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Chapter Six

Confidence Intervals and Sample Size
1. Preface:

A survey by the Roper Organization found that 45% of the people who were
offended by a television program would change the channel, while 15% would
turn off their television sets. The survey further stated that the margin of error
is 3 percentage points, and 4000 adults were interviewed. Several questions
arise:

1. How do these estimates compare with the true population percentages?

2. What is meant by a margin of error of 3 percentage points?

3. Is the sample of 4000 large enough to represent the population of all adults

who watch television in the United States?

[ Inferential statistical techniques have various assumptions that must be met
before valid conclusions can be obtained.

1. The samples must be randomly selected.

2. The sample size must be greater than or equal to 30 or less.

3. The population must be normally or approximately normally distributed based

on sample size.



2. Confidence Intervals for the Mean When o is Known

2.1. A point estimate is a specific numerical value estimate of a parameter. The

o..”n

best point estimate of the population mean “p” is the sample mean “X".

Example: The president of university want to estimate the average age of the
student (p). He could select a random sample of 100 students and find the
average age (X) of these students, say, 22.3 years. From the sample mean, the
president could infer that the average age of all the students is 22.3 years. So X is
estimator for the population (p).

A good estimator should satisfy the following criteria:

1. The estimator should be an unbiased estimator. That is, the expected value or
the mean of the estimates obtained from samples of a given size is equal to the
parameter being estimated.

2. The estimator should be consistent. For a consistent estimator, as sample size
increases, the value of the estimator approaches the value of the parameter
estimated.

3. The estimator should be a relatively efficient estimator. That is, of all the
statistics that can be used to estimate a parameter, the relatively efficient
estimator has the smallest variance



2.2. An interval estimate of a parameter is an interval or a range of values used to

estimate the parameter. This estimate may or may not contain the value of the
parameter being estimated.

* In an interval estimate, the parameter is specified as being between two

values. For example, an interval estimate for the average age of all students
might be 21.9<u<22.7,0r 22.3 £ 0.4 years.

2.3. Confidence Intervals

e A confidence interval is a specific interval
estimate of a parameter determined by using  Distribution of sample means (x)
data obtained from a sample and by using the around population mean ()
specific confidence level of the estimate.

* The confidence level of an interval estimate of
a parameter is the probability that the interval confidence
estimate will contain the parameter, assuming : u
that a large number of samples are selected " Confidence interval
and that the estimation process on the same
parameter is repeated.

* Forinstance, you may wish to be 95% confident that the interval contains the
true population mean.

Lower limit Upper limit

95%




2.3. Confidence Intervals Formula

Formula for the Confidence Interval of the Mean for a Specific a When o is

Known is: =
X —Zop (=

> (0)
* For a 90% confidence interval, z,,, = 1.65; for a 95% confidence interval, z,,, 1.96;
and for a 99% confidence interval, Z,, = 2.58. o/2 is the standard error,

o

* The term Z,,; (—) is called the

Vn

margin of error (also called the
maximum error of the estimate). For 0(/2 0‘/2
a specific value, say, a = 0.05, 95% of 1—«a
the sample means will fall within this -)( | \A
error value on either side of the ' Zap (%ﬁ)—:i:—z“/z (%)

opulation mean.
§i xS ebd ey

e The margin of error also called the
maximum error of the estimate is the
maximum likely difference between
the point estimate of a parameter and
the actual value of the parameter.

Assumptions for Finding a Confidence
Interval for a Mean When o Is Known

1. The sample is a random sample.

2. Either n 30 or the population is
normally distributed if n 30.



¢ Assumptions for Finding a Confidence Interval for a Mean When ¢ Is Known
1. The sample is a random sample.
2. Either n =2 30 or the population is normally distributed if n < 30.

Example 1: A researcher wishes to estimate the number of days it takes an
automobile dealer to sell a Chevrolet Aveo. A sample of 50 cars had a mean time
on the dealer’s lot of 54 days. Assume the population standard deviation to be
6.0 days. Find the best point estimate of the population mean and the 95%
confidence interval of the population mean.

Solution
The best point estimate of the mean is 54
days. For the 95% confidence interval use 950

0.025

z =1.96 (from table E). 0.025 52.3< u<557

X - Za/z(\/—)<ﬂ<x+za/2(\/— _ —1.70 _,|*_+1 70 __

2k 20 (\/_) <P <54+1.96 (\/_0) One can say with 95% confidence that
54 -1.70< u<54+1.70 the interval between 52.3 and 55.7 days

does contain the population mean,
52.3<p <557 OR 541170 based on a sample of 50 automobiles.




