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2.5 Cartesian Vectors (Vectors in 3-Dimensions)

e Right-Handed Coordinate System: We will use a right- z
handed coordinate system to develop the theory of vector
algebra that follows. A rectangular coordinate system is said
to be right-handed if the thumb of the right hand points in the 3._\
direction of the positive z axis when the right-hand fingers are = =
curled about this axis and directed from the positive x towards

the positive y axis, Fig. 2-21.

e Rectangular Components of a Vector: A vector A
may have one, two, or three rectangular components along |
the  x, y, z coordinate axes, depending on how the vector £

is oriented relative to the axes. In general, though, when A \,\
is directed within an octant of the x, y, z frame, Fig. 2-22 , /
then by two successive applications of the parallelogram
law, we may resolve the vector into components as: /
A =A'"+ A, and then A' = A, + A, . Combining these / W
equations, to eliminate A', A is represented by the vector el

sum of its three rectangular components, i Al

A=A +A,+A, (2-2)

e Cartesian Unit Vectors: In three dimensions, the set of
Cartesian unit vectors, i , j , k , is used to designate the
directions of the x, y, z axes, respectively.

The positive Cartesian unit vectors are shown in Fig. 2-23.
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|
e Since the three components of A in Eq. 2-2 act in the

A, ILJI\
positive i, j , and k directions, Fig. 2-24 , we can write A in A
Cartesian vector form as:

. . hT —i A-"j —
A=4i+4,j+4k (2-3) V7 :
Aci
#
Fig, 2-24
e Magnitude and direction of a Cartesian Vector: -
-
As shown in Fig. 2-25 |, from the blue right triangle, i,'r" N ]
4 N
A= VATy AL > and from the gray right triangle, ;F : |
i ;
Y
A" = VAL + AL /
| A el 1
.. . .. "o Aj N Al -
Combining these equations to eliminate 4' yields: 2 \a
/I_Ar_:"fl |
A= ‘wfii + ﬂ.f + ,qé—' (2-4) Fig, 2-25
e Now the direction of A will be defined by the coordinate Agkj\
direction angles o (alpha), f (beta), and y (gamma), A
measured between the tail of A and the positive x, y, z axes uaf
provided they are located at the tail of A , Fig. 2-26 and Fig. ¥
, B
2-27. " M
N Ay
- A
Cos @ = j cos 3 = — cos ¥y = I" (2-3) -1'/ o

Prepared by : Ass. Prof. Dr. Ayad A. Sulaibi



UNIVERSITY OF ANBAR

COLLEGE OF ENGINEERING

Engineering Mechanics - STATILS

These numbers are known as the direction cosines of A. Once they have been
obtained, the coordinate direction angles a, £, and y can then be determined from the

Inverse cosines. 2 "

e An easy way of obtaining these direction cosines is to form a unit vector u 4 in
the direction of 4 , Fig. 2-26 . If A is expressed in Cartesian vector form,
A=4i+A4,j+ Ak, then u, will have a magnitude of one and be dimensionless
provided A is divided by its magnitude, i.e. :

A A, | Ay | .\ A;k 2.6
lIA—A = AI AI A L

Where: A = V/AZ + AZ + A2
By comparison with Egs. 2—5 , it is seen that the i , j , kK components of u, represent
the direction cosines of A , i.e.,

u,=cosaitcosfj+cosyk 2-7)

Since the magnitude of a vector is equal to the positive square root of the sum of
the squares of the magnitudes of its components, and u, has a magnitude of one, then
from the above equation an important relation among the direction cosines can be
formulated as:

) 2 2 4
cos“a + cos” B + cos*y = 1 (2-8)
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Finally, if the magnitude and coordinate direction angles of A are known, then A

may be expressed in Cartesian vector form as:

