
Chapter 1

Thermodynamics

1.1 General concepts
1. A thermodynamical system is a collection of a huge number of particles: a gas, a solid etc. The thermo-

dynamic limit is reached when N,V →∞ but ρ = N/V remains constant.

2. Large number of particles and fast microchanges (i.e. collisions) require a statistical approach. Every
measurement is an average over many states microscopically different (microstates).

3. A system can be characterized by a small number of variables like temperature, volume, pressure, number
of particle, charge, dipole, viscosity etc

4. For most of what we say, it is sufficient to consider energy E, volume V , number of particles N . Related
quantities are entropy S, temperature T , pressure p, chemical potential µ.

5. A system can be completely isolated (no change in E, V,N), thermally isolated (no transfer of heat), closed
(change in E but not in N,V ), open (change in all variables).

6. A variable is called a state variable if it does not depend on the previous history of a system. Mathemat-
ically, this implies that small differences in state variables are exact differentials.

7. When two isolated systems are brought into contact (and kept isolated from the external environment),
they reach an equilibrium, i.e. their state variables (those that are permitted to be exchanged between
the systems) go from a constant but different value before contact to another constant identical value
afterwards.

8. Equilibrium is reached “after a long time”, which means after a period of time much longer than some
relaxation time that depends on the detailed physics of the system. Whenever needed, we will always
assume that we are in such state of equilibrum, without trying to answer the question of how much time
it takes. In equilibrium, all thermodynamical properties of system stay constant in time.

9. A system in equilibrium is called homogeneous if the state variables are the same everywhere (i.e., con-
stant not ony in time but also in space). Two or more systems in equilibrium, possibly with different
thermodynamic properties, separated by boundaries are called heterogeneous.

10. The relations between state variables are called equations of state.

11. A state variable can be intensive if it does not depend on the size (i.e. on N or V ); extensive if it depends
linearly on the size, i.e. if n identical systems with state variable Q have a value nQ when brought into
equilibrium. Intensive variables are p, T, µ. Extensive variables are E,N, V, S.

12. The following obvious rules apply: function of intensive variables only=intensive; intensive×extensive=extensive;
extensive/extensive=intensive; linear combination of extensive variables=extensive.

1



CHAPTER 1. THERMODYNAMICS

13. Zero-th law of thermodynamics: if systems A and B are in equilibrium with C, then also A and B are in
equilibrium.

14. The temperature can be defined by the observable effects it induces on some substances, eg the expansion
of a gas or liquid or the radiation emitted by a body or the change in electric resistance. For many gases,
a strictly monotonic relation between T and the gas volume is observed. The scale of T can therefore
always be defined as (thermodynamic temperature)

T = T0
V

V0
(1.1)

assuming P,N constant.

1.2 Ideal gas
1. A ideal gas is defined as a gas of very small classical non-relativistic particles that do not interact with each

other except through direct elastic collision (i.e the kinetic energy, included the rotational or vibrational
one, is conserved), that move frictionless and do not dissipate energy via radiation or other means, and
that is contained into a perfectly elastic-wall container.

2. Every gas at sufficiently high temperature and low pressure behave as a ideal gas.

3. A ideal gas is found to obey the Boyle-Mariotte law:

pV = p0V0 (1.2)

at constant T,N .

4. Combining with (1.1) we obtain
pV

T
= const (1.3)

5. Since p, T are intensive and V is extensive, the constant must be proportional to N . Therefore we have
the equation of a ideal gas

pV = NkT (1.4)

where experimentally it is found the value of k to be Boltzmann’s constant, k = 1.38 · 10−23JK−1.

6. This can be written also as

p = ρkT (1.5)
pV = nRT (1.6)

where ρ is the molecule number density, n the number of moles, and R = Nk/n = NAk the gas constant
and NA ≈ 6 · 1023 is Avogadro’s number.

7. The temperature can be interpreted as a measure of kinetic energy per particle. In fact, denoting with
f(−→v )d−→v the number of particles with velocity in d−→v one obtains that the pressure exerted on the walls
of the container of area A along the direction z is

p = 1
A

ˆ
dFA = N

V

ˆ
dvx

ˆ
dvy

ˆ
dvzf(−→v )2mv2

z

Assuming an isotropic distribution of velocities in a ideal gas, f(−→v ) = g(v2) = g1(v2
x)g2(v2

y)gz(v2
z), this

becomes
pV = mN

ˆ
d3vf(|−→v |)v2

z = mN〈v2
z〉 = mN

3 〈v
2〉 = 2

3N〈εKIN 〉 (1.7)

ie pV is proportional to the total kinetic energy of the particles. We are assuming here the particles have
only 3 degrees of freedom.
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8. Then we see that

〈εKIN 〉 = 3
2kT (1.8)

EKIN = 3
2NkT (1.9)

i.e. kT/2 for each degree of freedom.

