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Direction of cross product:

If u and v are two nonzero vectors in 3-space, then to determine the direction of uxv, we can
use the “right-hand rule” when uxv is orthogonal to both u and v. As shown in (figure 36) if 6 is
the angle between u and v, and if u is rotated through the angle 6 until it coincides with v then the
fingers of the right hand are cupped such that they point in the direction of rotation and the thumb
indicate to the direction of uxv.

Figure 36

The direction of uxv

Example (49): (Relationships involving cross product and dot product)
Given the vectors u=1i+ j +k and v=2i - j - k.

a) Show that u and v are orthogonal (perpendicular).
b) Find a unit vector perpendicular to both u and v.

Solution:

a) Ifu.v=0,then uand v are perpendicular.
u.v=<111>.<2, -1, -1>
=0 — uand v are perpendicular.
b) The cross product uxv is perpendicular to both u and v.

i
1 1 1
2 -1 -1

=1l Jliel il

=(1+1)i-(1-2)j+(1-2k
= 3j - 3k.
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Now, the unit vector of u x v also perpendicular to the vectors u and v, thus

_uxv  <3,-3> _<3,—3>_ 3 -3 1 —1_ ﬁ \/E>
Tluxvll J32+(3)2  3vZ 32 3z N2z 2

V2

V2
Or U= - j— - k the unit vector that is perpendicular to both u and v.

Definition (13) (Scalar triple product u . (vxw)):

If u, v and w are three vectors in 3-space (3D), then u . (v X w) is called the scalar triple
product of u, v and w and denoted by the following formula:

U U Uz
u.(vxw)=|v1 vz U3 - )
wi W W3
Proof this formula:
l ) k v, vy Dy
We know that v X w=|v; v, wv3|= w | _| | | w| !
wy Wy Wj 2 - i

_ 1% V3. U1 V3. V1 V2
Thus, u.(v><w)-u.(|w2 w1~ |W1 W3|l+ |W1 W2|k)

vz 173 | |v1 173|
1=

¥
= u u
Wy W3 wy w72

wy W2| Us

U Uy Uz
Vg Uy V3
Wi Wy Ws

Example (50): Calculate the scalar triple product u . (v x w), where u= 3i - 2j =5k, v=1 + 4j
—4k, and w= 3j + 2k.

Solution:
3 -2 -5
u.(vxw)= 4 —4
0 3 2

-3[3 Sl-eol Hlren]
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=60 +4-15
=49

Note: The symbol (u . v) X w makes no sense because we cannot form the cross product of a
scalar and a vector. Thus no problem arises if we write u . v x w rather than u . (v . w).

Thus we can write the formula (3) in definition (13) (Scalar triple product) as follows:

u.(vxw)=w. (Uuxv)=v.(wx u)

or(uxv).w=u.(vxw) (Dot product is Commutative process)

Example (51): If u= <1, 2, 3>, v=<2, 1, 1>, and w= <1, 1, 0>, find each of the following
separately to show that they are equal in all cases.

u.(vxw), w.(uxv); v.(wxu)

Solution:
1 2 3
u.(vxw)=12 1 1[=4
1 1 0

w. (ux v)=4  (Check)
V.(wxu)=4  (Check)
Proof of Lagrange’s identity:

Now we can proof Lagrange’s identity (part c) in theorem (4) (Relationships involving cross
product and dot product).

lw x vIIZ = [[all IvII> - (u . v)?
Proof:
We know if v is any vector (in 2-or 3-space), then the dot product v . v= ||v]|.
Thus, [lu X v||>= (U x V). (u x V).
Since, (U X Vv).w=u. (v x w); (scalar triple product)

Thus, (UXV).(UXV)=U.[vX(uXxV);
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Since, u x (vxw)=(u.w)v—(u.v)w (relationships between cross and dot product) (part 4
theorem 4).

Thus, (U X V). (U X V)=U. [V X (U X V)]
=u. [(v.V)u-(v.uV]
= (v.V)(u.u) - (v.u)v.u)
= [lulPlvl? - (v . u)®.
Geometric interpretation of cross product:

If u and v are two nonzero vectors in 3-space(3D), then the norm of u X v has a useful
geometric explanation.

The magnitude (norm) or length of u x v:
Using LaGrange’s identity,
lw x vII>=[lall IvII* = (u. v)* ... (1)
If & denotes the angle between two vectors u and v, then
The dot product of the two vectors u and v is,
u.v=|lull|lvllcos8 ...(2)
(1) in (2) we obtain:
lu x v[I*= [lull* IvII* = [[ull* [Iv]|* cos? 6

= [lulf? [[vl*( — cos® 6)
= [lull® [Ivl*sin®6 ... (3)

Since 0< 6 < m, it is follows that sin 6 > 0.