A= AUA
= Acosai + Acos B + Acos yk (2-9)
= Ajd + Ayj + Ak

2.6 Addition of Cartesian Vectors .
Let A=A4i+4,j+AkandB=5,i+5B,j+BKk, ‘MﬁBzik
Fig. 2-29 , then the resultant vector, R , has
components which are the scalar sums of the i, j and R
k components of A and B, i.e., | >B
(A, + Byj
R=A + B = (4x + Bx)i + (Ay + By)j + (4z + Bz)k A 7
If this is generalized and applied to a system of (Ay + By
several concurrent forces, then the force resultant is J(/
the vector sum of all the forces in the system and can Fig. 2.29

be written as:

Fr = 3F = 3F,i + 3F,j + SFk (2-10)
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EXAMPLE | 2.8 |

Express the force I shown in Fig. 2-30 as a Cartesian vector.

SOLUTION z
Since only two coordinate direction angles are specified, the third
angle a must be determined from Eq.2-8: i.e.,

cos” @ + cos” B + cosy = 1
cos® @ + cos® 60° + cos?45° = |

cosa = V1 — (0.52 — (07072 = £0.5

Hence, two possibilities exist, namely,
a = cos (0.5) =60° or o= cos {(—0.5) = 120°

By inspection it is necessary that @ = 607, since I; must be in the +x
direction.
Using Eq. 2-9, with F = 200 N, we have

Fig. 2-30

F=Fcosai+ FcosBj+ Feosyk
= (200 cos 60° Nji + (200 cos 60° N)j + (200 cos 45° N)k
= {100.0i + 100.0j + 141.4k} N Ans

Show that indeed the magnitude of F = 200 N.

EXAMPLE |28

Dretermine the magnitude and the coordinale direction angles of the

resultant force acting on the ring in Fig, 2-31a.

z Fy — |50 — 40] + 180K] Ib z

¥y = |50i — 100f + 100k} b F, = |60] + 50K) I

Fig, 2-31

SOLUTION

Since cach [orce is represented in Carlesian vector form, the resultant

force,shown in Fig. 2-31b, is

Frp =3F =F, + F. = {60j + 80k }1b + {50i — 100j + 100k} 1b
— {50i — 10j + 180k} 1Ib

The magnitude of Fpis

Fe = V(501 + (—401b)* + (180 Ib)} = 191.01b
= 1911b Ans
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The coordinate direction angles o, 8, ¥ are determined from the
components of the unit vector acting in the direction of Fg.

Fr 0 40 . 180
e +

Ug — 1
e Fg 191.0 191.0'] 191.0
= 0.2617i — 0.2094] + 0.9422k

so that
cos a = 0.2617 a = T74.8° Ans.
cos 3= —0.2094 B = 102° Ans.
cos ¥y = 0.9422 v = 19.6° Ans.

These angles are shown in Fig. 2-315b.

NOTE: In particular, notice that 8 > 907 since the j component of ug,
is negative. This seems reasonable considering how Fy and F; add

according to the parallelogram law.

EXAMPLE [ 2.10

Express the force F shown in Fig. 2-32a as a Cartesian vector.

SOLUTION F=1001b
The angles of 60° and 45° defining the direction of I are not coordinate

direction angles. Two successive applications of the parallelogram law

are needed to resolve F into its x, y, 2 components. First F = F' + F_,

then F' = F, + F,,Fig. 2-32h. By trigonometry, the magnitudes of the S
components are

F. = 100sin 60°Ib = B6.61b
F" = 100 cos 60° b = 501b
F. = F'cos 45" = 50cos 45° b = 35.4 1b

F, = F'sin 45" = 50sin45° b = 35.41b
Realizing that I, has a direction defined by —j, we have
F=1001b
F = {354i — 35.4j + 86.6k} Ib Ans