Example 2: A survey of 30 emergency room patients found that the average
waiting time for treatment was 174.3 minutes. Assuming that the population
standard deviation is 46.5 minutes, find the best point estimate of the population
mean and the 99% confidence of the population mean.

Solution

The best point estimate is 174.3
minutes. The 99% confidence s
interval use z = 2.58 (from table E).

One <can say with 99%
2 confidence that the mean
X =2y (\/_) <u<X+ Loz (\7_) waiting time for err:oergency

46.5 46.5 room treatment is between
e S (x/_) S i (x/_o) 152.4 and 196.2 minutes.

1743 - 219<u <1743 + 21.9 1293 11656 | 439

152.4 < u < 196.2 289 | 124 | 217
13.19 9.16 1.42

73.25 1.91 | 14.64

Example 3: The following data represent a 11.59 | 6.69 | 1.06
sample of the assets (in millions of dollars) of 30 8.74 | 3.17 | 18.13

. : : A 7.92 | 4.78 |16.85
credit unions in southwestern Pennsylvania. Find 1022 | 242 2158
the 90% confidence interval of the mean. 501 | 1.47 |12.24

2.27 | 12.77 2.76




Solution

1. Find the mean and standard deviation (X = 11.091, 0 = 14.405.
2. Confidentintervals=0.9; a=1-0.9=0.1; a/2=0.05.

3. Z,,=1.68fromtableE. X-7,, (\/_) <p< X+Za/2(a)

=
14.405 14.405

11.091 — 1.65 ( = ) < 1< 11.091 + 1.65( = )

11.091 — 4.339 < u < 11.091 + 4.339 > 6.752 < 1t < 15.430

3. Sample Size

e Sample size depends on: the margin of
error, the population standard deviation,

E = the marnginof error

and the degree of confidence. 1—-«a
* the margin of error formula is: — | —
o -~ E —:-T-:— E —
£ = Zun ()
2 Vn  where E is the margin of error. If necessary, round the

E any fraction or decimal portion in the answer, use the

Za/z- o . answer up to obtain a whole number. That is, if there is
| § B
next whole number for sample size n.



Example 4: A scientist wishes to Solution o= 1-099=0. 01; From table E
Za/2 =258E=2;, 0=4.33.

estimate the average depth of a
river., He wants to be 99%
confident that the estimate is
accurate within 2 feet. From a
previous study, the standard
deviation of the  depths
measured was 4.33 feet.

-

n=31.2

Zo/2-O Zj‘>n= 2.58 x 4.33\°
E 2

> n=32

4. Confidence Intervals for the Mean When o is Unknown

Most of the time, the value of “o”
is not known, so it must be
estimated by using “S”, namely,
the standard deviation of the
sample. When S is used, especially
when the sample size is small, the
Student t distribution, most often
called the t distribution is used
instead of normal distribution (Z).

z

¥ tfordf. =20

— ffordf. =5




** The t distribution shares some characteristics of the normal distribution and
differs from it in others.

Similarity: between t and normal distributions:

1. It is bell-shaped.

2. It is symmetric about the mean.

3. The mean, median, and mode are equal to 0 and are located at the center of the

distribution.

4. The curve never touches the x axis.

The t distribution differs from the standard normal distribution in the following:

1. The variance is greater than 1.

2. The t distribution is actually a family of curves based on the concept of degrees of
freedom, which is related to sample size.

3. As the sample size increases, the t distribution approaches the standard normal

distribution.

¢ Formula for a Specific Confidence * The values for t,/, are found
Interval for the Mean When S is in Table F.
Unknown e Degree of freedom d.f. = n-1

X (\/iﬁ) < <X+t (\/%)



1= A2 The ¢ Distribution

Example 5: Find the ta2 value for a

Confidence

0 . : intervals 0% 20% 95 994 99
95% confidence interval when the e T

. : d.f Two tails, & 0.20 0.10 0.05 0.02 0.01

Salllple SiZze IS 22, 1 207 6314 12706 &N &3 57

2 1,886 2920 4300 6,068 0,025

3 1638 238 3182 4,541 5241

z 4 1,531 2132 277 3,747 4,604

SO I u t I o n 5 1478 2,015 2,571 3365 4,032

6 1,440 1,043 2447 1,143 3,707

7 L4Ls 108 2,368 2008 1,459

Th d f i 22 et 1 - 21 8 1357 1B&0 2306 2859 3355

e A [ = = . y 1353 LE33 2,262 2521 125

1o 1in LBz 2228 2,764 3168

. . o L 1,363 1,79 2,200 2718 3106

Find 21 in the left column and 95% 2 217

13 135 LTl 2180 2650 1012

4 , 14 1,345 176l 2,145 2,624 2977

in the row Ilabeled Confidence : | o

15 133 174 2120 2583 2921

L7 133 1,740 2110 2,567 2,858

E 3 1% 133 1734 2101 2552 257

4 ) . . . .

