O ez zella Y sl Jalsil) g Jualddl) gaa / Al A il 408
Collage of Basic Education/Haditha Calculus - Level 2nd
(2020-2021)

— e ——

Derivatives Logarithmic and Exponential Functions
Def.

The natural Logarithm of x is denoted by In x and is defined by the
integral.

X
1
lnx=j?dt , x>0
1

Theorem:-

For any positive numbers a and c and any Rational number :-

a) Inac =lna +1Inc Rational no. is a number which can be expressed in the

1 form2 wherein q # 0 and bothp and q are integers.
b) In o= —Inc 1

C) ln% =Ilna-Inc

d)Ina" =rlna
Theorem:-

1- The domain of Inx is (0, 4o0).

2- lim Inx = 400 and lim lnx = 4+
x-07t X—+00

3- The rang of In x is (—oo, 4+ ).
Derivatives Logarithmic:-

i[lnx]=l x>0
d X

X

2 [Inu] = L. 2 \wherein u is a differentiable function of x
dx u dx
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EX.

. i 2
Find — [In(x* + 1)]

Sol.
LG + 1)) = g LD = 20 = 2
> x?+1  dx x2+1 )
EX.
Flnd—[l (x Smx)]
Sol.

[ - Smx)] ln(x sinx) —Inv1 + x
= %[lnxz + Insinx —%ln(l + x)]

COS X 1

d _ 1
—alzmx+lnsmx—§ln(1 +x)] —;+ r—— 20+ %)

2
=—+4 cotx —
X 2(1+x)

Def.

The Inverse of the natural logarithm function In x is denoted by
e* and is called the natural exponential function.

Theorem:-
The natural exponential function e* is differentiable on (—oo, +0)

and it has derivative :-

— [pX] — pX
dx[e] e

o¢
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Note:-

If u is a differentiable function of x ,then

d[u]_ udu
dxe - ¢ dx

Ex. Find

1) %[e"g] = e . %(x*?’) = 3x2eX’

d r cosx] — ,cosx . @ — o cos x
2) — [e ]=e — (cosx) = —sinxe
Theorem:-
1) lim e* = 4o 2) lime™ =0
x—+o00 X—+00
3) lim e* = 4) lim e™ = 400
X——00 X—>—00
Notes:-

In1=0 ,lne=1 ,ln§=—1 Ine? =2

In(e®) = x forallreal valuesofx ,e™* =x forx >0

EX.
Solve the equation e?*~¢ = 4 for «x.
Sol.

we take the natural logarithm of both sides of the equation and use
the rule In(e*) = x

In(e?*%) =In4

2x—6=1In4

[=X]
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ZX =0 In#%

1
x=3+%ln4=3+ln4§ Ina” =rlna

x=34+1In2

Theorem:-

L"Hopital’s rule for form % (Jln ol Bacl8)

Suppose that f and g are differentiable function on an open interval
containing x = a, except possibly at x = a and that

limf(x) =0 and limg(x) =0
xX—a xX—a

If 1im £ has a finite limit or if this limit is —co or + oo then
x—ag (x
/
limL2 = lim L&

x—a 8(x) x—-ag (x)

Moreover, this statement is also true in the case of a limit as
x—-a , x—>at ,x > —o oras x = +oo,

EX.

by L'Hopital's rule

o1
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Theorem:-
L'Hépital's rule for form 2 (Jlis o) B2513)

Suppose that f and g are differentiable function on an open interval
containing x = a, except possibly at x = a and that

limf(x) =c and limg(x) = o
X—a xX—a

If lim ’;g) has a finite limit or if this limit is —oo or + oo then
xX—a

. fO . f'(x)
561_1)2 g(x) !cl—{% g’ (x)

Moreover, this statement is also true in the case of a limit as
xX->a , x—->a" ,x > —ow oras x = +oo,

Exercises:

2
. x%-4
1) lim
x—>2 xX—2

sin 2x

2) lim

x—-0 X

. 1 1
3 lim( -7

ov
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4) lim >

x—>oo 7x2 1

5) —[lnlsmxl]

6) — [ e”]
7 E [151);]
8) - [sm2 (Inx)]

Integration (Jelsil))

A special symbol is used to denote the collection of all
antiderivatives of a function f.

