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(b) y =
√
z sin−1(z)

Solution

(a)

ḟ(t) = − 4√
1− t2

− 10

1 + t2

(b)

ẏ =
1

2
z−

1
2 sin−1(z) +

√
z√

1− z2

3.6 Derivatives of Hyperbolic Functions

In many physical situations combinations of ex and ex arise fairly often. Because

of this these combinations are given names. There are six hyperbolic functions

and they are defined as follows.

sinhx =
ex − e−x

2
coshx =

ex + e−x

2

tanhx =
sinhx

coshx
cothx =

coshx

sinhx
=

1

tanhx

sechx =
1

coshx
cschx =

1

sinhx

Here are the graphs of the three main hyperbolic functions. We also have the

following facts about the hyperbolic functions.

sinh(−x) =− sinh(x) cosh(−x) = cosh(x)

cosh2(x)− sinh2(x) = 1 1− tanh2(x) = sech2(x)

Because the hyperbolic functions are defined in terms of exponential functions,

the derivatives of it is

d

dx

(
e−x
)

= −e−x
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Figure 3.3

then,

d

dx
(sinhx) =

d

dx

ex − e−x

2
=

ex − (−e−x)

2
=

ex + e−x

2
= coshx

Then the other derivatives are

d

dx
(sinhx) = cosh x

d

dx
(coshx) = sinh x

d

dx
(tanhx) =sech2x

d

dx
(cothx) = −csch2x

d

dx
(sechx) =− sechx tanhx

d

dx
(cschx) = −cschx cothx

Example Differentiate each of the following functions.

(a) f(x) = 2x5 coshx

(b) h(t) = sinh t
t+1

Solution

(a)
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ḟ(x) = 10x4 coshx+ 2x5 sinhx

(b)

ḣ(t) =
(t+ 1) cosh t− sinh t

(t+ 1)2

3.7 Chain Rule

There are two forms of the chain rule.

Chain Rule

Suppose that we have two functions f(x) and g(x) and they are both differen-

tiable.

1- If we define F (x) = (fog)(x) then the derivative of F (x) is,

Ḟ (x) = ḟ (g(x)) ġ(x)

2- If we have y = f(u) and u = g(x) then the derivative of y is,

dy

dx
=
dy

du

du

dx

Example Use the Chain Rule to differentiate R(z) =
√

5z − 8.

Solution

The two functions that we needed for the composition are,

f(z) =
√
z g(z) = 5z − 8

and their derivatives,

ḟ(z) =
1

2
√
z

ġ(z) = 5
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So, using the chain rule we get,

Ṙ(z) =ḟ (g(z)) ġ(z)

=
1

2
√

5z − 8
(5)

=
5

2
√

5z − 8

Let’s take the function from the previous example and rewrite it slightly. The

derivative is then, In general this is how we think of the chain rule. We identify

the “inside function” and the “outside function”. We then differentiate the outside

function leaving the inside function alone and multiply all of this by the derivative

of the inside function. In its general form this is,

Example Differentiate each of the following.

(a) f(x) = sin (3x2 + 2)

(b) f(t) = (2t3 + cos(t))
50

(c) h(w) = ew
4−3w2+9

(d) g(x) = ln (x−4 + x4)

(e) y = sec (1− 5x)

(f) P (t) = cos4(t) + cos(t4)

Solution

(a) It looks like the outside function is the sine and the inside function is 3x2 + x.

The derivative is then.
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ḟ(x) = (6x+ 1) cos(3x2 + x)

(b) In this case the outside function is the exponent of 50 and the inside function

is all the stuff on the inside of the parenthesis. The derivative is then.

ḟ(t) = 50
(
6t2 − sin(t)

) (
2t3 + cos(t)

)49
(c)

ḣ(w) =
(
4w3 − 6w

)
ew

4−3w2+9

(d)

ġ(x) =
1

x−4 + x4
(
−4x−5 + 4x3

)
=
−4x−5 + 4x3

x−4 + x4

(e)

ẏ = −5 sec(1− 5x) tan(1− 5x)

(f) There are two points to this problem. First, there are two terms and each will

require a different application of the chain rule. That will often be the case so

don’t expect just a single chain rule when doing these problems. Second, we need

to be very careful in choosing the outside and inside function for each term.

The first term can actually be written as,

cos4(t) = (cos(t))4

So, in the first term the outside function is the exponent of 4 and the inside

function is the cosine. In the second term it’s exactly the opposite. In the second

term the outside function is the cosine and the inside function is t4. Here’s the