Intervals. The intersection where T ¥ 7 T o

20 1323 1725 208 2523 2845

. 2l 137 172l 2,080 2,518 283

the two meet gives the value for 2 25t

7 1319 1714 2,060 2,500 2,807

g g 24 1318 171 2064 24 2797

t W h Te h IS 2 080 25 1316 1708 2,060 2485 2,757

) . . 26 1315 1704 20% 2479 271

a/z 27 1314 1,708 2052 2473 2771

23 1313 1701 204 2 467 2763

20 Latl 602 2,048 1482 2,756

Table F 30 1310 1697 2042 2457 275

The £ Distribution 12 LI L 6% 2,037 2,449 2,73

34 1307 1591 203 2441 273

Confidence 16 1306 L 2,00 2434 2,719

nterval 509 809, 90%, @ age, agy, Y 1304 1636 2024 242 2712

miervals 40 L3m LEB 2001 247 2 704

| 45 1301 1579 2014 2412 2 690

: 50 L2 LET6 2,008 240 267

i One tail & 0.25 0.10 0.05 [],i[]25 0.01 0.005 . L P A or] sty ok

Two tails c 0.50 0.20 0.10 0.05 0.02 0.1 &0 1256 L.&71 2,000 2350 2,60

" £s 1,208 660 1,007 2388 2,654

70 1254 LEET 1.5 2381 2 648

1 75 1,293 1665 1992 2377 2,643

9 B0 12w L6 1550 230 2,639

50 1,291 1662 1957 2,368 2632

3 100 1250 L8O 1.0t 2364 1,626

. 500 1,281 643 1 D6s 233 255

: LooD L2w 1646 Lye 2330 2581
@ >—) 2.080 2518 2991 = 128" L as* 1960 23 2576

“This valus has been raundad 10 126 in the tecthoak. Onetall Twsa 1l
a b [ ) *This value hs been rounded o 163 in the bextbock.

(Z)= 0.674 1.282 1.645 1.960 2.326 2576 ¢ This value b been manded o 3,33 in the textbook. i e i

This value he bean rounded 2,58 in the textbock. f @ fi lff

Soarce Adipted from W, H. Bryer, Masdbhook o Tables for Probabiy aad Salickcs,
2nd ad,, CRC Prass, Boca Ratan, Fla, 1986, Rerintad with permi ssian, I I I




» Assumptions for Finding a Confidence Interval for a Mean When S is Unknown

1. The sample is a random sample.
2. Either n = 30 or the population is normally distributed if n < 30

Example 6: Ten randomly selected people were asked how long they slept at night. The
mean time was 7.1 hours, and the standard deviation was 0.78 hour. Find the 95%

confidence interval of the mean time. Assume the variable is normally distributed.

Solution
Since o is unknown and S must replace it, the t distribution (Table F) must be

used for the confidence interval.

df.=10-1=9 |:f‘> The confidence interval = 95% |:> t,, = 2.262

Substituting in the formula. X — ¢, /, (\/iﬁ) <p<X+itg, (\/%)

71-2262(52) <p<71+2262(32) > 654 <u<7.66

Therefore, 95% confident that the population mean is between 6.54 and 7.66 hr.

Example 7: The data represent a sample of the number of home fires started by
candles for the past several years. (Data are from the National Fire Protection
Association.) Find the 99% confidence interval for the mean number of home fires
started by candles each year. 5460 5900 6090 6310 7160 8440 9930




Solution
* Find the mean and standard deviation for the data. (X = 7041.4 & S = 1610.3)
* Confidence interval = 99%; d.f. = 6. I:> [ From table t,, = 3.707. ]

 Substitute in the formula and solve. X — a2 (i) <u<X+ ta/2 (i)

Vn Vn

1610.3 1610.3
& = ) [4785.2 < u < 9297.6 |

* So, at 99% confident that the population mean number of home fires started
by candles each year is between 4785.2 and 9297.6.

