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CHAPTER FIVE
Equilibrium of a Rigid Body

CHAPTER OBJECTIVES

To develop the equations of equilibrium for a rigid body.
i To introduce the concept of the free-body diagram for a rigid body.

E To show how to solve rigid-body equilibrium problems using the
equations of equilibrium.

5.1 Conditions for Rigid-Body Equilibrium

The necessary and sufficient conditions for F, i
the equilibrium of the rigid body in Fig. 5-1 a, ‘\ /
will be discussed. As shown, this body is o 8o,
subjected to an external force and couple
moment system. F, 4—-"‘"" » \

If the resultant force and couple moment / .
resultant are both equal to zero, then the body is said M, (a)

to be in equilibrium .Mathematically, the equilibrium
of a body is expressed as:

'leﬁn
Fr=2F =0 f\/_u

(5-1)

(I\IIRJE.} = Ef\lﬂ =0 o

The first of these equations states that the sum of the
forces acting on the body is equal to zero. The second
equation states that the sum of the moments of all the

forces in the system about point O , added to all the i

couple moments, is equal to zero. These two equations Fig. 5-1
are not only necessary for equilibrium, they are also

sufficient.
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Note: When applying the equations of equilibrium, we will assume that the body
remains rigid. In reality, however, all bodies deform when subjected to loads.
Although this is the case, most engineering materials such as steel and concrete are
very rigid and so their deformation is usually very small. Therefore, when applying
the equations of equilibrium, we can generally assume that the body will remain
rigid and not deform under the applied load without introducing any significant
erTor.

EQUILIBRIUM IN TWO DIMENSIONS: (Coplanar Force System)

5.2 Free-Body Diagrams:

This diagram is a sketch of the outlined shape of the body, which is represented
as being isolated or "'free" from its surroundings, i.e. a "free body" on this sketch
it is necessary to show all the forces and couple moments that the surroundings
exert on the body so that these effects can be accounted for when the equations of
equilibrium are applied. A thorough understanding of how to draw a free-body
diagram is of primary importance for solving problems in mechanics.

Support Reactions: Before presenting a formal procedure as to how to draw a free-
body diagram, we will first consider the various types of reactions that occur at
supports and points of contact between bodies subjected to coplanar force systems.
As a general rule,

e [f a support prevents the translation of a body in a given direction, then a
force is developed on the body in that direction.
e Ifrotation is prevented, a couple moment is exerted on the body.

For example, let us consider three ways in which a

horizontal member, such as a beam, is supported at E— I T
its end. One method consists of a roller or cylinder, roller :
Fig. 5-3 a . Since this support only prevents the (a) (b)
beam from translating in the vertical direction, the T member

roller will only exert a force on the beam in this .ﬂﬂﬂ f::m

direction, Fig. 5-3 . The beam can be supported in a

==

more restrictive manner by using a pin, Fig. 5-3 ¢ . K e—
The pin passes through a hole in the beam and two pin

leaves which are fixed to the ground. Here the pin ()
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can prevent translation of the beam in any

direction f, Fig. 5-3 d , and so the pin must exert a ” d

force F on the beam in this direction. For purposes | p#Z 4% o U
of analysis, it is generally easier to represent this | | T
resultant force F by its two rectangular components .
F, and F,, Fig. 5-3 e. If F and F, are known, then () (&)

F and o can be calculated. The most restrictive way
to support the beam would be to use a fixed

M
support as shown in Fig. 5-3 /. This support will I F, —( C
fixed support _.1
F,

prevent both translation and rotation of the beam.
To do this a force and couple moment must be
developed on the beam at its point of connection, (f) ()
Fig. 5-3 g . As in the case of the pin, the force is
usually represented by its rectangular components
F, and F,.

Table 5—1 lists other common types of supports for bodies subjected to coplanar
force systems.

TABLES-1 Supports for Rigid Bodies Subjected to Two-Dimensional Force Systems

Types of Connection Reaction MNumber of Unknowns

=
T
A One unknown. The reaction is a tension force which acts
I away from the member in the direction of the cable.

