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Chapter One
Functions

1.1 The Set of Numbers
1) N = set of natural numbers.
N={1,2,3,4...... }
2) Z = set of integers.
Z={....... ,-3,-2,-1,0,1,2,3...}
3) Quotient, Q = set of rational numbers.
Q=[x:x= s p and q are integers q # 0]

3
Ex: =,--,=,
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4) Irr = set of irrational numbers
Irr = {X: X is not a rational number}
Ex:V2,V3, V7
5) R: set of real numbers
R = set of all rational and irrational numbers
Note:
R=QU lrr
NcZcQ
Note: The set of real numbers is represented by a line called a line of
numbers:

v

&
- | | | | ! ! I

1.2 Finite Intervals

The set of values that a variable x may take on is called the domain of y .
The domains of the variables in many applications of calculus are
intervals like those shows below.

1. Open intervals
Is the set of all real numbers that lie strictly between two fixed numbers

aand b:
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In symbols
(a,b) or a<x<b
a<x<bhb
a b
Y ; y o
\ )
Ex: The open interval : (3, 8) representedas {3<x<8}
“ ! [ ) >
0 3 \~ J8

2. Close Intervals
The closed intervals contain both endpoints:
In symbols
[a, b] or a<yxy<b

A
v

Ex: The closed interval : [1, 11] representedas {1 <x<11}

p [ 1,
< - ——>
01 11

3. Half - open intervals
Contain one opened intervals but not both end points. two types from this
intervals.
e Left- closed, right -open.
In symbols:

[a, b) or a<x<b
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. a<x<obh b
« [ | A .
L ! J g

Ex: The interval :[2,3) representedas {2<x<3}

A
B
|/

v

' L _/
0 2 3

e Left- open, right -closed.

In symbols:
(a, b] or a< x<b
a< X <b b
a
< / ! ] >
\

Ex: The interval (-5,2] represented as {-5<x <=2}

< / I 7 >
-5\ 0 J2

1.3 Infinite Intervals
There are four possible "infinite intervals™:

(a, +) where x>a
[a, +00) where xX=>a
(—o0,a) where x<a
(—o0,a] where x<a

We show no limited intervals by ends using this notation: (-co, +o0).
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Ex: The infinite interval (3, +o©) where x > 3 represented as:

+o0
< . a N
0 3 \ J

Ex: The infinite interval [2, +o0) where x = 2 represented as:

N
)

A
o
N
1

Ex: The infinite interval (-0, -7) where x< 7 represented as:

:-OO/ \ !
\ J 0

v

EX: The infinite interval (-0, 4] where X< 4 represented as:

4-00/ | 7 >
\ 0 J

EX: The infinite interval (-o0, +o0) represented as:

400

v

1.4 Function

A function, say F is a relation between the elements of two sets say A and
B such that for every y € A there exists one and only one YEB with Y =
F(X).

The set A which contain the values of y is called the domain of function
F. The set B which contains the values of Y corresponding to the values
of y is called the range of the function F. yx is called the independer
variable of the function F, while Y is called the dependant variable of F.
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A A
f 9
1 1
2 2
3 3
4 4 /
f: A — B is a function. Every g : A — Bis not a function. The
element in A has associated with element 1 in set X is assigned
it exactly one element of B . two elements, 5 and 6 in set Y.

Note:
1. Sometimes the domain is denoted by DF and the range by RF.
2.Y is called the image of y .

EX: Let the domain of y be the set {0,1,2,3,4}. Assign to each value of y
the number Y = x? . The function so defined is the set of pairs, { (0,0),
(1,1), (2,4), (3,9), (4,16) }.

EX: Let the domain of y be the closed interval — 2 <y <2 . Assign to each
value of y the number y = y* .The set of order pairs (x , y) such that — 2 <
v<2 Andy=y* is a function.

Ex: The function that pairs with each value of y different from 2 the
number

oo ===
y=fx)=—= x#2

Ex: Let the function of, f(x) = x*: the value of x=4, find the f(x).
In fact we can write f(4) = 16.
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1.5 Find Domain of Function

1) Domain of Polynomial Function

A polynomial of degree n with independent variable, written Fn(x) or
simply f (y ) is an expression of the form:

Fn(x) = ag + a; X + ap X2 + -+ +a,x",a,#0

Where a9, ai,....... , &, are constant (numbers).

The domain of polynomial function includes all real numbers R.

EX:

(i) f(x) = 5X polynomial of degree one.
(i) f(x) =3x°- 2x + 7 polynomial of degree five.
(iii) f(x) = 8 polynomial of degree Zero.

2) Domain of Rational Function
The domain of rational function include all real numbers R excepted the
numbers that make the denominator equal to zero.

Ex:
f@) = 2
flx) = xzx_4 x # +2

3) Domain of Root Function

The domain of root function include all real numbers R that make the root
greater than or equal to zero.

