CALCULUS III SECOND STAGE CIVIL ENGINEERING DR AMEER A HILAL

G hapter One
Vectors

1.1 Introduction to Vectors

Many physical quantities, such as area, length, mass and temperature, are
completely described once the magnitude of the quantity is given. Such

quantities are called scalars.
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Other physical quantities, called vectors, are not completely determined until
both a magnitude and a direction are specified. For example , wind movement ,

say 20 mph northeast.

Vectors can be represented geometrically as directed line segment or arrows
in 2-space or 3-space , the direction of the arrow specifies the direction of the
vectors , and the length of the arrow describes its magnitude.

Initial point ( The tail of arrow )

Terminal point ( The tip of the arrow)

(pm) e ol )l oificcn 30 Aal ( arTOW )

If the initial point of a vectors V is A and the terminal point is B , we write
—>
V=AB

Vectors having the same length and the same direction , are called

equivalent vectors . A

'
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1.1.1 Sum of Vectors

If V and W are any two vectors , the sum V+W is the vector determined
as follows. The vectors V+W is represented by the arrow from the initial

point of V to the terminal point of W

VW = W+V

The vectors of Length Zero is called zero vectors and denoted by O.
0+V=V+0=V
V+-V) =0 b

1.1.2 Subtraction of vectors

If V. and W are any two vectors , then subtraction of W from V is defined

V-w =V + (-w)

If V is nonzero vectors and K 1s nonzero scalar, then KV is defined to be the
vectors whose length iy k | is times the length of V and whose direction is the

/»/////

same
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1.1.3 Components of Vectors

Let V be any vectors in the plane (2-space) , its initial point at the origin of
rectangular (Cartesian) coordinate system . coordinates ( V; , V, ) of the

terminal point of V are called the components of V .
V=(Vi,V)

The most algebra vectors of vectors is based on representing each vectors in

terms of components parallel to the cartesian coordinate axes

e The basic vector in the positive X direction is the vector (i) that runs
from( 0,0) to (1,0).

e The basic vector in positive Y direction is the vector ( j ) that runs from
(0,0)to (O, 1).

Then ...

Vii represents a vectors of length |V;] parallel to the X — axis , pointing
to the right if V; is positive and to the left if V; is negative.

V,j represent a vector of length |V,| parallel to the Y — axis , pointing

up if V, is positive and down if V, is negative .

, y
(Vi V) 5
0,1) o S v
J
0.0 i (1,0 X Vi

V=vji+v,j and W =wji+ w,j are equivalent if and only if :

vi=w; and V=W,

'
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o If V=vii + vyj and W =w i+ wyjthen ...

V+W = (vitw) 1 H(v, + W) j ..... ceeesene ceeeseane «..(1.1)
y
(VitWi, (V2+W))j

V2j (W]i N Wz_])

&

X

& <
W,j
q (Vii, V))
Vil ‘ Wi X

e If V=vji+vy and K isany scalar, then:
KV= KVli +KV2j

y
(KVii, KV3j)
5Y
&8
KV
Vi >
X
\ Vi \‘
\ KVii
@
( ]
{1 4 )
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Example :
If V=(1,-2)and W=(7,6),find VtW & 4V & V-W.
Solution :
V+tW=(1,-2)+(7,6)=(1+7, -2+6 )= (8, 4)
4V=4(1,-2)=4,-8)
V-W=V+(-1) W

=1,-2)+¢-D7,6)=(1, -2)+(-7,-6)=(-6, -8)

If vector in 3- space , the coordinates of the terminal point are ...

Z
V= (Vla V29 V3 )

4:1‘\ V3k

sz

V1i y

If V=V,i+V+VjK and W=W,i+W,j+W;K then V=W if and only if
Vi=W, , V=W, , V=W,
VAW = (Vi+ Wi + (VotWo)) + (Va+Wi)k
KV =KVii + KV,j +KV;sk

Example : if V= (1,-3,2) and W=(4,2,1) ,then find V+W, -W, V-W,& 2V.
Solution : V+W= (5,-1,3)

-W=(-4,-2,-1)

V-W= V+(-W)= (-3,-5,1)

2V+ (2,-6,4)

'
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If the vector PP, has initial point Py (X4, ¥1) and terminal point P, (X3, ¥3) then
—>

P1P2 = (XZ'XI, Y2'Y1) ......... 2-Space
PP, 3
= (X2=X15 V2=V15 Z2=Z1)eeeeeeeeeen -space
1Py = (X2-X1, ¥2-Y15 Z2-Z1) p Z Py(X2,Y2:72)
y
Py (x3,y2)
P1(X1,¥1521) y
Pi(x1, Y1)
X
X

—>
Example : find the components of the vector V=P,P, with initial point

P(2,1,4) and terminal point P, (7,5,-8).