9. If the molecules have d independent kinetic degrees of freedom (all equally excited), one has

EKIN = d

2NkT (1.10)

10. Then one also obtains the unit-normalized Maxwell distribution (see Sect. 3.4 for the derivation):

f(−→v ) =
( m

2πkT

)3/2
exp

(
−mv

2

2kT

)
(1.11)

1.3 Work and heat
1. If −→F is the force exerted by the system on the environment, the mechanical work done is

δW = −−→F · d−→s (1.12)

where d−→s is the movement along which the force is applied.

2. This can be interpreted in a general way: every work done by the system can be written as a generalized
force times a generalized interval. For instance under the action of pressure one has

δW = −pdV (1.13)

3. The work is not an exact differential so it is not a state variable; it is positive if done on the system,
negative otherwise.

4. Similarly, the work done on the system when adding a number dN of particles in equilibrium is

δW = µdN (1.14)

where µ is the chemical potential (ie, as we will see better soon, the energy gained by a system when a
single particle is added).

5. Since energy is an extensive quantity, we have

δW = intensive× d(extensive) (1.15)

6. Beside this mechanical (or electric etc) work, a system can increase its energy also by the transfer from
or to the environment of heat, Q. Heat can also be created by doing mechanical work on a system, eg.
stirring a liquid: doing a work of 4.183 J on 1g of water increases its temperature from 14.5 to 15.5 Celsius
degrees at standard pressure. From now on, however, heat is always counted only if it it transferred
from/to the outside. Any other source of internal heat, e.g. friction dissipation, is not included in Q. The
sign of δQ is positive if transferred to the system.

7. One can say that δW expresses the change in ordered energy, while δQ the change in disordered energy.
It is intuitive that while it is easy to transform ordered motion into disordered motion just by random
collisions, the opposite is practically impossible. That is, one can easily (i.e. with a high efficiency)
transform mechanical work into heat but not viceversa.
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8. When heat is transferred to a system, its energy, as measured by temperature, is changed

δQ = CdT (1.16)

where C is the heat capacity. Its value depends on how the heat is transferred (indeed, Q is not a state
variable), so there is a CV (when volume is kept constant) and a Cp (when pressure is kept constant).

9. The heat capacity is an extensive variable. The specifis heat c = C/(Nm), where m is the mass of a
molecule, is an intensive variable.

10. A reversible process is a ideal transformation that moves continuously from an equilibrium state to another
one. One can define the state variables at every instant. In practice, one can only have quasi-static
processes, that move so slowly that every state can be assumed to be in equilibrium. In a reversible
transformation, no internal heat (eg due to friction etc) develops. An irreversible process is a process in
which the system goes out of equilibrium. When the system goes back to equilibrium, the state variables
can be measured and their value will be independent of the process. In irreversible processes, some internal
heat always develops.

11. Reversible processes must be engineered with great case; irreversible processes can occur spontaneously.
All natural processes are irreversible to a larger or smaller degree.

12. The most important processes are isothermal (constant T , obtained by contact with an infinite heat bath),
adiabatic (no heat exchange), isochoric (constant volume), isobaric (constant pressure), cyclic (all the state
variables go back to the inial value).

13. For instance, if a isothermal expansion of a ideal gas is reversible, we can apply the ideal gas law at all
times and obtain the total work

Wtot =
ˆ
δW = −

ˆ
pdV = −NkT

ˆ
dV

V
= −NkT log V2

V1
(1.17)

Here p is both the internal and the extenal pressure, since the gas must always be in an equilibrium
condition. In an irreversible process the work done will always be smaller than this because some work
goes into internal friction, turbulences etc. For instance, is the expansion happens in a previously empty
volume the gas particles do not do any work and Wtot = 0. Similarly, if the volume into which the
expansion takes place has a pressure smaller than pgas, again |Wtot(irr)| < |Wtot(rev)|. Due to our sign
convention, we have then

Wirr > Wrev (1.18)

One can still use Eq. (1.17), but now with pext (if it has a homogeneous value) instead of pgas (which
is ill defined since the gas will not be in equilibrium). So, for two processes that start and end with the
same state variables, the total work is always larger for an irreversible process than for a reversible one
(as usual counting as positive the work done on the system).