70414 — 3.707 (==2) < pu < 70414 +3.707 (

OVERALL: As stated previously, when o is

known, Z,, values can be used no matter Vs s
what the sample size is, as long as the By L
variable is normally distributed or n230.
When o is unknown and n230, then S can be
used in the formula and t,,, values can be T TPS—
used. Finally, when o is unknown and n<30, & inthe formula.? 5in the formula.*
S is used in the formula and t,,, values are
used, as long as the variable s
approximately normally distributed.

*f p < 30, the variable must be normally distributed.



5. Confidence Intervals for Variances and Standard Deviations

* |n statistics, the variance and standard deviation of a variable are as important as
the mean. For example, when products that fit together (such as pipes) are
manufactured, it is important to keep the variations of the diameters of the
products as small as possible; otherwise, they will not fit together properly and
will have to be scrapped. In the manufacture of medicines, the variance and
standard deviation of the medication in the pills play an important role in making
sure patients receive the proper dosage. For these reasons, confidence intervals
for variances and standard deviations are necessary.

 To calculate these confidence intervals, a new statistical distribution is needed. It

is called the chi-square distribution (x?).

 The chi-square variable is similar to the t variable in that its distribution is a family
of curves based on the number of degrees of freedom.

* The chi-square distribution is obtained from the values of

_ (n—1)S44......

2

It is normal
distributed
population (IIIIIIIIIIIIIII

; Sample’s
v °
: EEEEEENER Varlance




TN he oo Square Distriuion

* A chi-square variable cannot be ..

o
i ¢ 3 [ freediom: 0995 99 973 {95 .50 0.1 [ 115 [ T iR .01 0.00=
nega‘“ve’ and the d|Str|but|ons are 1 _ _ 0o0l 0o 0me | 2706 184 5024 6635 7579
I 0000 0030 0051 0.103 0.211 4. 505 5031 TITR 4210 10.557
. 1 0.072 oIS 0216 0152 0.584 G251 7215 9348 11.345 12.818
Skewed to the rlght- At a bout 100 4 0207 0197 454 0711 1.064 1.7 G 4R 11.143 13277 148650
g 5 0412 554 e 1.145 1610 0.1 11071 12833 15.086 16.750
degrees Of freedom’ the Ch|_square 6 UST6 0572 17 1635 2204 106dS 12592 14449 I6EIZ 1RS48
T 0.3 1.132 1520 2167 2.831 12007 14,047 L6013 18475 20178
. . . g 1344 1.6 2180 2733 3490 13.362 15.507 17535 20090 21.655
distribution becomes somewhat o | ims  ams  amp aam sus e e 190m olge  mess
3 ¢ 1 2,156 2558 147 1940 4.BGS 15.68T7 18307 0483 23.20% 25158
sym metric. The area u nder each Chl- 1 1603 A0S} IEIG 455 SSTB 19275 166TS 21830 T LTS
12 3.074 1571 4.404 5215 6304 18.54% 20.02% I137 26217 28359
Q o o Q 13 3.565 4107 5009 5EQ2 T041 19.812 21342 147360 Z2TGRE 0El9
Sq ua re dlstrlbutlon IS eq ual to 1-00- 14 4.075 J4.650 5420 G571 T.790 210654 21685 26119 79141 31319
. : 15 4.601 5123 G262 7261 £.547 22,307 24,554 17488 30578 31501
[ ] Ta b I e G g I Ve S t h e Va I u e S fo r t h e C h I_ 1& 5.142 5212 =508 7952 Q9312 23.542 2515 IBEAS 312000 3257
17 5687 (o3 [ 11 754 BTl 10.085 34.76% 27587 30.1491 33405 35.T7IE
S u a re d ist ri b ut i O n 18 G265 T.015 2231 93040 10855 15,085 28859 31526 34,605 31156
q . L] G244 T.613 2207 [0.117 11.651 27204 Sh04d 12852 3G9l SB.582
20 T.434 B2 L531 10851 12.443 28.412 31410 34.170 30506 30,057
21 B.034 BEST [3ZE3 11501 13,240 615 3XET] 15479 35452 41.401
22 B3 G542 022 12338 14.042 30213 31.624 J6.TR1 40.28% 42,7045
|:I_f, = 1 21 9362 10126 11550 1310491 14.B48 32007 35172 18076 41.638 44181
24 08535 T0ESS 12401 13.E48 15.655 35156 36415 133064 42080 45,559
15 10.520 I1.524 13.120 14411 16473 34331 IT.652 4046456 44314 46518
) I1.1é0 12138 13844 15379 17.292 35.563 JE.EES 41925 45647 48350
27 I1.E08 12ET? 4573 [6.151 18.114 36741 40113 41,194 459403 40,545
23 12,461 13565 15308 16228 184935 IToléE 41.337 44461 48278 50.5653
L] 153121 14.257 LG0T 17.708 12768 30.087 41557 45722 40588 52334
30 15.787 14.554 16721 15403 20,500 40.156 41773 46979 E0.BO2 53672
40 20707 221454 14433 1651 051 51.5805 55758 52342 G3.601 [l T
50 27.601 20,707 32357 314764 IT.GED L3 16T GT.505 T1420 T6.154 79,450
] 35.514 37485 ) 41188 465 450 74.357 ToOEZ 21208 ERITY 01.652
T 43375 45442 43.7T58 §1.730 55320 B5.527 o511 QE023 100425 104.215
B 51.172 51.540 §7.153 0301 Gl 2TE 05578 10L.ETS [ 4629 11232 116321
a0 50156 GLTSS G567 =9.126 732491 107 565 113145 11E.136 124.116 126.259
i) 67318 TOL0ES T4222 71229 E2358 118.458 124.342 1212561 135,807 140. 183
Sﬂm?_l.'_ﬂum. Mndbocd ﬁ‘a':l:hf Hﬂ__:l.bk |\“4 "E_;h-&lm.r: |}.ll'i:_ltm Takke,m 0 _| #I I:,' I'l.dﬁl::-'l'l'n:ll:r
Puunhrtl:-wn;n:l_lr.hr_ ki encwal 0 1930, 5 I’T. of Fexrwn Fd
P T