Solution : V=P,Py=[ 7-2, 5-(-1) , (-8, -4)] = (5, 6, -8)

1.2 Basic Rules of Vectors arithmetic

- u+v=v+u 5-k(Lu)=(KL)u
2- (utv)rw=u+(vtw) 6- k(u+ v)=ku +kv
3- v+0=0+v 7- (k +L)u =ku +lu
4-u+(-u)=0 8- lu=u

Note : we have developed two approaches to vectors :

Geometric : in which vectors are represented by arrows or directed
line segments .

Analytic : in which vectors are represented by pairs or triples of
numbers called components.
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¢ Vectors Determined by Length and Angle

V =|V| (cos @, sin @) v sin @
=|V]cos@ i+ |V]|sin®j N
\O
|v| cos @ X

In the special case of a unite vector u

u=(cos®,sin®)
or
u=cos@i+sin@j
Example :

a) Find the vector of length L that makes an angle of m/4 with
the positive X — axis

b) Find the angle that the vector V =-v/3 i + j makes with the
positive X - axis

Solution :

a) V=2cos_i+2sin . j=v2i++2]j
b)

V. —/3i+j —£i+l'
> )

VI e 2

Thus , cos @ = _T\/E and sin @ 23 that is mean @ = 57/6

'
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1.3 Length of Vectors ( Norm of Vector)

The length of a vectors is denoted by |v]

12

V] = (vi® + v2°) in 2- space
[v|= (V2 + vyt v in 3- space
z
(V1, V2) Pi(V1, V2, v3)
\4\ >
\p)
0
S
1 X /
[VI*= (OR)* + (RPY’ X Q

= (0Q)* + (0S)* +(RP)’
_ V12 Jrsz Jr\/32
VI = (vi* + v,* + v )

If Py (x1, y1, z1) and P, (x,, y», z,) are two points in 3-space then the
distance (d) between them is the length of vector

—>
PPy = (X2-X1, Y2-Y1, 22721 )

d = (x=X1)* +(¥2-Y1)* H(Z2-2) ] e e 3- space
d=]| (xz-xl)2 + (yz-yl)z] e e 2 — space

Example: find the norm of the vector V = (-3,2,1)
Solution : |[v| = [(-3)* +(2)* +(1)"]"* =14

Example : find the distance (d) between the points P, (2,-1,-5) and P,
(2,-1,-5) and P53 (4,-3, 1)

Solution :d =[(4-2)* +(-3+1)* +(1+5)*]"* =V44 =2V11

'
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Unit Vectors

A vector of length 1 is called a unit vector.

1=(1,0), 3=(0,1) in 2- space
1=(1,0,0), j=(0,1,0) , k=(0,0,1) .........in 3 —pace
V= (Vi,v2) = (v1,0) + (0,v2) = vi(1,0) + v2(0,1) =vi+vy)

V= (V19V29V3) = Vl(l,0,0) + VZ(OalaO) + V3 (09091) = Vli +V2j +V3k
Yy V4

1 ©.,1) (0,0,1)

. 1 X -
i G0 i oL
(1,0,0)

Normalizing a vector

A common problem in applications is to find a unit vector u
that has the same direction as some given nonzero vector v

\'4 . . . . .
u=-—v = ,uisa unit vector with the same direction as v

the process of multiplying a vector (v) by the reciprocal of its
length to obtain a unit vector with the same direction is called
normalizing V

Example :find the unit vector that has the same direction as
V=2i+2j-k

Solution : |[v] =[2*+2*+(-1)* 1"* =3

1o loitaior =22l
u—m.v—3(21+2j k) S itz 3k

'
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1.4 Dot product

If uw and v are vectors in 2 — space or 3 — space and 8 is the angle between
them , then the dot product is :

:{|u||V|c059 ifu+0&v #0
vy 0 ifu=0o0rv=0

Example : the angle 8 between the vectors u=(0,0,1)and v=(0,2,2)1s
45° , find the dot product .