1.4 First law
1. The first law of thermodynamics is the conservation of energy

dU = δW + δQ (1.19)

Although W,Q are not state variables, U is, so dU is an exact differential.

2. For reversible processes, δW = −pdV , δQ = CV dT (or δQ = CpdT )

3. If in a process the volume is constant, dU = δQ = CV dT so that

CV = ∂U

∂T
|V (1.20)
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and from (1.10)
CV = 3

2Nk (1.21)

(for 3 d.o.f.). In this case CV does not depend on temperature and one has for an ideal gas

U = CV T (1.22)

Notice that the relation dU = CV dT is always valid for reversible processes, although it has been obtained
assuming constant volume. The reason is that U is a state function and it does not depend on the path
chosen to produce a change dU . For instance, in the next line we apply it to an adiabatic process in which
the volume is changing.

4. For an adiabatic process, dU = δW and for an ideal gas one has CV dT = −NkTdV/V , i.e.

pV γ = const (1.23)

where γ = 1 + 2/d = 5/3 for a monatomic ideal gas, 7/5 for a diatomic one.

5. Consider an irreversible isothermal expansion process that brings an ideal gas from V1 to V2 (i.e. the
system performs work on the environment). Since the process is isothermal and U depends only on T ,
dU = 0. As we have seen, it always will produce less absolute work than a reversible one, (so due to our
sign convention the work is larger); because of the first law, it then will also absorb less heat from the
environment, so we have

Qirr < Qrev (1.24)
Wirr > Wrev (1.25)

That is, since the system gets heated by the dissipation of internal friction and turbulences, it will need
to absorb less heat from the heat bath to keep the same temperature. Similarly, during an isothermal
compression, the irreversible process will dissipate more heat to the environment (because it has to dissipate
also the internally produced heat) and more work on the system will be needed. Eqs. (1.25) are then valid
also during the compression.

6. This property is very general and does not depend on the ideal gas law. In any process in which the total
energy does not change (i.e. in isothermal or cyclic processes) an irreversible process will always produce
less absolute work on the environment (higher W due to the negative sign) and absorb less heat from it,
during an expansion, and requires more work and releases more heat, during a compression.

7. More generally, for any two processes that start with the same state variables and end with the same state
variables, the total work (as usual counting as positive the work done on the system) is always larger, and
total heat absorbed is always smaller, for an irreversible process than for a reversible one.

8. We can now define a heat capacity at constant pressure, CP , as the heat δQP transferred during a process
at p = const in which the temeprature varies by dT . For an ideal gas, the work done at constant pressure
is δW = −pdV = −kNdT and dU = (3/2)kNdT . Therefore, by the first law

δQP = dU − δW = 5
2kNT (1.26)

or δQ = (d+ 1)kNT/2 for a gas with d degrees of freedom. Therefore for an ideal monoatomic gas,

CP = 5
2kN (1.27)

Since CP > CV , we can say it takes more heat in a p = const process to achieve the same temperature
than in a V = const process, because in the latter case no work is done.
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1.5 Second Law
1. In a reversible Carnot cycle (isothermal expansion, adiabatic expansion, isothermal compression, adiabatic

compression), one can show that ˛
δQrev
T

= 0 (1.28)

2. This implies that the quantity δQ/T is a state variable, called entropy (from the Greek, “in transforma-
tion”)

S = SA +
ˆ B

A

δQ

T
(1.29)

i.e. T is an integral factor of δQ, i.e. a factor that transforms a quantity into an exact differential. The
entropy is an extensive variable.

3. The total work done in a Carnot cycle is

∆W = −
˛
pdV =

˛
TdS (1.30)

and the efficiency is
η = |∆W |
|∆QABS |

= 1− T`
Th
≤ 1

where Th,` are the high, low heat bath temperatures and ∆QABS denotes only the absorbed heat from
Th. The efficiency does not depend on the material, on the pressure, volume etc.

4. Every reversible cycle can be approximated as a number of subsequent Carnot cycles. Therefore, the
equation ˛

δQrev
T

= 0 (1.31)

is true for every reversible cycle.

5. The Carnot cycle is the most efficient cycle among all the reversible cycles operating between Th,` and, a
fortiori, among all the irreversible ones.

6. In the T, S plane, the Carnot cycle is a rectangle, which has the maximal area between Th and T` once
the state variables p, V of the initial and final expansion state are chosen.

