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Example 3.8: find a sub Seq. of the following seq. 

1.             

Solution: 

                   

Let            increasing Seq. in N, the Sequence is  

                         
Let             increasing seq in N, the sub seq is  

                          

 

Theorem 3.4: Let      be a convergent Seq and             then the 

sub seq       also conv. To    where     

Proof: 

Since                                     

Choose        then              

                   

         . 

 

Definition 3.5: Let       be a metrices space and      be a seq. in   we 

say that  

     is a principle. (Caushy) seq. if                        

        . 

 

 

 

 

 

Example 3.9: prove that  
 

 
  is Caushy seq in R? 

Solution:        to find     s.t                        
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Let               
 

 
 

 

 
   

 

 
   

 

 
  

 

 
 

 

 
 

 

 
 

Since     (by Arch. Prop)        s.t  

     
 

 
    

                        
 

 
                is 

Caushy seq. 

 

Theorem 3.5: I metric space      , every Convergent seq. is Caushy. 

 

Remark 3.3: The Converse of the above theorem. Is not true by the 

following example. 

 

Example 3.10: Let        positive numbers                   

          

        
 

 
  is Caushy seq. 

But 
 

 
       

   
 

 
  is not Conv 

 

Theorem 3.11: In metric Space       every Caushy seq. is bounded. 

 

Example 3.11: Let             be a seq. 

     is bounded seq, but not Caushy Seq 

Since                   

If   
 

 
   

 

 
    

 

Theorem 3.12: For any real number     rational Caushy Seq      Conv 

to  . 
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Definition 3.6: Let      be a metric space we say that X is Compete. If 

every Cauchy Seq. 

                   In X coverage to a point in X. 

             i.e.: X is complete. If       Cauchy Seq.                   

 

Theorem 3.13: Cantor’s theorem for Nested sets. 

 Proof: 

Let       be a Complete matric Space and       be a seq of closed 

bounded Subset of X such that                   and the 

Sequence of Positive numbers                then      

Singleton point  

 

Remark 3.4: The condition of closed sets of Cantor’s theorem is necessary. 

 

Example 3.11: Let        
 

 
  be the open intervals,         , and 

         
 

 
                               is bounded and not closed. Prove 

that       

Proof: 

Suppose                  

      
 

 
      

Since       by Arch.pvop ,           

     
 

 
       

       

 

Corollary 3.14: Let      be aseq of closed intervals,            such 

that 

1.         

2.                then     singleton Point 
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Theorem 3.15:    is Complete metric Space,      

i.e.: (Every Cauchy sequence in    is Convergent) 

 

Theorem 3.16: Let            and      real Sequence s.t        

      and  

                                     then            

 

Theorem 3.17: let      be a real sequence such that      Converge to 

0 and  

                             then    
 

  converges to 0 

Proof: 

   
 

     
 
    

     
 
     

Since                         

                        and 
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