Solution : u.v=|u| |[v|] cos @ = (0% +0> +1%)"*(0* +2*+ 2%)'* (12) =2

z
0,0,1) o
ébf»' 0,2,2)
u . 0~ <
y
X
cosf = —2
|ull v|
ulvli+u2v2
u.v=uyvitwmv, , cosf=———

Example : u=(2,-1,1) and v=(1,1,2) findu. v and determined the angle 6
Solution :

u.v=ul.vl+u2.v2+ud3 .v3=(2*1)+(-1*1)+(1*2)=3

jul = (U + u? +uit) 2 =B

v = (vi+v2+v )2 =6

cosf = —Y_ =1/2 that is mean 8 = 60°
[ul|v|
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Theorems

l.v.v =) v |=(v.v)"

2. 0 is acute ifandonlyif u.v>0
6  isobtuse if and only if u. v<0
o T/ ifand onlyif u.v=0

3.u.v=v.u
4u.(vtrw)=u.v+tu.w
S5.k(u.v)=(ku).v=u.(kv)
6.v.v>0if v #0and v.v=0if v=0

If u and a are vectors in 2- space or 3 —space and if a # 0 then:

u.a
Proj," = al *a vector component of u along a
u-—proj,"=u- ﬁ *a vector component of u along a
u u
T
E <O0<m T
0<0< E
(7]
NS ;)
a -lu| cos 6 |proj." |=|u| cos @ a
u.a u. a
Proj, |=|u| cos® = |u =
u.a
|lu| =cos 0 = —
| al
. u a a.u
roj, =|u| cos@ = *a
proja l l |a| a.a
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Example : let w=(2,-1,3)and a=(4,-1,2), find the vector component
of w along a & the vector component of w orthogonal to a and the length of
projection .

Solution :

w. a

Proj " = .a

la|
w.a=(2) @)+ D+ B)Q)=15
lal” =a.a=(4) (4) +(-1)’+ (2)’ =21

Proj," = 1521 (4,-1,2)= (%, = | )

w—projaw=w-%*a

w-proj " =(2-1,3) - (3, 2, 2 )
JeEs

Proj " = |w| cos 0 = %

la] = (a” +a,” +as”) P = [(42+(-1)""2) ]2 =21
i v =22

| proj" | = 7=

Direction cosines of a vector in 3 — space

They are the number cos «, cosf , cosy , where «, f,and y are the angle
between v and the positive x,y and z axes

cos x =a/(a’ +b* +c*) v=(a,b,c)
cosB=b/(a’+b*+c*) "

cosy =c/(a’+b>+c?) ”?
cos” o + cos® B + cos’y = 1

V=1cosX +jcosf +kcosy == unitvector

Example : show that in 2 —space the nonzero vector n = ( a+b) is perpendicular
to the line ax + by + ¢ =0
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Solution : let P, (x;,y; ) and P, (x,,y, ) be distance points on the line so that :

ax;+by; +¢c=0 n=(a,b)
ax, +by, +¢c=0 P2 (X2, 2)
PP, =(x, —x;,y2—Y1 ), by subtracting
a(x2— X1 ) tb(y2-y1)=0

n.PP=a(x,—x;)+b(y;—y;)=0

Py (X1,Y¥1)

So that n and PP, are perpendicular ax+by+ec =0

Example : find a formula for the distance D between the point P, (X, , y, ) and
the line ax tby+c¢=0

Solution :

D = |proj , QP | = QP,.n/ |n|

QPo:(Xo_Xlayo_yl)
n=(a,b) e
QPO . n=a(xo —x1) + b(yo—y1)
In|=(a+b)"

D=[a(xo—X;)+b(yo—yi)] /(a+by)"”?

ax; + by, t¢=0 Po (X0 5 Yo)

C =-ax; — by,

D=(axo+byo+c)/(a2+b2)l/2 ax+by+c =0
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1.5 Cross Product :

If u=(u;,u,,u3) and v=(v,, vy, vy )are vectors in 3 — space , then the
cross product

uxv=_(uv;—Uuzvp, Uz Vi —U;v3, U;vp — Upv; ) or in determined notation

u><v=|u2 u3 _|u1 u3 |u1 uz
v2 v3l’ vl w3l vl w2 LAy
if we form the 2x3 matrix
u
[ul u2 u3 0
vl v2 v3

Example : find uxv where u=(1,2,-2) and v=(3,0,

1 2 -2

Solution : 30 1

wev=lo Tl T

=(2,-7,-6)

Note : The dot product of two vector is scalar
The cross product of two vector is vector
1.5.1 An important relationship between dot and cross product

a) u.(uxv)=0 uxv 1isorthogonalto u
b) v.(uxv)=0 uxv isorthogonalto v
¢) luxvf=|ul|vP-(.v)  Lagrange's identity

Example : consider the vectors u=(1,2,-2) andv=(3,0,1)
find uxv,u.(u.v),v.(u.v).
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Solution :

(uxv)=(2,-7,-6)
u.(uxv)=(1)2)+(2)(-7)H-2)(-6)=0
v.(uxv)=(3)(2)+(0)(-7)+(1)(-6) =0

u x v is orthogonal to bothuand v .

