <1, 1, 2> be two vectors in 3-space, find u .v and 

determine the angle 𝜃 between u and v. (Homework).   

 

Example (26): Find the angle between a diagonal of a cube and one of its edges. 

   Solution: 

   Let k be the length of any edge of a cube as shown in (figure 27). 

   Let u1= <k, 0, 0>, u2= <0, k, 0> and u3= <0, 0, k>, then the sum of these vectors represents a 

vector, d such that, 

                           d= u1 + u2 + u3 

                                            = <k, 0, 0> + <0, k, 0> + <0, 0, k> 

                             = <k, k, k> is the diagonal of a cube. 

   The angle between the vector d and any edge (let the edge u1) satisfies the following formula: 

 

               cos 𝜃  = 
𝐮1 .  𝐝

 ‖𝐮1‖ ‖𝐝‖
 , and u1 . d= <k, 0, 0> . <k, k, k> → u1 . d= k2; 

                        ‖𝐮1‖= √𝑘2 + 0 + 0 → ‖𝐮1‖= k 

                        ‖𝐝‖= √𝑘2 + 𝑘2 + 𝑘2 → ‖𝐝‖= √3𝑘2= k√3 

 

                Thus     cos 𝜃   = 
𝑘2

𝑘2√3
  → cos 𝜃  = 

1

√3
 → 𝜃= cos−1(

1
√3

) → 𝜃 ≈ 54.74°. 
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Theorem (2): Let u and v be vectors in 2- or 3-space. 

a) v . v = ‖𝐯‖2; that is, ‖𝐯‖= (𝐯 . 𝐯)
1

2⁄ . 

b) If the vectors u and v are two nonzero vectors and 𝜃 the angle between them, then  

                     𝜃 is acute         if and only if    u . v > 0. 

                    𝜃 is obtuse        if and only if    u . v < 0. 

                    𝜃= 𝜋 2⁄              if and only if    u . v = 0. 

Proof (a): 

   The angle between v and v is 0, and by formula (1), we have 

 v . v = ‖𝐯‖‖𝐯‖ cos 𝜃  

         = ‖𝐯‖2 cos 0 

         = ‖𝐯‖2. 

Proof (b): 

   Using formula (1): 

   u . v = ‖𝐮‖‖𝐯‖ cos 𝜃 → cos 𝜃 = 
𝐮 .𝐯 

‖𝐮‖‖𝐯‖
 , ‖𝐮‖ > 0 and   ‖𝐯‖ > 0. 

 

Z 

X 

Y 

(k, 0, 0) 

(0, k, 0) 

(0, 0, k) 

u1 

u2 

u3 

d 

𝜃 

(k, k, k) 

Figure 27 
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   Since 𝜃 satisfies 0 ≤ 𝜃 ≤ 𝜋, it becomes clear the following: 

1- 𝜃 is acute if and only if cos 𝜃 > 0 and this true if and only if u . v > 0. 

2- 𝜃 is obtuse if and only if cos 𝜃 < 0 and this true if and only if u . v < 0. 

3- 𝜃 = 𝜋 2⁄  (right angle) if and only if cos 𝜃 = 0 and this true if and only if u . v = 0. 

We can see that in (figure 22) page 17. 

Orthogonal vectors: 

   By theorem 2 (b) we denote that the two nonzero vectors u and v are orthogonal 

(perpendicular) if and only if their dot product is zero (u . v= 0) and that is true also if either (or 

both) of these vectors is zero, therefore we can state without exception that two vectors u and v 

are orthogonal if and only if u . v= 0 and denoted by (u ⊥ v).  

 

Example (27): If u= <1, −2, 3>, v= <−3, 4, 2> and w= <3, 6, 3> are three vectors in 3-space, 

determine the type of the angle between each pair of these vectors. 

   Solution: 

     u . v= (1)(−3) + (−2)(4) + (3)(2)= −5 → the angle between u and v is obtuse. 

     u . w= (1)(3) + (−2)(6) + (3)(3)= 0 →  the angle between u and w is a right angle (90°), u and 

w are perpendicular vectors (u ⊥ w). 

    v . w= (−3)(3) + (4)(6) + (2)(3)= 21 → the angle between v and w is acute. 

Example (28): (A vector perpendicular to a line): 

   Show that the vector u= <a, b> in 2-space is perpendicular to the line ax + by + c= 0. 

   Solution: 

   Let P1= (x1, y1) and P2= (x2, y2) be any two points on the line such that. 

                            ax1 + by1 + c= 0       ..… (1) 

                            ax2 + by2 + c= 0       ..… (2) 

   We can obtain the vector 𝑃1 𝑃2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ by subtracting  the coordinates of  P1 from  the coordinates of P2, 

such that  𝑃1 𝑃2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗= <x2 – x1, y2 – y1> and this vector passes along the line. 
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   Now to show that the vector u is perpendicular to a line, we must only proof that u .  𝑃1 𝑃2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗= 0 

   Subtracting the equation 1 from 2 we obtain: 

                               a(x2 – x1) + b(y2 – y1)= 0 

and this represents the dot product of the two vectors u and  𝑃1 𝑃2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗. 

   Thus, u . 𝑃1 𝑃2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗= 0 and the vector is perpendicular to the line as shown in (figure 28). 
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