7. Second Law of Thermodyamics. Since δQirr < δQrev and due to the definition of entropy

TdS = δQrev ≥ δQirr (1.32)

If the transformation takes place in a thermally isolated system, such that there is no heat exchange,
δQirr = 0 and therefore

dS ≥ 0 (1.33)

with the equality only for reversible transformation of isolated systems. As a consequence, the entropy
for an isolated system in equilibrium has dS = 0, i.e. it is constant and maximal under any possible
transformation.

8. In statistical mechanics these statements and the entire thermodynamics will be interpreted in a statistical
sense. In particular, the entropy might fluctuate in both directions but for any system the amount of time
the system will spend in a configuration of maximal entropy is by far larger than in any other configuration.
In this sense, the entropy is always maximal except if one prepares the system in a very special initial
condition.
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9. From the definition dS = δQ/T we can write for reversible transformations

dU = TdS − pdV (1.34)

or, including the change in particle numbers

dU = TdS − pdV + µdN (1.35)

We say that S, V,N are the natural variables for the function U . Since T is intensive and U extensive, the
entropy S has to be extensive too. T, p, µ are called conjugate variables of S, V,N .

10. Conversely
dS = 1

T
dU + p

T
dV − µ

T
dN (1.36)

and U, V,N are the natural variables for S. If one has U(S, V,N) or S(U, V,N) for a system, then all the
thermodynamical relation can be obtained. This is not necessarily true for other variables. For instance,
from U(T,N) = 3NkT/2 one cannot obtain the other equation of state pV = NkT , but from U(S, V,N)
(see eg Eq. (1.42) below) one can obtain both.

11. Since U, S are state variables (dU, dS are exact differentials), a number of relations (equations of state)
automatically arise:

∂U

∂S
|V,N = T (1.37)

∂U

∂V
|S,N = −p (1.38)

∂U

∂N
|S,V = µ (1.39)

and similarly for S, e.g. ∂S
∂U V,N

= 1
T , etc.

12. By integrating dS, one can obtain the entropy of the ideal gas up to a constant. From eq. (1.36) (dN = 0)
we have

dS = 1
T

3
2NkdT + p

T
Nk(dT

T
− T dp

p2 ) = Nk(5
2
dT

T
− dp

p
) (1.40)

and one obtains

S = S0 +Nk log
(
T

T0

)5/2(
p0

p

)
(1.41)

The entropy increases with temperature, as it should otherwise ∂S
∂U V,N

= 1
T would be negative. Replacing

T, p with the ideal gas equations of state one can also obtain

S(U, V,N) = S0 +Nk log
(
U

U0

)3/2(
N

N0

)−5/2(
V

V0

)
(1.42)

13. The second law applied to two subsystems in contact through a wall that can allow for exchange of heat or
volume or particles shows that heat will always flow from hotter to colder bodies, the volumes will change
until the pression on both sides equalizes, and the particles will flow from denser to less dense regions.
The second law expresses in fact the tendency to equilibrium of all isolated systems.

14. The same setting will allow to show that S has to be a convex function of U, V and U a concave function
of S, V . I.e., the tendency of S to maximize itself is the same as the tendency of U to minimize.

15. By exploiting the fact that U(αS, αV, αN) = αU(S, V,N) one can obtain the Gibbs-Duhem equation

U = TS − pV + µN (1.43)

(or
∑
i µiNi for several species). This is remarkable since in general T, p, µ depend on S, V,N themselves.
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In a system under cyclic reversible reversible irreversible all other cases
a transformation that is... and isolated and adiabatic and isolated

the total change in entropy ∆S is 0 0 0 ≥ 0 not constrained

Table 1.1: Change of entropy under various circumstances.

function form nat. variables name
U S, V,N energy
F U − TS T, V,N free energy (Helmholtz)
H U + pV S, p,N enthalpy
G U − TS + pV T, p,N Gibbs free energy
Φ U − TS − µN T, V, µ Grand potential

Table 1.2: Thermodynamic potentials

16. Combining with dU , one can see that

SdT − V dp+Ndµ = 0 (1.44)

which implies that there must be a relation between the intensive variables T, p, µ, i.e. one of them can
be written as a function of the others.

1.6 Thermodynamic potentials
1. By using Legendre transformations one can introduce several other state functions. They can be useful

because in practical experiments one can control, for instance, T or p, but not S,U

2. A Legendre transformation of a function U(q) is defined as a new function Û(p) such that

Û(p) = U − pq (1.45)

where
p = dU

dq
(1.46)

We assume that this relation can be inverted so that we can always write q = q(p). By differentiating U
we have dU = pdq and therefore we find

dÛ = dU − pdq − qdp = −q(p)dp (1.47)

which shows that indeed Û depends only on p. Therefore, the Legendre transformation creates a new
function that depends only on the derivative of the old function. This can be extended to functions of
several variables (one can Legendre-transform with respect to a subset of the variables).

