. Numerical Solutions of Ordinary Differential Equations (ODEs)

First Order Ordinary Differential Equation

Given: % = f(x,y) with initial condition (IC) Y(x=x,) = Yo

Required: y value at any x = Xg.

Euler Method

The slope of the curve v = fi(x) at x = xg = the slope of the tangent to that

curve at x = Xo.
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Example: Solve d—iz X+ ywithlCyx=0g=1tofindyatx=0.1. Use

h = 0.02 and work to 4dp.

Solution

dy
}’i+1:}’i+haz_

Vi1 =¥ +0.02 (x; + ¥;)

Yooz = Y1 = Yo +0.02 (xp + yo)

=1+0.02(0+ 1) = 1.0200

Yooa =Yz =y +0.02 (x; +y;)

= 1.0200 + 0.02 (0.02 + 1.0200) = 1.0408
and so on to finally get yo10 = ys= 1.1081

Simultaneous First Order Ordinary Differential Equations

For (2) ODEs of 1st order

L ody az _ - =V i
Given: — = f(x,¥,2z) and — = g(x,y,z) with ICs Y(x=x,) = Yo i

Z(x=x,) = Zo-
Required: y and z values at any x > Xo.

Use Euler Method for y and z.
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Example: Solve ﬁ =2x2—y+3z+1, az =x+y?—2z% with ICs
Yix=0=0and z x-p = 1tofind y and z values at x =1 by using Euler

Method. Use h = 0.2 and work to 3dp.

Solution

dy
Yier =Y +h E‘ =y; + 0.2 (2x] — y; + 3z + 1)
]

dz
Ziy1 =ZI+hH| =z; + 0.2 (Iz+y12_3;2)
i

Yoz =Y1=1Yo +02(2x§ — ¥y +375 +1)
=0+ 0.2 [2(0)* — 0+ 3(1) + 1] = 0.800

Zo2 =21 =20+ 0.2 (xg + V2 —22) =14 0.2 [0+ (0)% — (1)%] = 0.800

Yoa =Yz =1 +02(2x{ -y, +3z, +1)

= 0.8 4+ 0.2 [2(0.2)* — 0.8 4+ 3(0.8) + 1] = 1.336
Zoa =22 =21+ 0.2 (x; + v —z7) = 0.8 4+ 0.2[0.2 + (0.8)% — (0.8)?] = 0.840
and so on to finally get yi4) = ys= 3.456 and z5) = 25 = 2.518

Second Order Ordinary Differential Equations

d ¥

. . 2}' _ dy . _ ' _
Given: P fx,y, E) with ICs Yix=x,) = Yo and y =xg) Jo-

Required: y value at any X > Xo.

Convert the 2™ order ODE to (2) 1%t order ODEs as follows:
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Then E = dxZ = f(I,}",E) and zl:.r:.l'a] =V (x=xg) =¥ o

Thus we have 2 ODEs of 1%t order:

dy _ _  1st ODE

dx
dz d*y .
=% =f(xyz 2ODE

with ICs Yix=xa) — Yo and Zge=x, = Vg

Example: Use Euler Method to find yy - 1y for ¥ —y = x with ICs yig = 0
and y’{ﬂ} = 1. Use h = 0.1 and work to 4dp.

Solution
dy _

dx z

d= B

ax Ty

Vix=01 = 0 and Z(x=0) = 1

dy
Yisa =V +h a| =y; + 0.1z
i

dz
Z:f+1 = ZI' + h- _| - ZI' + 0.1(]:2' +}'[]
dxl|;



Vo1 =Y1=Yo+ 0.1z, =0+0.1(1) = 0.1000
Zo1) = Z1 = Zo + 0.1(xp + ¥9) = 1+ 0.1(0 + 0) = 1.0000
Y2y =¥z = ¥1 + 0.1z = 0.1+ 0.1(1) = 0.2000

Zo2) =22 = 7z + 0.1(x1 + y1) = 14 0.1(0.1 4 0.1) = 1.0200

Continue to find Yx=1) = y10 = 1.3500



