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Distance between a point and a line:

The distance between a point and a line, is defined as the shortest distance between a fixed
point and any point on the line. It is the length of the line segment that is perpendicular to the line
and passes through the point.

We will use vector methods to derive a formula for the distance between a point in the plane to
a line.

Now for example to find a formula for the distance between a point Po(Xo, Yo) and the line ax +
by + c=0. Let Q= (xz, y1) be any point on the line, and position the vector u= <a, b>, so that its
initial point is at Q as shown in (figure 33).

ax + by +¢=0

Q= (X1, y1)

@)

Figure 33

At the first we must show that the nonzero vectors u is perpendicular to the line ax +by +c= 0.
Let P= (x2, y2) any point on the line and we have the point Q= (X1, y1), also On the line, so that

axy +by; +¢c=0
axz +by, +¢c=0

a(x2 —x1) + b(y2—y1)=0
S0, <@, b>.<Xo— X1, y2—-y1>=0

< X2 — X1, y2 — y1> is the vector QP along the line.

Thus u . ﬁ: 0, and u is perpendicular to the line as shown in the figure (33).
In this figure we note that the distance d between the point Po and the line, is the length of the

orthogonal projection of the vector Q—P(; on the vector u, thus
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. = —Qﬁu|
d= Iproi 0P 1= 12 .

QPy= <Xo — X1, Yo — Y1}

QP, . u= a(xo — x1) + b(yo — y1);

llull=va? + b?;
la(xg-x1)+Db - |
So, = (X - X1) (Yo - Y1) ()
va?+b?
_laxo -axs + byo - by o
va2+b?
Since the point Q= (x1, y1) lies on the line, then its coordinates satisfy the equation of the line,

SO
axt +byr+c=0- c=—axi—by:

substituting that in (2), we obtain the formula of the distance from a point to a line,

i laxg + byg+c]|

VaZ+bh? S

Note: The distance formula can be reduced to a simpler form if the point is at the origin as:

d= |a(0) + b(0)+0)| _ Ic| @)
Va®+b? VaZ + b2 .

Example (44): Find the distance between the line 2x + 4y - 5= 0 and the point P= (-3, 2).
Solution:

i laxq + byg+c]|

va?+b?
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Example (45): Find the distance d for the following cases.

a) From the point P= (1, -2) to the line 3x + 4y - 6= 0.
Solution:

d= " (check).
6
b) Between the point P= (-3, 7) and the line y= = X + 2. (Homework).

Example (46): Find the orthogonal projection of u on a, the vector component of u orthogonal to
a and the length of the orthogonal projection projau, for all the pair of the vectors in the following.
(Homework).

a) u=<6,2>, a=<3, —9>.

b) u=<-1,-2> a=<-2, 3>,
c) u=<3,1,-7>a=<1,0,5>.
d) u=<1,0,0>, a=<4, 3, 8>.

Cross product:

We know that the dot product of two vectors in 2-or 3-space produces a scalar. Now we define
a type of vector multiplication (only in 3-space) that produces a vector as the product and this is
called the cross product.

Definition (12): If u= <ui, up, us> and v= <vi, vz, Vs> are two vectors in 3-space, then the
cross product u X v is the vector defined by:

U X V= <u2V3 — U3V2, U3V1 — U1V3, U1V2 — U2V1>
Or in determinant notation,

) g Vs )
) )

U xv= (|v2 v3 vl U3 171 172

(D).

Also we can obtain the components of the vector u x v as follows:
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: U1 Uz U . :
Taking the 2 X 3 matrix [Ui vz vi ] first row contains the components of the vector u and

the second row contain the components of the vector v.

Now to find the first component of the vector u x v, delete the first column and take the
determinant; to find the second component, delete the second column and take the negative of
the determinant; and to find the third component, delete the third column and take the
determinant.

Example (47): find the cross product (u X v) of the tow vectors u= <1, -2, 2> and v=<3, 0, 1>.

Solution:

_(|—2 2 1 2111 -2
UXV'(| 0o 11" |3 1|'|3 0|)
=<-2,5, 6>
Theorem (4): (Relationships involving cross product and dot product).

