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CHAPTER NINE

Center of Gravity and Centroid

CHAPTER OBJECTIVES

W To discuss the concept of the center of gravity, center of mass,
and the centroid.

m To show how to determine the location of the center of gravity
and centroid for a system of discrete particles and a body of
arbitrary shape.

m To use the theorems of Pappus and Guldinus for finding the
surface area and volume for a body having axial symmetry.

m To present a method for finding the resultant of a general
distributed loading and show how it applies to finding the
resultant force of a pressure loading caused by a fluid.

9.1 Center of Gravity, Center of Mass, and the Centroid of a Body.
In this section we will first show how to locate the center of gravity for a body, and
then we will show that the center of mass and the centroid of a body can be
developed using this same method.

Center of Gravity. A body is composed of an infinite number of particles of
differential size, and so if the body is located within a gravitational field, then each
of these particles will have a weight dW, Fig. 9—1a. These weights will form an
approximately parallel force system, and the resultant of this system is the total
weight of the body, which passes through a single point called the center of gravity,
G, Fig. 9-1b. *

* This is true as long as the gravity field is assumed to have the same magnitude and
direction everywhere. That assumption is appropriate for most engineering
applications, since gravity does not vary appreciably between, for instance, the
bottom and the top of a building.
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(a) (b) (e)

The weight of the body is the sum of the weights of all of its particles, that is:

+|Fp = 3F; W= [dw

The location of the center of gravity, measured from the y axis, is determined by
equating the moment of /¥ about the y axis, Fig. 9-15b, to the sum of the moments of

the weights of the particles about this same axis. If dW is located at point (x, y, z),
Fig. 9-1a, then:

(Mg)y =2M, ; W= [Xdw
Similarly, if moments are summed about the x axis,
(Mp)c = 2M,; YW= [3dw

Finally, imagine that the body is fixed within the coordinate system and this system
is rotated 90 about the y axis, Fig. 9—1c. Then the sum of the moments about the y
axis gives:

(Mp)y=2ZM,; W= [Zdw

Therefore, the location of the center of gravity G with respect to the x, y, z axes
becomes:

_ i Z M (9-1)
/ dW / dW [ dW
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Center of Mass of a Body.

/ X dm / y dm f Zdm z .
H— :._- = E = (9_2) 7 Z ‘
f dm / dm / dm ¥y

=l

b,

Fig. 9-2

Centroid of a Volume.

(9-3)

Fig. 9-3

Centroid of an Area. If an area lies in the x—y
plane and is bounded by the curve y = f (x), as
shown in Fig. 9-5a, then its Centroid will be in this
plane and can be determined from integrals similar
to Egs. 9-3 , namely,

f}dA /};fdA
A A (9_4)

y = A

fdA dA (a)
A A

Fig. 9-5

I =

Prepared by: Ass. Prof. Dr. Ayad A. Sulaibi




UNIVERSITY OF ANBAR
COLLEGE OF ENGINEERING
DAM & WATER RESOURCES DEPT.

UNIVERSITY OF ANBAR

Lngineering Mechanics - STATIES

These integrals can be evaluated by | y
performing a single integration if we
use a rectangular strip for the
differential area element. For
example, if a vertical strip is used, T
Fig. 9-5b, the area of the element is
dA =y dx, and its centroid is located

~

at X = X and')sz/2

If we consider a horizontal strip, Fig. (b) (c)

9-5¢, then: dA = x dy, and its

o . ~ Fig. 9-5
centroid is located at x=x/2 and y =y.

9.2 Composite Bodies

A composite body consists of a series of connected “simpler” shaped bodies, which
may be rectangular, triangular, semicircular, etc. Such a body can often be divided
into its composite parts and, provided the weight and location of the center of
gravity of each part are known, we can then eliminate the need for integration to
determine the center of gravity for the entire body. However, rather than account for
an infinite number of differential weights, we have instead a finite number of
weights. Therefore,

2xW SyW 2ZW
X = y = — = 9-6
T 3w 7T 3w SW (©-6)
Here
X,y z represent the coordinates of the center of gravity G of the composite
body.
%, 7,7 represent the coordinates of the center of gravity of each composite
part of the body.
W is the sum of the weights of all the composite parts of the body.
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EXAMPLE | 9.3

Determine the distance ¥ measured from the x axis to the centroid of
the area of the triangle shown in Fig. 9-10.

