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Isomorphic Graphs 
 

 
Definition:  An isomorphism of two graphs 𝐺 and 𝐻 is a bijective function (one-

to-one and onto) 𝑓 ∶  𝑉(𝐺) → 𝑉(𝐻) such that any two vertices 𝑢 and 𝑣 of 𝐺 are 

adjacent in 𝐺 if and only if 𝑓 (𝑢) and 𝑓 (𝑣) are adjacent in 𝐻. 

That is, two graphs 𝐺 and 𝐻 are said to be isomorphic if 

𝑖) 𝑉(𝐺) = 𝑉(𝐻)             𝑖𝑖) 𝐸(𝐺) = 𝐸(𝐻)  

𝑖𝑖𝑖) If 𝑣𝑖𝑣𝑗 ∈ 𝐸(𝐺)  then 𝑓(𝑣𝑖) 𝑓(𝑣𝑗)  ∈ 𝐸 𝐻 .  

This bijection is commonly described as edge-preserving bijection. 

If an isomorphism exists between two graphs, then the graphs are called 

isomorphic graphs and denoted as 𝐺 ≅  𝐻. 
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In the above graphs, we can define an isomorphism 𝑓 from 𝐺1 to 𝐺2 

such that 𝑓 𝑣1 =  𝑢1, 𝑓 𝑣2 =  𝑢3, 𝑓 𝑣3 =  𝑢5 , 𝑓 𝑣4 =  𝑢2  and    

𝑓 𝑣5 =  𝑢4. Hence, these two graphs are isomorphic  𝐺1  ≅ 𝐺2. 
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Hence, these two graphs are isomorphic.  
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Note: It is easier to check non-isomorphism than isomorphism. If any of 

these following conditions not occurs, then two graphs are non-isomorphic. 

 

1) Two isomorphic graphs must have the same number of vertices. 

2) Two isomorphic graphs must have the same number of edges. 

3) Two isomorphic graphs must have the same number of vertices of degree 𝑛. 
4) Two isomorphic graphs have the same number of connected components. 

5) Two isomorphic graphs have the same number of cycles of the same length. 

Here's a partial list of ways you can show that two graphs are not isomorphic if 

the way not satisfy. 



Example 1: 6 

Each of the two graphs has 6 vertices and each of them has 9 edges, they are 

still not isomorphic. To see this, count the number of vertices of each degree. 

The graph on the left has 2 vertices of degree 2, while the one on the right has 

3 vertices of degree 2. The following two graphs are also not isomorphic. 

1) Two isomorphic graphs must have the same number of vertices. 

2) Two isomorphic graphs must have the same number of edges. 

3) Two isomorphic graphs must have the same number of vertices of degree 𝑛. 
4) Two isomorphic graphs have the same number of connected components. 

5) Two isomorphic graphs have the same number of cycles of the same length. 



Example 2: 7 

In this example, each graph has 8 vertices and 10 edges. Furthermore, each has 4 

vertices of degree 2 and 4 vertices of degree 3. Still, the graphs are not isomorphic. 

There are many ways to show this, but the easiest is probably to note that the  graph 

on the right has a cycle of length 8 (The cycle is a path that ends at the vertex it 

began and repeats no edges), while the graph on the left does not. 

1) Two isomorphic graphs must have the same number of vertices. 

2) Two isomorphic graphs must have the same number of edges. 

3) Two isomorphic graphs must have the same number of vertices of degree 𝑛. 
4) Two isomorphic graphs have the same number of connected components. 

5) Two isomorphic graphs have the same number of cycles of the same length. 



Example 3: 8 

The two graphs have the same number of vertices and edges, also have the same 

number of vertices of degree 1, 2 and 3. But there are not isomorphism ( Why ???)  

1) Two isomorphic graphs must have the same number of vertices. 

2) Two isomorphic graphs must have the same number of edges. 

3) Two isomorphic graphs must have the same number of vertices of degree 𝑛. 
4) Two isomorphic graphs have the same number of connected components. 

5) Two isomorphic graphs have the same number of cycles of the same length. 

1, 2, 3 are necessary for the graphs G1 and G2 to be isomorphic, 

but not sufficient to prove that the graphs are isomorphic.  



Thank You 
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