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Remark 2.1: the infinite union of closed sets is not necessary closed set

Example 2.6: let S,, = { E E 'n € N} 1S closed interval, Is
Un=1 S is closed?
Solution:
Ifn=1-5, = [71, —]
fn=2-3S5,= [_?2 %]
: +n : i%
Whenn -» oo = llmn_wom = llmn_,oom =*1

s Up=1Sn, = (—1,1) open set

Theorem 2.5: The infinite intersection of closed set S is closed?

Def: let X be a metric spaceand S € X,p € X, p is called an accumulation

point of S if every open set contain p , contains another pointqs.tp #
q,9€S.

l.e..pisacc. pointof Sif vU,U isopensetp € U,then U —-P N

S+

Remark 2.2: Since every open set is Union balls. So, we can define acc.
Point as following:

Pisacc. Pointof S, if vir > 0 B(p,r) —{p} NS # ¢
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* S"is the closure of all acc. Point of S (Derived set)
+ SistheclosureofSandS=SUS’

* P is notacc. Point, if 3U ,U isopenand p € U
StU—-{p}nS=¢.(ie.3ar>0,B(r,p) —{p}InS=4¢

Example 2.7: let s = {1,5}, find " and S
Solution: TO find S’ there are some cases

x=1 ,x=5 ,x<1 ,x>5 , 1<x<5

If x =1 — x is not acc. Point since ,3r > 0

B(x,r)—{x}nS=0,whenr =1

B(1,1) —{1}n{1,5}=(0,2) - {1} n[1,5} =0

If x =5 — xisnotacc. Point, since 3r > 0,B(x,r) — {x} NS = @, when
r=1

- B(5,1) —{5}n{1,5}=(4,6) —{5}n{1,5} =0

If x <1 - xarenotacc. Pointsincex e (x—1,1)and (x —1,1) NS =0
If x > 5 — x are not acc. Point, since x € (5,x + 1)and (5, x+1) NS =0
If 1 < x < 5 are not acc. Point since, x € (1,5) and (1,5) NS =0

So, S has no a acc. Pointthen S’ = @andS=SuUS'=SuU@ =S.

1 1 1 ,
Lets = {1'5 . }= {; n= 1,2,3,....} show that S’ = {0}
IfS=(a,b),findS’
Solution:
If x = a — xisacc. Point since Vr > 0,
a€B(0,r)=(a—r,a+r)andB(a,r) —{a}nS =0
If x = b - x isacc. Point, since Vr > 0,b € B(b, 1)
B(b,r) =((b—r,b+71r)and B(b,r) —{b}n(a,b) # @
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Ifa < x < b — xareacc. Pointsincevr >0,
x€Bxr)=x—-r,x+r)and B(x,r) —{x} NS+ 0@

Thatis(x —r,x+7r)—{x}Nn(ab) # 0

If x < a - x are notacc. Pointsincex € (x —1,a) and (x — 1,a) N
S=0

If x > b — x are not acc. Point, since x € (b,x + 1) and (b,x + 1) N
(a,b) =0

~S" =[a,b] > S=SUS’ =[a,b]

Definition 2.7: A sub set A of a metric space X is said to be
dense if A =X
Ex: prove that Q = R (i.e., Q dense set in R)
Solution:
If x € R, then x is acc. Point in Q.
Since any open interval Contain x Contains infinitely rational and
irrationals
Then Q' =R
S0oQ=QUQ =QUR=R
Definition 2.8: a metric space is called separable if it has a countable dense
subset.
Ex: R separable since Q countable and Q < R, with Q dense in R
Theorem 2.6: let X be a metric space, S € X then
1- Sisclosed iff S’ € X
2- S is closed set
3- S = Siff S closed set
4- S is smallest closed set contains S.

Compact Space



Definition 2.9: let (X, d) be a metric space, @ # S C X, if the set
{U,: U, open set, A €A} is a family of open subsets of X such that S €
U.enx Uy, then the family {U,} is called open cover for S in X.

- If the family {U,} is finite and S € U ¢, Uj then {U,} is called finite
cover.
- Let {Uy}and {U,} be to open cover for Sand U, € {U,} VA, then
{U,} is called subcover for {U,}
Def: let A be a subset of a metric space (X, d), A is called compact set if
every open cover for A in X has a finite subcover.

Example 2.8: Any finite subset B of matric space (X, d) is compact set
Example 2.9: R is not compact

Example 2.10: Any open interval A=(a,b) is not compact

Example 2.11: Any closed interval A=[a,b] is Compact.
Proof :
Since we can restrict any open cover for A to finite subcover such as :
Lete >0,B={(a—€,a+¢/(ab),(b—¢€b+c¢e)}
(a)

(b ]

Theorem: (( Bolzano weir strass theorem ))
In compact space X, every infinite subset S of X has at least one
accumulation point.



Theorem 2.7: In compact metric space, every closed subset is compact.
Proof : X be a compact metric space, and A be a closed subset of X,
then
A€ is open. T.P A is compact.

Let B ={U,: U, isopensetinX,VA € "} be open cover for A.
Then A € Uy Uy

SineX =AU A° € (Uzer Uy ) U AS,

But A€ is open set then U<~ Uy U A€ is open cover for X, since X

IS compact set , then there exists a finite member A4, 4,, ... ... , Ay
such that

n

X = AC U <U UAi)

i=1
Since that X = A° U (Ui, Uy;) .Since N A€ = @ ,then A <
Uity Uni
= B has a finite subcover {Uy;, Uy, ... ..., Uzn}. FOr A, = A'is
compact.

Theorem 2.8: Let (X, d) be a metric space, A € X, If A is compact, Then A
Is closed

Theorem 3.3: Let (X, d) be a metric space, A € X, If A is compact, Then A
is bounded

Remark 2.3: In metric space
Compact — Closed + bounded
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Theorem 2.9: Let {I, : n = 1,2,3, ... } be a family of closed interval
if ., € I,,Vn,then Ny=1 L, =0

Theorem 3.5: (Hien-Bord Theorem)
Every closed and bounded subset of R™, n > 1, is compact.