SOLUTION

Differential Element. Consider a rectangular element having a
thickness dy, and located in an arbitrary position so that it intersects
the boundary at (x, v), Fig. 9-10.

Area and Moment Arms. The area of the element is dA = x dy
b g T ; =

= E(h — ¥) dy, and its centroid is located a distance ¥y = y from the

X axis.

Integration. Applying the second of Eqs. 94 and integrating with
respect to y yields

fmdp‘!. f [ (h—\r)d»] 1bh2
b!r
f“"“ /—(fr—na‘\

h

= - Ans.

3

NOTE: This result is valid for any shape of triangle. It states that the
centroid is located at one-third the height, measured from the base of

the triangle.
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EXAMPLE | 9.4

X =

¥ =

Locate the centroid for the area of a quarter circle shown in Fig. 9-11.

v
)/Rde
R
e
J.=§R51|:IH‘ do
| p
x
-—-}=%Rcm6\——
Fig. 9-11

SOLUTION

Differential Element. Polar coordinates will be used, since the
boundary is circular. We choose the element in the shape of a rriangle,
Fig. 9-11. ( Actually the shape is a circular sector; however, neglecting
higher-order differentials. the element becomes triangular.) The
clement intersects the curve at point (R, ).

The area of the element is

Rl
dA = HR)R df) = — 0

Area and Moment Arms.

and using the results of Example 9.3, the centroid of the (triangular)
element is located at ¥ = 3R cos #, ¥ = R sin .

Integrations.
we obtain

fron [ Greso)f (3e) [
xdA —Rcosf | —db —R cos @ df

Applying Egs. 9-4 and integrating with respect to 8,

3

Ans.

= wf2 0 wf2
f dA f R o f de
5 o 2 0

wf2 2 wf2
/T dA f (ER sin 6') Ea'|9 (ER)./. sin 8 df
N de B 27 \3/J
- Tf2 3 w2
R
f dA f = do / do
A o 2 0

= Ans.

37
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EXAMPLE | 9.5

Locate the centroid of the area shown in Fig. 9-12a.
SOLUTION |

Differential Element. A differential element of thickness dx is
shown in Fig. 9-12a. The element intersects the curve at the arbitrary
point (x, v). and so it has a height y.

Area and Moment Arms. The area of the element is dA = ydx,
and its centroid is located at ¥ = x, ¥ = y/2.

Integrations. Applying Egs. 94 and integrating with respect to x yields

¥

A —
T plm D T 0333
fﬂ’A f (1 — x)dy f (1 — Vy)dy
A 0 0

NOTE: Plot these results and notice that they seem reasonable. Also,
for this problem, elements of thickness dx offer a simpler solution.

Im =
f X dA xvdx f X dx s
F=tt =t =0 —— = Ans
f dA / v dx / © i
4 0 0
Im 1m
] VdA f (v/2)y dx (2 /2)2 dx
=4 =0 = =090 03inA
PR e - Im Toax . omam
f ¥ dx & dx v
A 0 0 —
SOLUTION Il L2
Differential Element. The differential element of thickness dy is '
shown in Fig. 9-12b. The element intersects the curve at the arbitrary &
point (x, v), and so it has a length (1 — x). ) ! | 1m
Areaand Moment Arms. TheareaoftheelementisdA = (1 — ) dy, T s =
5 e ? (%.7)
and its centroid is located at y
N (1 = x) 1+x _ I
xX=x+ = R S
2 2 x H1—x
Integrations. Applying Egs. 9—4 and integrating with respect to y, L'm
we obtain (b)
1m 1m
= 1 i
/xcm f [(1 + /211 — x)dy —f (1= ¥ dy Pl 1
__ Ja _ Jo _2Ju _ 0250 _
= = T = T e Y 0.75m Ans
fdf‘l f (1 — x)dy / (1 = Vy)dy
d 0 0
Im Im
¥ dA (1 — x)dy — ¥y d
_ ./ > ./; g i fu TN 0.100
R = = =03m Ans
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EXAMPLE | 9.6

Locate the centroid of the semi-elliptical area shown in Fig. 9-13a.