If u, vand w are vectors in 3-space, then:

a) u.(uxv)=0 (uxvisorthogonal to u).

b) v.(uxv)=0 (uxvisorthogonal tov).

¢) llu x v||2=lull?||vl|>-(u.v)?> (Lagrange’s identity).

d ux(vxw)=(u.w)v-(u.v)w (relationships between cross and dot product).
e) (Uuxv)xw=(Uu.wlv-(v.wu (relationships between cross and dot product).

Proof (a):
Let u= <ug, Uz, uz> and v= <vi, vz, V3>, then
u. (U X V)= <uy, Uz, U3> . <U2V3 — U3V2, UaV1 — U1V3, U1V2 — UaV1)>
= u1(u2vs — UaV2) + Uz2(Uavi — U1v3) + uz(u1vz — Uzvi) = 0
Proof (b): Similar to (a).
Proof (c): We will proof this part later, using the concept of scalar triple product that is
(uxv).w=u.(vxw)oru.(vxw)=w.(uxv).

Example (47): (u X v is perpendicular to u and v).

If u=<1, 2, -2>and v= <3, 0, 1>, show that u x v is perpendicular to u and v.
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Solution:
[1 2 —2]
30 1
(2 =2 1 -21 1 2
UI><V'(|0 1|’ |3 1|'|3 0|)
=<2,-7,-6>
u. (uxv)=(1)(2) + (2)(-7) + (-2)(-6)
=0
V. (uxVv)=(3)(2) + (0)(-7) + (1)(-6)
=0

u X Vv is orthogonal to both u an v.

Theorem (5) (properties of cross product):
If u, v, and w are three vectors in 3-space and let k is any scalar, then:

a) uxv=-—(vxu)
b) ux (v+w)=(uxv)+(uxw).
c) (U+Vv)XxXw=(UuXxXw)+(vXw).
d) k(u x v)=(ku) x v=u x (kv).
e) ux0=0xu=0.
f) uxu=0.

Standard unit vectors:

The vectors, i= <1, 0, 0>, j= <0, 1, 0>, k=<0, 0, 1> are called the standard unit vectors in 3-
space and the length of each of these vectors is 1 and lie along coordinate axes as shown in

(figure 34).
Z
k4 (0.01)
J> > Y
(1, o,y (0, 1,0)
[
X
Figure 34

The standard unit vector
5
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Every vector in 3-space is expressible in terms of i, j, and k, for example if v=<vi, v,, v3>, then
we can write this vector as follows:

V= <v, Vo, V3>=vi<]1, 0, 0> + v»<0, 1, 0> + v3<0, 0, 1>
= vii + voj + vzK (As linear combination).
Thus if v=<4, 1, -7>, then we can write it in this form: v=4i + j — 7k,

Now if we want to find the cross product of two unit vectors i and j using formula (1) in
definition of cross product, we obtain:

<i=( ol 1o ol lo 1
=<0,0, 1>
=k.

Thus and using the same method we obtain the following results:

ixi=0 jxj=0 kx k=0
i Xj=k jx k=i kxi=j
jxi=-k KX j=-i i X k=-j

Figure 35 below, helps us to remember the above results, where the resulting vector is positive
if the cross product of two consecutive goes clockwise, and is negative if the cross product goes
counterclockwise.

Figure 35

Direction of cross product
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Determinant form of cross product:

The cross product can be represented symbolically in the form of a formal 3x3 determinant as
follows:

(A
U U, U
V1 VU V3

U uszy, Uu; us|, U Uy
ux v= =l wali= o wlit oy vl

U, V3 % Uy Uy

Q)

Example (48): If u=<3, 1, 1>and v=<2, 1, 2>, find u X v.

j
311
2 1 2

=17 Ji-f Sli+h ke =i-ditk

uXxv= 1 2

Note: It is not true in general that ux(vxw)= (UXV)XW.
For example, ix(jxj)=1x 0=0 and (ixj)xj= kxj= —i

Thus ix(jxj)# (ixj)x].
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