To show that the magnitude of this vector is indeed 100 Ib, apply
Eq.2-4, o

F=VF.+F+F o

= V(3547 + (3547 + (86.6) = 1001b

(b}
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EXAMPLE [2:91

ka

Two forces act on the hook shown in Fig. 2-33a. Specify the magnitude

F, of F, and its coordinate direction angles so that the resultant force Fj
/ acts along the positive y axis and has a magnitude of 800 N,
12X
SOLUTION
6{]{’ ] To solve this problem, the resultant force F and its two components,
45 I} and I, will each be expressed in Cartesian vector form. Then, as
Fy =300N shown in Fig, 2-33b, it is necessary that F, = F, + F,.
x Applying Eq. 2-9,

&
i F, = Ficosa)i + Fycos 8] + F,cos yk

= 300 cos 451 + 300 cos 60° j + 300 cos 120 k
= {212.1i | 150 150k}N
Fy = Fyi + Fpj + Fyk
Since Fp has a magnitude of 800 N and acts in the +j direction,
Fr = (800 N)(+j) = {800j} N
We require
Fp =F, +F,
800j = 212.1i + 150 — 150k + Fyi + Fyj + Fk
B00j = (212.1 + Fy)i + (150 + Fy)j + (—150 + Fk

To satisfy this equation the i. j. k components of I'; must be equal to
the corresponding i, j. k components of (F; +F;). Hence,

0=20131 +F: F=-2121K
800 = 150 + Fyy F,, = 650N
0=-150+ F,, F,,= 150N

The magnitude of I, is thus

F, = V(=212.1 N + (650 N)? + (150 Ny
= TOON Ans.

We can use Eq.2-9 to determine as. 8. Y.
— 212

COS ap = a; = 108° Ans.
700
650
cos 3, = ﬁ; B, = 218° Ans.
- = i ins.
cos ¥y = o e i Ans.

These results are shown in Fig, 2-33b.
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I'2-13. Determine the coordinate direction angles of the
force.

F2-14. Express the force asa Cartesian vector.

I F=500N

FF2-15. Express the force asa Cartesian vector.

F=500N

I2-16.  Express the force as 2 Cartesian vector.

F2-16

I'2-17. Express the forece as 2 Cartesian vector.

F=T0N

I'2-1%  Determine the resultant force acting on the hook.

’\ F = 5001b

/"

}F, =800 Ib

F2-1%
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2-66. Express each force acting on the pipe assembly in
Cartesian vector form.

2-67. Determine the magnitude and the direction of the
resultant force acting on the pipe assembly.

Prohs. 2-66/67

*2-68. Express each force as a Cartesian vector.,

2-6Y. Determine the magnitude and coordinate direction
angles of the resultant force acting on the hook,

F=500N

Probs, 2-68/6Y

2-70. The beam is subjected to the two forces shown.
Express each force in Cartesian vector form and determine
the magnitude and coordinate direction angles of the
resultant force.

Fy = 6301b

Prob. 2-70

2-71. If the resultant force acting on the bracket is
directed along the positive y axis, determine the magnitude
of the resultant force and the coordinate direction angles of
I' so that B < 90°.

Fy= 600N

Prob. 2-71
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#2-72.  Aforce F is applied at the top of the tower at A. If
it acts in the direction shown such that one of its components
lving in the shaded y-z plane has a magnitude of 80 Ib,
determine its magnitude F and coordinate direction angles

a, B, y.

Prob. 2-72

2-73.  The spur gear is subjected to the two forces caused
by contact with other gears. Express each force as a
Cartesian vector.

2-74. The spur gear is subjected to the two forces caused
by contact with other gears Determine the resultant of the
two forces and express the result as a Cartesian vector.

T
P

F=501b

Probs. 2-73/74

2-75. Determine the coordinate direction angles of
force F.

#2-T6. Determine the magnitude and coordinate direction
angles of the resultant force acting on the eyebolt.

Probs. 2-75/76

2-77. The cables attached to the screw eye are subjected
to the three forces shown. Express each force in Cartesian
vector form and determine the magnitude and coordinate
direction angles of the resultant force.

Prob. 2-77
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