21t

(a) (b)

Fig. 9-13
SOLUTION |

Differential Element. The rectangular differential element parallel
to the y axis shown shaded in Fig. 9-13a will be considered. This
element has a thickness of dx and a height of v.

Area and Moment Arms. Thus, the area is dA = ydx, and its
centroid is located at ¥ = xand v = y/2.
Integration. Since the area is symmetrical about the y axis,

x=0 Ans.

Applying the second of Eqs. 94 with y = /1 — %, we have
2f v Ih
/)«ﬂ'f’l f -—i_'.a'_tj —f (l—x—z)dr
‘7I'1 —"fl

in
fdA f vdx 1 f Fo— —d_t
—-2f

SOLUTION 1I

Differential Element. The shaded rectangular differential element
of thickness dy and width 2x, parallel to the x axis, will be considered,
Fig. 9-13b.

Area and Moment Arms. The area is dA = 2x dy, and its centroid
isat¥ =0and ¥ = y.

Integration. Applying the second of Egs. 94, with x = 2V 1 — %,

we have

I Lit
3 dA f W2x dy) f 4NV 1 —y dy
j.:{ 0 _Jo 4/3

f — = Th = T = “‘T'F“f[ = 0424 fi Ans.
fdA / 2x dy / AN 1 -y dy
x 0 0

222 Chwas  Aw
'y
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SAMPLE PROBLEM 5/6
Locate the centroid of the shaded area.

Solution. The composite area is divided into the four elementary shapes
shown in the lower figure. The centroid locations of all these shapes may be ob-
tained from Table Df3. Note that the areas of the “holes” (parts 3 and 4) are
taken as negative in the following tahle:

A X ¥ XA yA
PART in? in. in in? in.?
1 120 6 5 720 600
2 30 14 1043 420 100
3 —-14.14 6 1.273 —-848 =18
4 -5 12 4 =96 =32
TOTALS 127.9 959 650 : T
The area counterparts to Egs. 5/7 are now applied and yield @
et - 959 :
[X E] X —12?-9 7.50 in. Ans.
=y = 0 :
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EXAMPLE | 9.10

Locate the centroid of the plate area shown in Fig. 9-17a.

¥

rJ
=

et
.
=

P!
(a)

Fig. 9-17

SOLUTION ¥
Composite Parts. The plate is divided into three segments as shown
in Fig. 9-17b. Here the area of the small rectangle @ is considered

*negative” since it must be subtracted from the larger one @ (2]
Moment Arms. The centroid of each segment is located as indicated T T 0“-_
in the figure. Note that the ¥ coordinates of @ and @ are negative. LIS B N Lit
X
Summations. Taking the data from Fig. 9-17b, the calculations are 156 | 10t
tabulated as follows:
Segment A (f%) Xy ydy o FA D FA (fr) 3
1 33)3) =45 1 1 45 4.5
2 (3¥3) =9 =15 15 =135 13.5 - 55 f—]
3 =@ly=-=2 -—-25 12 5 —4
ZA =115 I¥A=—4 ZyA=14
'I‘.l'lllS, 21t
- 1 P
WS B TV Ans. (®)
ZA 115
__XyA _ 14
y= P A 122 ft Ans.

NOTE: If these results are plotted in Fig. 9-17a, the location of point C
seems reasonable.
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F9-1. Determine the centroid (X, V) of the shaded area.

¥

F9-2. Determine the centroid (¥, ¥) of the shaded area.

¥

1 m
Fo-2
F9-3. Determine the centroid ¥ of the shaded area.

‘ {

[
=
-

]
[
-

1]

F—1lm——1 m—
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9-6. Locate the centroid ¥ of the area.

Prob. 9-6

9-7. Locate the centroid ¥ of the parabolic area.

Prob. 9-7

*9-8. Locate the centroid ¥ of the parabolic area.

Prob. 9-8

9-9,
9-10.

9-11.

#9-12. Locate the centroid Vv of the area.

9-13. Locate the centroid ¥ of the area.

9-14. Locate the centroid v of the area.

Locate the centroid ¥ of the area.

Locate the centroid ¥ of the area.

Locate the centroid X of the area.

8 in.

Probs. 9-9/10

Probs. 9-11/12

4m

y=4— -116.1"

B m——

Probs. 9-13/14
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