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Limit   ( غايةال ) 

We use limits to describe the way a function varies. Some 

functions vary continuously; small changes in x produce only 

small changes in ƒ(x). Other functions can have values that jump, 

vary erratically, or tend to increase or decrease without bound. 

The notion of limit gives a precise way to distinguish among 

these behaviors. 

باستًرار ذوال . تختهف بعض انذانتنىصف انطريقت انتي تختهف بها ان غاياثَستخذو ان

أخري يًكٍ  دوال. وƒ (x)تُتج فقظ تغييراث صغيرة في  xانتغييراث انصغيرة في  ؛

ذوٌ بنتي تقفز أو تتغير بشكم يتقطع أو تًيم إنً انزيادة أو انُقصاٌ انقيى ا أٌ يكىٌ

  يفهىو انغايت تعطي طريقت دقيقت نهتًييز بيٍ تهك انسهىكياث. حذود.

Definition of Limit 

Suppose we are watching the values of a function ƒ(x) as x 

approaches c (without taking on the value c itself). Certainly we 

want to be able to say that ƒ(x) stays within one-tenth of a unit from 

L as soon as x stays within some distance d of c (Fig. 3). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

But that in itself is not enough, 

because as x continues on its 

course toward c, what is to 

prevent ƒ(x) from jumping 

around within the interval from 

L - (1/10) to L + (1/10) without 

tending toward L? We can be 

told that the error can be no 

more than 1/100 or 1/1000 or 

1/100,000. Each time, we find a 

new 𝛿 -interval about c so that 

keeping x within that interval 

satisfies the new error tolerance. 

Fig.(3) How should we define  𝛿 > 0  

so that keeping x within the interval 

(c - 𝛿, c + 𝛿) will keep ƒ(x) within the 

interval (L-1/10),(L+1/10)? 
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And each time the possibility exists that ƒ(x) might jump away from 

L at some later stage. 

We can present a matching distance d that keeps x “close enough” to 

c to keep ƒ(x) within that  -tolerance of L (Fig.4). This leads us to 

the precise definition of a limit. 

 

Def: - Let ƒ(x) be defined on an open interval about c, except 

possibly at c itself. We say that the limit of ƒ(x) as x approaches c is 

the number L, and write 

   
   

 ( )     

if, for every number    > 0 there exists a corresponding number 

 > 0 a such that  

       | ( )   |      whenever      0  |   |    

To visualize the definition, imagine machining a cylindrical shaft to 

a close tolerance .The diameter of the shaft is determined by turning 

a dial to a setting measured by a variable x. We try for diameter L, 

but since nothing is perfect we must be satisfied with a diameter ƒ(x) 

somewhere between     and    . The number   is our control 

tolerance for the dial; it tells us how close our dial setting must be to 

the setting     in order to guarantee that the diameter ƒ(x) of the 

shaft will be accurate to within   of L. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As the tolerance for error 

becomes stricter, we may have 

to adjust 𝛿. The value of 𝛿, 

how tight our control setting 

must be, depends on the value 

of 휀, the error tolerance.The 

definition of limit extends to 

functions on more general 

domains. It is only required that 

each open interval around c 
contains points in the domain 

of the function other than c. 
 

Fig.(4) The relation of 𝛿 and 

휀 in the definition of limit. 
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Theorem:- 

If  L, M, c, and k are real no.s and  

   
   

 ( )                        
   

 ( )                 

1. Sum Rule:                                 
   

  (  ( )   ( ))      

2. Difference  Rule:                       
   

 (  ( )   ( ))      

3. Constant Multiple Rule:            
   

 (   ( ))      

4. Product Rule:                           
   

 ( ( )  ( ))      

5. Quotient Rule:                          
   

 
 ( )

 ( )
 

 

 
         0 

6. Power Rule:                   
   

   ( )        a positive integer 

7. Root Rule:         
   

 √ ( )
 

 √ 
 

  
 

 ⁄     a positive integer 

(if n is even, we assume that  ( )  0       in an interval containing c) 

Ex.  If   ( )       , Find:       
   

 ( ). 

Sol. 

   
   

 ( )     
   

(    )     
   

      
   

      
   

   

  ( )      

Ex. If   ( )  
       

   
, Find  :         

   
 ( ). 

