Triple Integrals

The notation for the general triple integrals is,

Jﬂf(x,y,z)a’V

Let’s start simple by integrating over the box,
B= [a,b]x [c,d]x[r.s]

Note that when using this notation we list the x’s first, the s second and the z’s third.

The triple integral in this case is,

([ fGoyzyav =[] 1 (5 y.2)dsdy e

Example 1 Evaluate the following integral.
[[[8xyzav ., B=[2.3]x[1.2][0.1]
)

Solution
Just to make the point that order doesn’t matter let’s use a different order from that listed above.

We'll do the integral in the following order.

”I 8xyzdV = JT J-:J.; 8xyz dz dx dy
B

[ [ aoe ] e
= Lz L dxy dx dy

[20sf

=[“10ydy =15

Fact .
The volume of the three-dimensional region £ is given by the integral,

V:j}ﬂ av

Let’s now move on the more general three-dimensional regions. We have three different

possibilities for a general region. Here is a sketch of the first possibility.
z

2 =1 (x)]

z=u(x,y)
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In this case we will evaluate the triple integral as follows,
J_[If(x,y,z)dV :fj“;:?(\::)f(.ny,z)dz]dA
I: > .

Example 2 Evaluate 2xdV where E is the region under the plane 2x+3y +z = 6 that lies
p )
Iy 0

in the first octant.

Solution

4%
. So D will be the triangle with vertices at (0,0). (3,0), and (0,2). Hereisa

sketch of p. B

0 k L %
0 1 2 3

0<z<6-2x-3y

We can integrate the double integral over D using either of the following two sets of inequalit

|
N i OSxS—gy+3
|

2
OS.yS-—gx+2 0<y<2

[ ,f [2xar = jﬂ [ Z“z"'"s"zxdszA
= J:J2xz

: —gx+2
:JO I03 2x(6-2x-3y)dydx

6=2x—3ly
Y A

2
=X

= f’(]2xy—4x2y—3xy2) " dx
0

3
0

34
:J 3x3—8x2+12xabc

0

[lx“ —§x3 +6x2j
3 ]
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Example 3 Determine the volume of the region that lies behind the plane x+ y+z =8 and in
front of the region in the yz-plane that is bounded by z =3 \/; and z=3y.

g

Solution 3k
=2
zZ E'J;
2=
S
Z_?y
1+
U 1 1 Il
0 1 2 i

Here are the limits for each of the variables.
0<y<4

3 3
—y<z<=y
4y 2 =

0<x<8-y-z
v={[fav= ﬂ [ Bk dr}IA
’ D
4 3\“T/2
=f0j 8—y-zdzdy
.

3y/4

4 30y
= [SZ—yz—%zzj : dy

Jo T

rd 1 3

= 57 3 =. 33 5

=| 12y ——y—-=yp2+—=y°d

J. e e R

2 57,33 11\ 4

| Bp? e W bt || e
[y 167 57 32yj0 5
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Example 4 Evaluate J._U V3x®+32% dV where E is the solid bounded by y = 2x? + 222 and
I
the plane y= 8.

Solution Here is a sketch of the solid E.

2x* +2z% = o x+z2=4

X =rcoso Z=rsing

2x* +2z < y<8

O<rx2
0<6=2m
[[[\3x? +322 aw = H[ [\ AR +37 dy]dA
4 D &
= JJ()I\/&\”Z +3z* )i - dA

= J;;[,B(xz +zz)(8—(2x2 +222))dA
3(x2 +zz)(8—(2x2 +222)): \/EI”T(S—ZI‘Z)

=3 r(8-2r%)
= \/5(8/‘~2r3)
J_U\sz +32° dVv :”\/5 (8r—2r3)dA

= \/gfoznjoz(8r—2r3)rdrd9
-a’B

2r 8 i 2 2
=n/3 - =Zp
e o

0
2 256\3 1
=\3 f Ltk
o =ilS 15
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