
A function, f, of two variables is a rule that assigns to each incoming pair of 

numbers, (x, y), a uniquely defined outgoing number, z. This is illustrated in Figure 

1.1. The ‘black box’ 

Figure 1.1 

f  performs some arithmetic operations on x and y to produce z. For example, the 

rule might be ‘multiply the two numbers together and add twice the second 

number’. In symbols we write this either as 

 

f (x, y) = xy + 2y or as z = xy + 2y 
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Example 

If f(x, y) = xy + 2y evaluate     (a) f (3, 4) (b) f (4, 3) 

 

Solution 

 

(a) Substituting x = 3 and y = 4 gives f (3, 4) = 3(4) + 2(4) = 20 

 

(b) Substituting x = 4 and y = 3 gives f (4, 3) = 4(3) + 2(3) = 18 

 

 

Note that, for this function, f (3, 4) is not the same as f (4, 3), so in general we must be 

careful to write down the correct ordering of the variables. 

x and y called the independent variables (i.e., incoming numbers), while z called the 

dependent variable (i.e., outgoing number). 

In general, a function of n  variables can be written y = f (x1, x2, . . . , xn). 
 



A function of one variable can be given a pictorial description using graphs, which help to 

give an intuitive feel for its behavior.  Figure 1.2 shows the graph of a typical function 

y = f (x) 

Figure 1.2 

in which the horizontal axis determines the incoming number, x, and the vertical axis 

determines the corresponding outgoing number, y. The height of the curve directly 

above any point on the x axis represents the value of the function at this point. 



While, a pictorial representation of functions of several variables is illustrated as follows in 

Figure 1.3. 

Figure 1.3 shows the graph of a typical function z = f (x, y).  The function can be 

thought of as a surface, rather like a mountain range, in three-dimensional space as 

shown in Figure 1.3. 

Figure 1.3 



Given a function of two variables, 

Z = f (x, y) 

we can determine two first-order derivatives. The partial derivative of f with respect to x 

is written as 

∂f/∂x 
 



To distinguish partial differentiation of functions of several variables from ordinary 

differentiation of functions of one variable. The alternative notation, fx, is analogous to 

the f ′ notation for ordinary differentiation. 











For the general function, 





We have seen how to work out partial derivatives but have yet to give any meaning to 
them. To provide an interpretation of a partial derivative, let us take one step back for 
a moment and recall the corresponding situation for functions of one variable of the 
form 

y = f (x) 

Given the way in which a partial derivative is found, we can deduce that for a function of 
two variables z = f (x, y) 
 
if x changes by a small amount Δx and y is held fixed then the corresponding change in z 
satisfies 



In practice, of course, x and y may both change simultaneously, the obtained formula 
can be written as  

This is referred to as the small increments formula. 







Suppose, however, that you are asked to find dy/dx  given the equation 

The trick here is to regard the expression on the left-hand side of the equation as a 
function of the two variables x and y, so that 

or equivalently   



The technique of finding dy/dx from −fx /fy is called implicit differentiation and can be used 
whenever it is difficult or impossible to obtain an explicit representation for y in terms of x. 