T N T P\

] b Y 3 bR . " 5

H; L\ or '-H; .\ One unknown. The reaction is a force which acts along
A\ '\ the axis of the link.

weightless link

(3) )
'r.r"’ I
/ One unknown. The reaction is a force which acts
& perpendicular to the surface at the point of contact.
o eb
i e )
roller ¥
= G e :
S Eﬁ'\ One unknown. The reaction is a force which acts
9[ . 1 == perpendicular to the surface at the point of contact.
F
rocker
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Types of Connection Reaction Number of Unknowns

) -

One unknown. The reaction is a force which acts
E'Ji ;

6 perpendicular to the surface at the point of contact.

smooth contacting
surface

(6)
ﬁ %::’/ o ‘245///_) One unknown. The reaction is a force which acts
VA F F perpendicular to the slot.

roller or pin in
confined smooth slot

(D

F

One unknown. The reaction is a force which acts
perpendicular to the rod.

member pin connected
to collar on smooth rod

(8) / F, /‘

:8 or

5 L FJ

Two unknowns. The reactions are two components of
force, or the magnitude and direction ¢ of the resultant
force. Note that ¢ and # are not necessarily equal [usually
not, unless the rod shown is a link as in (2)].

smooth pin or hinge

() ._
/7
¥4
A~ // i
( iy Two unknowns. The reactions are the couple moment
M and the force which acts perpendicular to the rod.
F
member fixed connected
to collar on smooth rod
(10)
F, F
1 I Ad’ Three unknowns. The reactions are the couple moment
E ]J 1 or g 1 and the two force components, or the couple moment and
| M - M the magnitude and direction ¢ of the resultant force.
fixed support
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Typical examples of actual supports are shown in the following sequence of photos. The numbers refer to the
connection types in Table 5-1.

This concrete girder
rests on the ledge that
is assumed to act as
a smooth contacting
surface. (5)

The cable exerts a force on the bracket
in the direction of the cable. (1)

The rocker support for this
bridge girder allows horizontal
movement so the bridge is free
to expand and contract due to
a change in temperature. (4)

The floor beams of this

This utility building is building are welded
pin supported at the top together and thus form
of the column. (8) fixed connections. (10)

To construct a free—body diagram for a rigid body or any group of bodies
considered as a single system. The following steps should be performed:

e Draw outlined shape: Imagine the body to be isolated or cut "free" from its
constraints and connections and draw (sketch) its outlined shape.

e Show all Forces and Couple moments: Identify all the known and unknown
external forces and couple moments act on the body. Those generally
encountered are due to: (1) applied loadings (2) reactions developed at the
supports or at points of contact with other bodies (see table 5-1) and (3) the
weight of the body.

o Identify each loading and give dimensions: The forces and couple moments
that are known should be labeled with their proper magnitudes and directions.
Letters are used to represents the magnitudes and direction angles of forces and
couple moments that are unknown. Establish an x, y coordinate system so that
these unknowns, A4, , A, , etc can be identified. Finally indicate the dimensions
of the body necessary for calculating the moments of forces.
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Important Points

¢ No equilibrium problem should be solved without first drawing
the free-body diagram, so as to account for all the forces and
couple moments that act on the body.

¢ If asupport prevents translation of a body in a particular direction,
then the support exerts a force on the body in that direction.

¢ If rotation is prevented, then the support exerts a couple moment
on the body.

¢ Study Table 5-1.

¢ Internal forces are never shown on the free-body diagram since they
occur in equal but opposite collinear pairs and therefore cancel out.

¢ The weight of a body is an external force, and its effect is
represented by a single resultant force acting through the body’s
center of gravity G.

¢ Couple moments can be placed anywhere on the free-body
diagram since they are free vectors. Forces can act at any point
along their lines of action since they are sliding vectors.

Draw the free-body diagram of the uniform beam shown in Fig. 5-7a.

The beam has a mass of 100 kg.

’_72m 1200 N
v
lA
! 6m |
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SOLUTION

The free-body diagram of the beam is shown in Fig. 5-7b. Since the
support at A is fixed. the wall exerts three reactions on the beam,
denoted as A,. A,, and M,. The magnitudes of these reactions are
unknown, and their sense has been assumed. The weight of the beam,
W = 100(9.81) N = 981 N, acts through the beam’s center of gravity G,
which is 3 m from A since the beam is uniform.

1200 N

Y
I 2m
x Ay [~ Effect of applied

—| v force acting on beam

A, — G
Effect of fixed = A M, 254

support acting '
on beam M4 3m ‘N
981N

Effect of gravity (weight)
acting on beam

(b)
Fig. 5-7

Draw the free-body diagram of the foot lever shown in Fig. 5-8a.
The operator applies a vertical force to the pedal so that the spring is
stretched 1.5 in. and the force on the link at B is 20 Ib.

L

u kOlb;’in.

Sin.

(b)

Fig. 5-8 A,
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EXAMPLE | 5.2

Two smooth pipes, each having a mass of 300 kg, are supported by the
forked tines of the tractor in Fig. 5-9a. Draw ihe free-body diagrams
for each pipe and both pipes together.