w




Example 8: Find the values for x? right and x? left for a 90% confidence interval
when n 25.

Solution:

To find x? right, a = 1-0.90 = 0.10; a/2 = 0.05.

To find ¥ left, a = 1 - 0.95 = 0.05.

d.f. = n-1=25-1=24

Hence, use the 0.95 and 0.05 columns and the row corresponding to d.f. = 24.

* From table: y? = 36.415 at right; and y? = 13.848 at left

Table G 1

The Chi-square Distribution

Degrees of o
freedom | 0995 089 0975 0% Q% 040 005 0025 001 0005

1
2

5 v ) I-a
2% 13,849 36.415 9 -7
| !




(n —1)S? P (n —1)S?

5.1. Confidence Interval for a Variance
2 2
X right X left

dn.=n —1

5.2. Confidence Interval for a Standard Deviation |;-1)s2 s (n—1)S2
o
Assumptions: g e T X efe

1. The sample is a random sample.
2. The population must be normally distributed

Example 9: Find the 95% confidence interval for the variance and standard
deviation of the nicotine content of cigarettes manufactured if a sample of 20

cigarettes has a standard deviation of 1.6 milligrams.

Solution 2 2
(n—1)S (n—1)S
dn=n—-1=20-1=19 7 <o’ < "
a=1-0095=0.05 gl Lo
/2= 0.05/2= 0.025 (right) (20 — 1)(1.6)? g (20 — 1)(1.6)?
XFighe= X6.025= 32.852 32.852 5 8.907
1- a/2 =0.975 (left) 4
5 5 1.5<0“<5.5

Xleft= X0.975= 3.907



(n—1)Ss2

< o<

N \

(n—1)S2

2 2
X ri ght X le ft

(19)(1.6)2 (19)(1.6)2
e

32.852

1.2<0< 2.3

Example 10: Find the 90%
confidence interval for the
variance and standard
deviation for the stability
test of asphalt cores in kN.
The data represent a
selected sample from a
specific mix designed for a
road. Assume the variable
is normally distributed. 59
54 53 52 51 39 49
46 49 48

O

X&fe=8.907 XZigne= 32.852

Solution:
 Determine the variance for the data; S?= 28.2.
* 1-a=1-09=0.1; a5 =0.05,
Arignt =0.9+0.05=0.95; d.n.=n —-1=10-1=9
*  Find x{, s, from Table = 3.325; x7; 5, from Table = 16.919

(nD)S% v Sl )SE (9N(282): L TN (9)(28.2)
o, S <o’<

15 < 6% <76.3

b 2
g :> 3.87 <0< 8.73
X left