Def. The collection of all antiderivatives of f is called the indefinite
integral of f with respect to x, and is denoted by

J f(x)dx

The symbol 1 is an integral sign. The function f is the integrand of
the integral, and x is the variable of integration.

Note.
1) fdx=x+c
2) fadx =a [dx
3) [(dx+dy) = [dx+ [dy

Tl+1
4)fx"dx— -+c ,n#*-1
5)fxdx=ln|x|+c=lnx+c , x>0
6) [e*dx =e* +c
x _a_x 4 ooxN _ x
7) [a dx =—+c note: —(a*) =a*Ilna

EXx.

oA
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JZxdx=x2+c

2 _ _i_ 2
(x* —2x + 5)dx = 3 x“+5x+c

jcosxdx =sinx +c

1
f(seczx +—)dx =tanx +Vx +c¢
X

2Vx

Integration by parts @it Jals)

The integration by parts formula

f u(x)v'(x)dx = u(x)v(x) — j v(x)u' (x)dx

Ex.Find [ x cos x dx
Sol.

There is no obvious antiderivative of x cos x, SO we use the
integration by parts formula.

[u()v'(x)dx = u(x)v(x) — [ v(x)u'(x)dx

to change this expression to one that is easier to integrate. We first
decide how to choose the functions u(x) and v(x). In this case we
factor the expression x cos x into

u(x) =x and v'(x) =cosx

Next we differentiate u(x) and find an antiderivative of v'(x),
u'(x)=1 and v(x) =sinx

/-rcos-rc‘lx:-r sin-r—/sinx(l)c{.r
J1T N ST

Hix) v(x Hix) vx) wx) uilx)

=xSsinx +cosx +c

o9
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Example.

1. Letu(x) =1 and v'(x) = xcosx. 2.
Letu(x) =x and v'(x) = cosx

3.Letu(x) =xcosx and v'(x)=1 4,

Letu(x) =cosx and v'(x) = x.
Choice 2 was used in Ex. The other three choices lead to integrals

we don’t know how to integrate. For instance, Choice 3, with
u’'(x) = cosx — x sin x, leads to the integral.

J(x cos x — x? sinx)dx

423 gata

Glliag ¥ Gl J) el 8 Blazal) drpall (e JEEY) s 40 3l JolSill (e Chagll
Cany v’ (x0) Yl Jlss e 5 ) pany | godasl s ol dapa ) edaddaial 5455
gl Cum () o Adkall ¢ all 5 Al sgasy JalSll Lele (5 (o pdatis
D' (x) oev(x) Al

EX.

Find [ Inx dx

Sol.

[u()v'(x)dx = u(x)v(x) — [ v(x)u'(x)dx
Let u(x) =Inx and v'(x) =1

/lnx-ldx = (Inx) x /-ridx
| TN

HixX) ]'_"I X ) HiX) wix) vl

=xlhx—x+c¢

The formula is often given in differential form. With

T
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judv=uv—jvdu

becomes

EX.

Find [ x%e*dx

Sol.

Let u(x) =x? and v'(x) =e*
u'(x) =2x and v(x) =e*

Or if we use second formula [udv = uv — [ vdu
u=x? = du=2xdx

v=e* = dv =e*dx

/.):2.':-?’r dx = x%e* —/EK 2x dx. Integration by parts formula

o dv v v du

The new integral 1s less complicated than the original because the exponent on x is reduced
by one. To evaluate the integral on the right, we integrate by parts again with
u=x,dv=¢edx. Thendu = dx,v = €', and

Integration by parts Equation (2)

u=xdv=edx
/\TEK_@ e Tﬁr _\/'T;K (E'E = Igr — g’f - C. .T :’-_ 1{;,Ir {{,:1.
| | ¥ L . i1 1.4

u dv I v v du

Using this last evaluation, we then obtain

/ x’e* dx = x%e* — 2 / xe* dx

= x%e* — 2xe* + 2¢° + C.

1)