3. One introduces in this way several functions, all of them obtained from the energy (the Legendre functions
obtained from the entropy are more rarely used)

4. In a system with T,N =const , dF = dU − TdS = −pdV , i.e. the change in free energy gives the amount
of energy available to do useful work. If the system is isolated, so no work is done or received, the free
energy is stationary (and a maximum or minimum depending on which variable; is a minimum when the
variables are the standard T, V,N). This is why free energy is useful in engine constructions.

5. We see from Eq. (1.35) that adding a single particle in equilibrium to a system at constant S, V , i.e. for
dN = 1, the energy changes by dU = µ. However, if only V is kept constant, then µ should be interpreted
as the change in free energy, µ = dU − TdS. Adding a particle means increasing U but also S, since
new microstates become available. Whether µ is positive or negative depends therefore on the particular
system.
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6. For processes at constant entropy, minimization of F amounts to minimization of U . So systems at constant
entropy minimize the internal energy until they reach equilibrium. For instance, a marble rolling down
a bowl with negligible friction so that it does not get heated but still slows down due to air resistance,
maintains constant entropy, and its energy (potential plus kinetic) will be minimized when its kinetic
energy gets completely dissipated and will stop at the equilibrium point at the bottom of the bowl.

7. For general processes at constant T , neither is entropy maximized nor energy minimized: rather, it’s the
free energy that is minimized.

8. Similarly, for isobaric processes, the change in enthalpy H = U + pV gives the amount of heat and
other non-mechanical work (eg exchange of particles) reselased or absorbed by the system. Most chemical
processes occur at constant (atmospheric) pressure and the enthalpy is therefore the relevant quantity.
In an adiabatic, isobaric process, the enthalpy never increases, stays constant for reversible processes and
reaches a minimum at equilibrium.

9. Gibbs free energy (also called free enthalpy) G = U − TS + pV gives the amount of non-mechanical work
(eg exchange of particles) in isothermal, isobaric processes.

10. If there are several species, G =
∑
i µiNi. Now, let us consider a chemical reaction between particles (or

an elementary particle interaction), such that we go from an initial number ai of particles Ai to a final
number bi of particles Bi :

a1A1 + a2A2 + ...→ b1B1 + b2B2 + ... (1.48)

Then if the process is isothermal and isobaric, G has to remain constant, dG = 0 and therefore∑
i

µAidNi = 0 (1.49)

In a reaction, the change in number of particles of type i is now dNAi = −aidN and dNBi = bidN , where
dN is a common factor. Then we obtain a condition on the chemical potential that has to be fulfilled in
any reaction ∑

i

µAiai =
∑
i

µBibi (1.50)

11. Finally, one can also define the grand potential Φ = U − TS − µN = −pV , which reaches a minimum if
no mechanical work is performed.

12. The relations between the thermodynamic potentials are called Maxwell relations and can be obtained by
using the identities for partial derivatives.

1.7 Stability conditions
This section follows the discussion in Callen, Thermodynamics and an Introduction to Thermostatistics.

1. Suppose the entropy S(U, V,N) has a shape in function of U as in Fig. (1.1). Let us consider now two
identical systems separated by a wall and isolated from the external environment. If we transfer an amount
∆U of internal energy from one system to the other, the entropy will change from 2S(U, V,N) to

S(U −∆U, V,N) + S(U + ∆U, V,N) (1.51)

2. As it appears clearly from Fig. (1.1), the entropy will then increase. This implies that if we remove the
constraints, this transformation will be favoured and therefore will take place. This means that from a
state in which the two joined systems were homogeneous, we reach a state of inhomogeneity. Even inside
each subsystem, such a spontaneous transfer of energy will take place and the system will spontaneously
leave the initial equilibrium state. This particular curve S(U) produces therefore an instability.
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Figure 1.1: Plot of entropy as a function of internal energy.

3. The condition for stability is therefore that the entropy does not increase, i.e.

S(U −∆U, V,N) + S(U + ∆U, V,N) ≤ 2S(U, V,N) (1.52)

By expanding in Taylor series on the lhs we find

S − ∂S

∂U
∆U + 1

2
∂2S

∂U2 ∆U2 + S + ∂S

∂U
∆U + 1

2
∂2S

∂U2 ∆U2 ≤ 2S (1.53)

or
∂2S

∂U2 |V,N ≤ 0 (1.54)

That is, the curve S(U) has to be concave everywhere for the system to remain stable.