Effect of sloped

SOLUTION

The idealized model from which we must draw the free-body
diagrams is shown in Fig. 5-9b. Here the pipes are identified, the
dimensions have been added. and the physical situation reduced to its
simplest form,

The free-body diagram for pipe A is shown in Fig. 5-9¢. Its weight is
W = 300(9.81) N = 2943 N. Assuming all contacting surfaces are
smooth. the reactive forces T, F, R act in a direction normal to the
tangent at their surfaces of contact.

The free-body diagram of pipe B is shown in Fig. 5-9d. Can you
identify each of the three forces acting on this pipe? In particular, note
that R, representing the force of A on B, Fig. 5-94. is equal and
opposite to R representing the force of B on A, Fig. 5-9¢. This is a
consequence of Newton'’s third law of motion.

The free-body diagram of both pipes combined (“system™) is
shown in Fig. 5-9¢. Here the contact force R. which acts between A
and B. is considered as an infernal force and hence is not shown on
the free-body diagram. That is, it represents a pair of equal but
opposite collinear forces which cancel each other.

blade acting on A [/ —%

Effect of gravity
(weight) acting on A

(c)

Effect of B acting on A

Effect of sloped
F fork acting on A

7\

30/.* |
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“erosiews

5-1. Draw the free-bodv diaeram

ody diag 0 p the bear
truck, which has a mass of 2.5 Mg an d center of gravity at G. supports the 80-kg load and is supported by the pin at A and
It is supported by a pin at A and a pin-connected hydraulic a cable which wraps around the pulley at D. Explain the
cylinder BC (short link). Explain the significance of each significance of each force on the diagram. (See Fig. 5-7b.)
force on the diagram. (See Fig. 5-7b.)

D
=
P
=
Lig]
o
=

1e dumnster D of the §-3. Draw the free-body diagram of the beam which

vy i

Prob. 5-1
Prob. 5-3
5-2. - i i
. 2 Draw thedre-body dlagram of member ABC which *5—-4, Draw the free-body diagram of the hand punch,
is supported by a smooth collar at A, rocker at B, and short bioh dersred st A siidls d th sh it
link CD. Explain the significance of each force acting on the LS POCER AL SRE SR RN VR e O RR S UARS

diagram. (See Fig. 5-7b.) at B.

F=81b
2.5kN
1.5 fit
60°
3
‘ —A
| 6m ! 0.2 ft . 21t |
Prob. 5-2 Prob. 54
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5-5. Draw the free-body diagram of the uniform bar, #5-8. Draw the free-body diagram of the bar. which has a

which has a mass of 100 kg and a center of mass at G. The
supports 4, B, and C are smooth.
5 111>\

0
1.25 e

/S’G.zm

Prob. 5-5
5-6. Draw the free-body diagram of the beam, which is
pin-supported at A and rests on the smooth ineline at B.

BOO b BOO b
6001k alo b

in | ift

Prob. 5-6

5-7. Draw the free-body diagram of the beam, which is
pin connected at A and rocker-supported at B,

500N

2m 4 m—-

Proh. 5-7

negligible thickness and smooth points of contact at A, B,
and C. Explain the significance of each force on the diagram.
(See Fig. 5-7b.)

5-9. Draw the free-body diagram of the jib crane AB,
which is pin connected at 4 and supported by member
(link) BC.

3m 4m

Prob. 5-9
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5.3 Equations of Equilibrium

In Sec. 5.1 we developed the two equations which are
both necessary and sufficient for the equilibrium of a rigid
body, namely, XF = 0 and XMy = 0. When the body is
subjected to a system of forces, which all lie in the x — y

plane, then the forces can be resolved into their x and y
components. Consequently, the conditions for equilibrium
in two dimensions are:

2F,=0
SF, =0 (5-2)
| SMp=0 |

Alternative Sets of Equilibrium Equations:

SFo=0 ()
M, =0 (5-3) /

A second alternative set of equilibrium equations is:

M= 0 (5-4)
E-I'Pf(“ =10

{c)

Fig. 5-11

e Here it is necessary that points 4, B , and C do not lie on the same line. To prove
that these equations, when satisfied, ensure equilibrium, consider again the free-
body diagram in Fig. 5-11 b . If XM, = 0 is to be satisfied, then (My), = 0.
M = 0 is satisfied if the line of action of F; passes through point C as shown in
Fig. 5-11 c . Finally, if we require M3 = 0, it is necessary that Fz = 0, and so the
plate in Fig. 5-11 a must then be in equilibrium.
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Procedure for Analysis

Coplanar force equilibrium problems for a rigid body can be solved
using the following procedure.

