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Axioms of real numbers
1. The axioms arithmetics
2. The axioms of ordered
3. The complete Axioms
* Let R be areal number and a, b,c € R. Then
A;:Va,b,ceR a+(b+c)=(a+b)+c.
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A,ta+b=b+a
Az : foranya € R,3'element 0 €ER s.t
a+(—a)=—a+a=0
A, : Ther exists an element 0 €R ,S.t
a+0=0+a=a
Then (R, +) is a commutative group.
Ac ta.(b.c) = (a.b).c
Ag:a.b=b.a
A, : AlElementinR(1 €R)s.ta.l=1l.a=a
Ag: Va€R,3lat€R,s.taat=ata=1
Form Ag — Ag . (R,.) commutive ring
Ag:a.(b+c)=(a.b)+ (arc)
Ay = Ay (R, +,.) Isafield

* Subtraction a—b=a+ (-b),Va,b €R
* Division a+~b=ab13b+0
The Axioms of order:

Ajp;a<borb<a
Aii;a<bandb<c—-a=b»
Ai,;a<bandb<c—-a<c
Aiz;a<b,ceER-a+c<b+c
Ais:a < b,cisnot negative - a.c < —b.c

Ay - A, (R, +,., <) order field.
Remark 1.1:
RT={x€R;x >0}
R-={x€eR;x<0}

Propositions 1.1: Let (R, +,.) be a field, then prove the following
1. Va,b,c eR,if a+b=b+c,thena=c
2. Va,b,c €ER,if a.b=c.b ,thena=c
3. Va,b € R ,prove that:
1. —(—a) =a
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2. (aHt=a
3. (—a)+(—=b) =—(a+Db)
4, (—a).b = —a,b
5.if a.b = 0theneithera=00rb =0
Proof (5):
Leta#0,TPb=0
Since = 0,thenda ' €Rs.t aa =1
a (a.h) =0
(at.a).b=0
1.b=0-b=0

Letb#0,TPa=0
Since#0,then3ab ' eRs.t b.b™1 =1
(a.b)b™1 =0

a.(b.b"1) =0

a.l=0-a=0

Absolute VValue:
let a € R, the absolute value of a is:

a ifa>0
lal] =4 0 ifa=0
—a ifa<O

lal: R - R* U {0} is the function of absolute value.

Properties of absolute value.
Theorem 1.1: let a be a real number, then
1. |x|<a e—-a<x<a
2. 1X|>a eox>aorx< -—a
Corollary 1.2: leta € R* and b € R, then
l.lx—=b<aiffb—a<x<b+a
2. |x =b|=aiff x=b+aor x<b—a
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Let a,b € R and k be areal number, then

1. la| =0
2. lal]=0iffa=0
3. a? = |al?
4. lab| = |al.|b|
5 |¢| = lal
" Ib |b|
6. |ka| = |k|.|a|

Example 1.1: Va € R ,Va? = |a|
Proof:
If a > 0thenva? =a
If a < 0thenVaZ = —a
by def absolute value to a we have
a=vVaZ if a=0
|al ={ _
—a=+Va? if a<0
lal = Va2 bl o oallall b
The triangle inequality
Theorem 1.3: ifa,b € R, then |a + b| < |a| + |b
Proof:
la + b|?> = (a + b)? < a? + 2ab + b?
< |a|? + 2|ab| + |b|?
< (la| + |b])?
~ la+ b| < |al + |b|

Corollary 1.4: if a,b € R, then |a — b| = |a| — |b|

Definition 1.1: let S < R S is said to be bounded above if there is some real
numbers ms.t x < m Vx € S, mis called upper bounded of S