Sol. 

   
   

 ( )     
   

       

   
 

     

   
 

0

0
 

   
   

 ( )     
   

       

   
    

   

(   )(   )

(   )
    

   
(   )
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Limits of Polynomials (الغاية لمتعددات الحدود) 

If   ( )            
            is any polynomial 

fun. ,Then 

   
   

 ( )   ( )            
            

Limits of Quotients of Polynomials  

If   ( )  and     ( ) are polynomials fun. , Then 

   
   

 ( )

 ( )
 

 ( )

 ( )
               ( )  0 

Ex.  If   ( )  (       ), Find  :         
    

 ( ). 

Sol. 

   
    

 ( )  (  )   (  )       

Ex.   Find        
   

       

   
   

Sol. 

   
   

       

   
 

( )   ( )   

   
 

  

 
   

Ex.   Find        
   

    

   
                 

Sol. 

   
   

    

   
    

   

    

   
                  (   )(        ) 

    
   

(   )(      )

(   )
    

   
(      )    

 



 

م. صالح محمد حسين             2المستىي   التفاضل والتكامل        ساسية / حديثة  كلية التربية الأ  
Collage of Basic Education/Haditha                    Calculus - Level 2nd             

(2020-2021) 

42 
 

 

Ex.  Find        
   

√      √ 

 
               0 

Sol. 

   
   

√      √ 

 
 

√      √ 

√      √ 
 )انضرب بًرافق انبسظ(           

     
   

     

 (√      √ )
    

   

 

 (√      √ )
 

    
   

 

(√      √ )
   

 

√    √ 
 

 

 √  
 

 

One-Sided Limits (الغايات  من جهة واحدة) 

In this section we extend the limit concept to one-sided limits, which 

are limits as x approaches the number c from the left-hand side 

(where    ) or the right-hand side ( >  ) only. These allow us to 

describe functions that have different limits at a point,depending on 

whether we approach the point from the left or from the right. One-

sided limits also allow us to say what it means for a function to have 

a limit at an endpoint of an interval. 

 

Approaching a Limit from One Side 
Suppose a function ƒ is defined on an interval that extends to both 

sides of a number c. In order for ƒ to have a limit L as x approaches 

c, the values of ƒ(x) must approach the value L as x approaches c 

from either side. Because of this, we sometimes say that the limit is 

two-sided. If ƒ fails to have a two-sided limit at c, it may still have a 

one-sided limit, that is, a limit if the approach is only from one side. 

If the approach is from the right, the limit is a right-hand limit or 

limit from the right. From the left, it is a left-hand limit or limit 

from the left. 
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Intuitively, if we only consider the values of ƒ(x) on an interval 

(   ), where    , and the values of ƒ(x) become arbitrarily close 

to L as x approaches   from within that interval, then ƒ has right-

hand limit L at  . In this case we write 

 

   
    

 ( )    

 

The notation “     ” means that we consider only values of ƒ(x) 

for x greater than  . We don’t consider values of ƒ(x) for      

Similarly, if ƒ(x) is defined on an interval (   ), where     and 

ƒ(x) approaches arbitrarily close to M as x approaches   from within 

that interval, then ƒ has left-hand limit M at  . We write 

 

   
    

 ( )    

 

 

 

 

 

 

The function 𝑓(𝑥)  
𝑥

|𝑥|
 (Fig. 5) has 

limit 1 as x approaches 0 from the 

right, and limit -1 as 𝑥 approaches 0 

from the left. Since these one-sided 

limit values are not the same, there is 

no single number that 𝑓(𝑥) approaches 

as 𝑥 approaches 0. So 𝑓(𝑥)does not 

have a (two-sided) limit at 0. 
 

Fig.(5) Different right-hand and 

left-hand limits at the origin. 
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The symbol “     ” means that we consider the values of ƒ only 

at x-values less than  . These informal definitions of one-sided 

limits are illustrated in (Fig. 6). For the function 

  ( )  
 

| |
  in (Fig.5) we have 

   
    

 ( )                    
    

 ( )     

 

 

 

 

 

 

 

Fig(6) (a) Right-hand limit as 𝑥 approaches 𝑐. (b) Left-hand limit as 𝑥 approaches 𝑐 


