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Numrical Differentiation 
 
 
We have already introduced the notion of numerical differentiation. Recall that we 

employed Taylor series expansions to derive finite-divided-difference 

approximations of derivatives. In Chap. 4, we developed forward, backward, and 

centered difference approximations of first and higher derivatives. Recall that, at 

best, these estimates had errors that were O(h2)—that is, their errors were 

proportional to the square of the step size. This level of accuracy is due to the 

number of terms of the Taylor series that were retained during the derivation of 

these formulas. We will now illustrate how to develop more accurate formulas by 

retaining more terms. 

 

1- HIGH-ACCURACY DIFFERENTIATION FORMULA 
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2- RICHARDSON EXTRAPOLATION 

To this point, we have seen that there are two ways to improve derivative 

estimates when employing finite divided differences: (1) decrease the step 

size or (2) use a higher-order formula that employs more points. A third 

approach, based on Richardson extrapolation, uses two derivative estimates 

to compute a third, more accurate approximation. 
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The previous example yielded a perfect result because the function being analyzed 

was a fourth-order polynomial. The perfect outcome was due to the fact that 

Richardson extrapolation is actually equivalent to fi tting a higher-order polynomial 

through these data and then evaluating the derivatives by centered divided 

differences. Thus, the present case matched the derivative of the fourth-order 
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polynomial precisely. For most other functions, of course, this would not occur and 

our derivative estimate would be improved. 

but not perfect. Consequently, as was the case for the application of 

Richardson extrapolation, the approach can be applied iteratively using a 

Romberg algorithm until the result falls below an acceptable error criterion 