Taking the square root for two sides of (3), we obtain:

lu x vl|=lulll[v]| sin6 - (4)

We note that the two vectors u and v are parallel if and only if u x v= 0, because by the
formula (4) we obtain:
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, [lu]l|lv]| > 0 because u and v are nonzero vectors.

o llax v
sin 6=
llullivl
sin 8= 0 — 6= 0 and the two vectors are parallel.

Thus
The norm of u x v and applications:
In the figure (37) below, we easily note that ||v|| sin @ is the altitude (height) of the

parallelogram determined by u and v.
v

[lull

Figure 37

||v]| sin @ is the altitude of the parallelogram.

Thus, the formula (4) above represent the area A of the parallelogram.
The area of the parallelogram (Ap) = (base)(altitude)= ||u]|||v|| sin 6= |[u X v]].
Therefore we note that the area of the parallelogram determined by u and v is zero when these

vectors are parallel (or collinear) because 6= 0 and this leadsto u x v=0.

Applications of cross product:
1) To find the area of the parallelogram.
Theorem (5): The area of parallelogram determined by two vectors in 3-space, is the magnitude

(Iength) of the cross product of these vectors.
Or (if u and v are vectors in 3-space, then [Ju X v|| is equal to the area of the parallelogram

determined by u and v.
If we have the parallelogram denoted by the vectors P; P, and P, P; as shown in (figure 38):
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Figure 38

The parallelogram determined by two vectors

We know that the area of the parallelogram Ap= (base)(altitude)= bh.

The length of the vector P, P, represents the base of the parallelogram, thus

Ao= ||PP5|Ih,  (|PLP2)|= 1P = Pyl

h —_— —_
Since, sin 6= ;=3 — h=||P,P;]|sin 8, (||P,Ps| = lIPs — PylI)
1P Ps]
Therefore, Ae=||P,P;|||PPs|| sin 6

Since ||P,P;||||PPs]| sin @ represents the length (magnitude) of Py P, x Py P;, according to the
formula (4), then the area of the parallelogram is:

2) To find the area of trf P~ |[P1P; x Py ||

If we have the triangle determined by the points Py, P2, and P3 as shown in figure (39), then
we can find the area of this triangle using the concepts of vectors.
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Ps

P Y — , P2
b= ||P P, |
Figure 39

The area of the triangle Ar= % ( base)(height)
= Zbh
2

The length of the vector P; P, represents the base of the triangle, thus

pr=L [, 1P = 1P, - Pyl

h —_ —_—
Since, sin = 7=—=7 — h=||P,P;|| sin®, ||P,Ps|| = IIPs — P,
[P, Ps |
Thus, Ar=~||P.P; |||P.P5]| sin 6,

Since ||Py P, ||||PPs|| sin 6 represents the length (magnitude) of PP, x P; Py, according to the
formula (4), then, the area of the triangle is:

Ar= |[P2F; x PoFs

We note that the area of the parallelogram Ap is equal multiple the area of the triangle and that
means,

Ap= 2At

Example (52): Find the area of the parallelogram determined by P, P, and P, P, if P1= (2, 2, 0),
P>= (-1, 0, 2) and P3= (0, 4, 3).

Solution: we must find the area of the parallelogram in figure (40).
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Ap= ||P,P, x P, Ps||
P,P,=P>-P1=(-1,0,2) — (2, 2,0)=<-3, =2, 2>;
PP.= P3 - P1= (0, 4, 3) — (2, 2, 0)= <—2, 2, 3>
Now we must find P, P, X P, P;.
i j k
EEg— =2 2, -3 2[;,|-3 -2
PrPa X Py Ps= :2 =2 §‘| S Ll N ) R WP

= (=6 — 4)i — (=9 +4)j + (=6 — )k
= —10i +5j —10k
Or =<-10, 5, —10>

po=|PLF; % PiFs |

=/ (—10)2 + 52 + (—10)?
=225
= 15 the area of the parallelogram.
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Example (53): Find the area of the triangle determined by the points, P1= (2, 2, 0), P.= (-1, 0,
2) and P3= (0, 4, 3).

Solution:
o= [PiP < Bif |
Since we use the same points in example (52), therefore ||P,P, x P, P3||= 15, and
Ar= = ||PP; x P;P;||= ~(15)= 7.5 the area of the triangle.
Or directly using the formula, Ap= 2AT — AT:% Ap, if it is required for the same points to find
the area of the tringle and parallelogram.

Now we can formulate the following questions:

Question (1): Derive the formula that used to find the area of the parallelogram determined by
two vectors.

Question (2): Derive the formula that used to find the area of the triangle determined by three
points.
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