Free-Body Diagram.

Establish the x, v coordinale axes in any suitable orientation.
Draw an outlined shape of the body.
Show all the forces and couple moments acting on the body.

Label all the loadings and specily their directions relative to the x
or y axis. The sense of a force or couple moment having an
unknown magnitude but known line ol action can be assumed.

Indicate the dimensions of the body necessary [or compuling the
moments of forces.

Equations of Equilibrium.

Apply the moment equation of equilibrium, ZM,; = 0. about a
point (O) that lies at the intersection of the lines of action of two
unknown forces. In this way, the moments of these unknowns are
zero about O, and a direct solution for the third unknown can be
determined.

When applying the force equilibrium equations, ZF, = 0 and
2F = 0, orient the x and y axes along lines that will provide the
simplest resolution of the forces into their x and y components.

If the solution of the equilibrium equations yields a negative
scalar for a [orce or couple moment magnitude, this indicates thal
the sense 18 opposile to that which was assumed on the free-body
diagram.
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EXAMPLE | 5.5

Determine the horizontal and vertical components of reaction on the
beam caused by the pin at B and the rocker at A as shown in Fig. 5-12a.
Neglect the weight of the beam.

l319N
AN
T319N

(e)

13191\1

i

y
200N 600 sin 45° N

200N

600 cos 45° N O-ZL‘“ L
P ,["_I X

| ’ B
2m | Im 2m—
A, L 4 B,
100N
(b)
Fig. 5-12
SOLUTION

Free-Body Diagram. Identify each of the forces shown on the
free-body diagram of the beam, Fig. 5-12b. (See Example 5.1.) For
simplicity, the 600-N force is represented by its x and y components as
shown in Fig. 5-12b.

Equations of Equilibrium. Summing forces in the x direction yields

LIF, = 0 600 cos45°N — B, =0
B, = 424 N Ans.

A direct solution for A, can be obtained by applying the moment
equation TMp = Oabout point B.
C+3IMp = 0; 100 N(2 m) + (600 sin 457 N)(5 m)

— (600 cos 45°N)(0.2 m) — A(Tm) =0

A, =319N Ans.
Summing forces in the y direction, using this result. gives

+T2F},=O; 319N — 600sin45°N — 100N — 200N + B, =0
B_‘. = 405N Ans.

NOTE: Remember, the support forces in Fig. 5-12b are the result of
pins that act on the beam. The opposite [orces act on the pins. For
example, Fig. 5-12¢ shows the equilibrium of the pin at A and the
rocker.
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EXAMPLE | 5.7

The member shown in Fig. 5-14a is pin connected at A and rests
against a smooth support at B. Determine the horizontal and vertical
components of reaction at the pin A.

60N

lm—m ¥y

(b)
Fig. 5-14

SOLUTION

Free-Body Diagram. As shown in Fig. 5-14b, the reaction Np is
perpendicular to the member at B. Also, horizontal and vertical
components of reaction are represented at A.

Equations of Equilibrium. Summing moments about A, we obtain
a direct solution for Ng.

G+IMy =0; —90N-m — 60N(I m) + Np(0.75m) = 0

Np = 200N
Using this result,
LI, = b A, — 200sin30°N =0

A, = 100N Ans.
+13F, = 0: A, — 200 cos 30°N — 60N = 0

A, = 233N Ans.
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EXAMPLE |5.8

The box wrench in Fig. 5-15a is used to tighten the bolt at A. If the
wrench does not turn when the load is applied to the handle, determine
the torque or moment applied to the bolt and the force of the wrench
on the bolt.

SOLUTION

Free-Body Diagram. The free-body diagram for the wrench is shown
in Fig. 5-15b. Since the bolt acts as a “fixed supporl,” it exerts force
components A, and A, and a moment M, on the wrench at A.

Equations of Equilibrium.

EsF =0 A, — 52(35) N + 30cos 60°N = 0

A, =500N Ans.
+132F = 0; A, — 52(§3) N = 30sin 60°N = 0

A, =T40N Ans.

C+3My =0; My — [52(#)N] (03 m) — (30 sin 60°N)(©O.7 m) = 0
My =326 N'm Ans.

Note that My must be included in this moment summation. This couple
moment i8 a free vector and represents the twisting resistance of the
bolt on the wrench. By Newton’s third law, the wrench exerts an equal
but opposite mement or torque on the boll. Furthermore. the resultant
force on the wrench is

F, = V(5.00)* + (74.0P = 74.1N Ans.