4. An analogous argument also shows that if we fix U,N and change V , we should also impose the condition

∂2S

∂V 2 |U,N ≤ 0 (1.55)

Changing at the same time U, V , we finally obtain the condition

∂2S

∂V 2
∂2S

∂U2 −
(

∂2S

∂V ∂U

)2

≥ 0 (1.56)

In other words, the stability conditions requires that S(U, V,N) is a concave function of V,U (for fixed
N). The surface S(U, V ) has to remain below the tangent envelope for any U, V .

5. From Eq. (1.54) and the fact that (∂S/∂U)V,N = 1/T one can obtain

∂2S

∂U2 |V,N = − 1
T 2

∂T

∂U
|V,N = − 1

T 2CV
≤ 0 (1.57)

i.e., the heat capacity CV should be positive. We will find below several other similar conditions of
stability.

6. A parallel argument can be developed for the energy U(S, V,N). If the energy were to decrease after
moving some entropy from one subsystem to another one,

U(S −∆S, V,N) + U(S + ∆S, V,N) ≤ 2U(S, V,N) (1.58)
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the transformation would be favourable and it will take place, making the system inhomogeneous and
therefore unstable. We have to ensure therefore the following conditions

∂2U

∂S2 |V,N = ∂T

∂S
|V,N ≥ 0 (1.59)

∂2U

∂V 2 |S,N = − ∂p
∂V
|S,N ≥ 0 (1.60)

∂2U

∂S2
∂2U

∂V 2 −
(
∂2U

∂S∂V

)2

≥ 0 (1.61)

That is, the energy surface has to be convex on the plane S, V for the system to remain stable.

7. We can extend these conditions to the other thermodynamic potentials, by using the properties of the
Legendre transformations. Suppose U(X) is a function and

Û = U − PX (1.62)

its Legendre transformation, where P = dU
dX . We have then dÛ = −XdP , where X = −dÛ/dP . Then we

have
dX

dP
= ( dP

dX
)−1 =

(
d2U

dX2

)−1

(1.63)

but at the same time also
dX

dP
= −d

2Û

dP 2 (1.64)

This implies (
d2U

dX2

)−1

= −d
2Û

dP 2 (1.65)

That is, if a function U(X) is convex with respect to X, its Legendre transform Û is concave with respect
to the conjugate variable P . The other non-transformed variables have the same concavity of the original
function. So, let’s consider the free energy F = U − TS. Since U(S) is convex, we have that

∂2F

∂T 2 |V,N ≤ 0 (1.66)

because T is the conjugate of S, while
∂2F

∂V 2 |T,N ≥ 0 (1.67)

because V is not transformed in this Legendre transformation. By the same arguments, one can see that

∂2H

∂S2 |p,N ≥ 0, ∂2H

∂p2 |S,N ≤ 0 (1.68)

and
∂2G

∂T 2 |p,N ≤ 0, ∂2G

∂p2 |T,N ≤ 0 (1.69)

The general rule is that the thermodynamic potentials (i.e the Legendre transforms of the energy) are
convex functions of their extensive variables and concave functions of their intensive variables. Exactly
the opposite happens with the Legendre transforms of the entropy (sometimes called Massieu functions).

8. These conditions can be also understood as providing constraints on physical quantities as heat capacities
and compressibilities. The latter are defined as

βT = − 1
V

∂V

∂p
|T (1.70)

βS = − 1
V

∂V

∂p
|S (1.71)

11
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i.e. as the relative change in volume when pressure is applied either isothermally (βT ) or adiabatically
(βS). Beside CV ≥ 0, as already seen, we have for the isothermal compressibility the stability condition

∂2F

∂V 2 |T,N = − ∂p
∂V
|T = 1

V βT
≥ 0 (1.72)

i.e. βT > 0. Since from thermodynamics we know that

Cp − CV = V T
α2

βT
> 0 (1.73)

Cp
CV

= βT
βS

(1.74)

(where α is the thermal expansion coefficient, α ≡ 1
V
∂V
∂T |p) we have also Cp ≥ 0, βS ≥ 0.

9. These conditions give a mathematical implementation of the principle of Le Chatelier: every inhomogeneity
that develops in a system should induce a process that tends to smooth out the inhomogeneity.
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