1.5.2 Standard unit vectors in 3 — space

._._,.10 0 1 0 |1 0p,_ _
1><J_(|1 0"|0 0|’|o 1|)_(0’0’1) k
1xi=1xj=kxk=0

ixj=k,jxk=1, kxi=j

ixi=k ,kxj=-i,ixj=-j

DR AMEER A HILAL
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ux vl = V= v - (uv)?

u.v=\ul |v|cosf

ux vi>=[uf [vf - [uf*[v]* cos’ @
=Ju* |v]* ( 1-cos” 8)

2

= |u]* |v]* sin’ @

luxv|=1u| |v|sin 8 W

In other words , the norm of uxv is equal to area of parallelogram determined
by wuand v

Example : find the area of the triangle determined by the points P, (2,2,0), P,
(-1,0,2)and P5(0,4,3)

Solution : The area of the triangle is 1/2 the area of the parallelogram .
P1P2 = (-3, -2, 2 ) ) P1P3 = (-2, 2, 3 )
P1P2 X P1P3 = (-10, 5, -10)

A=1/2 PP, x P\P5| = 1/2(15) = 7.5

P3 (094’3 )

16

—
| —
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Triple dot product (scalar triple product)
Let u=(ul,u2,u3),v=(vl,v2,v3)and w=(wl, w2, w3) then :

ul u2 u3
vl v2 v3F
wl w2 w3

vl ”3-+

u.(vxw)= (| w2 w3 |w2 W3J |W1 W2|)

v2 v3 vl v3 vl v2
| ~u s |
w2 w3 wl w3 wl w2

=1U; (VaW3 — VaWy) T Ua(Vswi- viws) + us(viwa- vowy)

Example : calculate the scalar triple product u. (vxw) of the vectors
u = 3i-2j-5k , v =1+4j-4k , w = 3j+ 2k

Solution :

3 =2 =5
u.(vw)=11 4 —4|=49
0 3 2

let u, vand w be nonzero vectors in 3 —space

a) The volume v of the parallelepiped that has u,v, and w as adjacent edges
is  v=|u.(vxw)|
b) u.(vxw)=0ifand only if u, v, and w lie in the same plane

VXW
v = (area of base )(height ) = [vxw| h
u
h=[proj ,.,,' =
= vxw] B (vaw) h
W
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1.6 lines and planes in 3 —spaces

1.6.1 lines

Suppose the line in 3- space through the point Po(xo, yo,Zo) and parallel to the
nonzero vector v=(a, b, ¢)

—>
P.P is parallel to v, for which there is a scalar (t)

P.?= tv

In terms of components

(X-Xo , Y-Yo. Z-Zo) = (ta, tb, tc )
X =Xt ta 7
y=y,+tb - parametric equations

Z=7Z,t1tcC
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Example: find parametric equation for the line (L) passing through the points P,
(1, 2, -3) and parallel to the vector v= (4, 5, -7)

Solution :
x = 144t
y =2+5t
z =-3-Tt

Example : find parametric equation for the line (L) passing through the points
P, (2,4, -1),and P, (5,0,7) , where dose the line intersect the xy- plane?

Solution :

l?: (3, -4, 8) is parallel to (L) and P; (2, 4, -1) lies on it
X =243t

y =4-4t

z=-1+8t

The line intersect the xy —plane at the point where
z=-1+8t=0

-1 +8t =0

t=1/8

x=19/8

y="17/2

z=0

(x,y,2z)=(19/8,7/2, 0)
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1.6.2 Planes

Suppose we want the equation of the plane passing through the point P, (X,,
Vos Zo) and having the nonzero vector  n=(a,b,c) as a normal

n = (a,b.c)

Po(Xo, Yo, Zo)

n.P.,P=0, PP=X-X0,¥-Y0,Z-7)
a(X-Xo) T b (y-Yo) 1€ (2-Zo) =0 mmmmp point normal form

Example : find an equation of the plane passing through point (3,-1,7) and
perpendicular to the vector n= (4,2,-5)

Solution : 4(x-3) + 2(y+1) -5(z-7) =0
4x+2y-5z+25=0

ax +tby +cz+d =0 1is the equation of a plane having the vector n
n=(a,b,c) as a normal .

"Chere is no way to happiness. @'@ppmﬁff Is the way”