NOTE: Although only fiiree independent equilibrium equations can be
written for a rigid body. it is a good practice to check the calculations
using a fourth equilibrium equation. For example, the above
computations may be verified in part by summing moments about
point C:

C+3Mc =0 [52(B)N] 04m) + 32.6N-m — 74.0N(0.7 m) = 0

192N-m + 326 N-m — 518N-m =0
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EXAMPLE | 5.9

Determine the horizontal and vertical components of reaction on the
member at the pin A, and the normal reaction at the roller B in Fig. 5-164.

SOLUTION

Free-Body Diagram. The free-body diagram is shown in Fig. 5-16b.
The pin at A exerts two components of reaction on the member,
A, and A,.

750 Ib

(a)
Fig. 5-16
support 286 1b Equations of Equilibrium. The reaction Ny can be obtained directly
on pin — by summing moments about point A, since A, and A, produce no
—_— — moment about A.
268 1b
1>mem_ber
on-pin C+IM, = 0;
2861b
@ [Np cos 30°1(6 ft) — [Np sin 30°(2 ft) — 750 Ib(3 ft) = 0
C
Np = 53621b = 536 1b Ans.

Using this resullt,

BSF =0, A — (53621b)sin30° =0
A, = 2681b Ans.

+13F,=0; A, + (536.21b)cos 30° — 7501b = 0
A, = 2861b Ans.

Details of the equilibrium of the pin at A are shown in Fig. 5-16c¢.
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EXAMPLE |5.12

Determine the support reactions on the member in Fig. 5-19a. The
collar at A is fixed to the member and can slide vertically along the
vertical shaft.

_ 900 N
de’ | 1.5m | 1.5m
——L.5m 5 1.5m A, ;
A _kp-l I ]
loEl 1A 5
' M, y  S00N-m
S00N-m
x
(a) (b)
Fig. 5-19
SOLUTION

Free-Body Diagram. The free-body diagram of the member is
shown in Fig. 5-19b. The collar exerts a horizonlal force A, and
moment My on the member. The reaction Ny of the roller on the member
is vertical.

Equations of Equilibrium. The forces A, and Np can be determined
directly from the force equations of equilibrium.

sk =0 A =0 Ans.
+13F, = 0; Ny — 900N = 0
Ny = 900N Ans

The moment M, can be determined by summing moments either
about point A or point B.

C+IMy = 0;

My —900N(1.5m) — S00N-m 4+ 900N [3m + (I m) cos45°] =0
My =—1486N-m = 149 kN -m) Ans.

or

C+IMp=10: My + 900N[1.5m + (1 m)cos45°] — 500N+-m =0
My = —1486 N'm = 1.49kN -m) Ans.

The negative sign indicates that M, has the opposite sense of rotation
to that shown on the free-body diagram.
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. FUNDAMENTAL PROBLEMS

All problem solutions must include an FBD. F54. Determine the components of reaction at the fixed

support A, Neglect the thickness of the beam.
F5-1. Determine the horizontal and vertical components

of reaction at the supports. Neglect the thickness of the 200N 200N 200N
beam.

F5-2. Determine the horizontal and vertical components
of reaction at the pin A and the reaction on the beam at C. F5-4

I'5-5. The 25-kg bar has a center of mass at G. If it is
supported by a smooth peg at C, a roller at A, and cord AB,
determine the reactions at these supports.

F5-3. The truss is supported by a pin at A and a roller at B.
Determine the support reactions.

F5-6. Determine the reactions at the smooth contact
points A, B, and C on the bar.
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“erosiews

All problem solutions must include an FBD. 3-13. The 75-kg gate has a center of mass located at G.If A
supports only a horizontal force and B can be assumed as a

5-10. Determine the horizontal and vertical components pin. determine the components of reaction at these supports.

of reaction at the pin A and the reaction of the rocker B on

the beam.
I-A— 1.25 ma‘

4kN

Prob. 5-13
Prob. 5-10
5-14. The overhanging beam is supported by a pin at A
and the two-force strut BC. Determine the horizontal and
vertical components of reaction at A and the reaction at B
5-11. Determine the magnitude of the reactions on the on the beam.
beam at A and B. Neglect the thickness of the beam.

Lélm ! 8&m !

Prob. 5-11
o Prob. 5-14
5-15. Determine the horizontal and vertical components
*5-12. Determine the components of the support of reaction at the pin at A and the reaction of the roller at B
reactions at the fixed support A on the cantilevered beam. on the lever.

6 kN

A J\(I.Sm AKN
LI.S m«\yl.Sm

Prob. 5-12
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