Ex:

fx)=vx—1

x—1>20->x2>1
1.6 Algebraic of Functions

Let f (x ) and g(x ) be two function.
) (f+9)x) =f(x) +9(x)
2) (f.9)(x) = f(x).g(x)

) (E)e=C5 g0
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Ex: Let f(x) =x+2,g(x) =+vx—3 evaluate the f?g,f.gandi

Sol:

D+ =) +g9x)=x+2)+Hx-3)
2) (f-9)(x) = f(x).9(x) = (x + 2)(Vx = 3)

f _f&) _ (x+2) ,
9 (D)w=I5=05 w3

1.7 Functions Types

1) Composite Function
Let f (x) and g(y ) be two functions

We define: (fog)(x) = f(g(x))
Ex: Let f(x) =x?, g(x) = x — 7 evaluate (fog) (x)and (gof)(x)
Sol: (fog)(x) = flg()] = f(x = 7) = (x = 7)?
(gof)(x) = glf ()] = g(x*) =x* -7
= (fog) # (gof)
Ex: Let f(x) =5x—4, g(x) = 2x + 1 evaluate fog
Sol: (fog)(x)=flg(x)]=52x+1)—4=10x+5—-4=10x+1

2) Inverse Function

Given a function F with domain A and the range B.

The inverse function of f written f~1, with x= f~1 (y).

EXx: Let the function, f(x) = 2x + 3, find the inverse function.

Sol: f(x)=2x+3
Y=2x+3
Y -3=2x
(Y-3)/2=x
x=(Y—-3)/2
sx=fT1 ()
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3) Even Function
f(x)isevenif f(-x) =f(x)

Ex: f(x) =(x%) is even

Sol: since f(—x) = (—x%) = (x*) = f(x)
4) Odd Function

f(x)isoddif f(—x)=—f(x).

Ex: f(x)=x? isodd

Sol: sincef(—x)=—x>=—f(x)

5) Absolute Function

We define the absolute value function f(x) = |x|. The absolute values of
X:

+x if x=0

le:{—x if x<0

Ex: find the absolute function for, f(x) = |x — 2|

Sol: For f(x) = |x — 2| we have

_(+(x=2) if x—=2=00rx=2
f(x)—{_(x_z) if x—2<0or x<2
That is,

_(x—=2 for x=>2
f(x)_{—x+2 for x <2

6) Signum Function
The signum function is represented as sgn(x).

1 when x>0
f(x) =sgn(x) =10 when x=0
—1 when x<0

Ex: sgn(-122) = -1.
sgn(0) = 0.
sgn(412) = 1.
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1.8 Graphs of Functions

The set of points in the plane whose coordinate pairs are also the ordered
pairs of function is called the graph of function. Graph a function
includes three steps as:

1. Make atable of pairs from the function.

2. Plot enough of the corresponding points to learn the shape of the
graph. Add more pairs to the table if necessary.

3. Complete the sketch by connecting the points.

Ex: Sketch the graphs of the following function.y = x?
Sol:

1. Make atable of pairs from the function.

X y=x"_| (x,y)
) 4 (-2.4)
1 1 (-11)
0 0 (0,0)
1 1 (1,1)
2 4 (2,4)

2. Plot enough of the corresponding points and Complete the sketch by
connecting the points.
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EXx: Sketch the graphs of the linear functions:
1) x=4
2) y=-3 y

Sol:

- M oW mo;

[ A

Ex: Sketch the graphs of the equal function: y = x
Sol:

- M oW &o@

nokowor =

3

Sol: :

— r oW &

[ T
B o o) =

10
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Ex: Sketch the graphs of the root function: y = +/x
Sol:

- M oW &,

[ R T
moh oW o =

Sol:

= MW B

oo NG
b oo

Ex: Sketch the graphs of the rational function: y = %

X
S)j 1 2 3 4 5

Ex: Sketch the graphs of the rational function: y = xiz
Sol:

- o W Lo

b o

-

I T
oA WM&

11
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1.9 Limits

We say that L is a right hand limit for f (y ) when X approaches C for the
right, written
lim, .+ f(x) =L*

Similarly, L is the left — hand limit for f (y ) when X approaches C for the
left, written

lim, .- f(X) =L

2_
Ex: Findthe lim,_, <1
(x-1)
] . x+1 o _ . (x+D)(x—-1)
Sol: 11mx_>1x_1 = llmxﬁl—(x_l)

lim, 1 x+1=1+1= 2

Theorem 1:
If lirnx—»c f(X) = Ll J 1imx—>c g(x) - L2

Then
1) lim, . [f(x) + g(x)] = L1+ L2
Ex: Find the lim,_,[f(3x% + 1) F g(y/2x% + 1)]
Sol: lim, o [f(3%* + 1) + g2 + D] = BED + 1+ (225 + 1)
(13)+ (3) = 16

lim,,[f(3x% + 1) — g(2x2 + )] = B +1 - (/2(2) + 1)

(13) — (3) = 10
2) lim,_ [f(x). g(x)] = L1.L2
Ex: Findthe lim,_;[f(3x% +1). g(y/2x% + 1)]
Sol: lim, _,[f(3x? + 1).g/2x? + D] = 3@ + 1. (/22H) + 1)

12
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(13).(3) = 39
3) lim,_,, [% == ifL2#0
Ex: Find the lim,_,, %

(x=2)(x2+2x+4) _ .. x242x+4 12
(x=2)(x+2) lim,_,, T4 T 3

x+2
4) lim,_.[K f(x)] = KL; Where K is a constant
Ex: Find the lim,_,(4x?)
Sol: lim,_,,(4x?) = 4lim,_, x? =4(2%) =16

Lo (x3-8) ..
Sol: lim,_,, o lim,_,,

5) lim,_ [ay + a;x; + a;x? + -+ + a,x"]
=ay+asc +a,c? - +a,c"

Ex: Findthe lim,_,(x%? —9)

Sol: lim,,,(x?—9)=4—-9=-5

6) Lim K=K, K is constant
Ex: Find the lim,_,_;3

SLI: limx_,_l 3=3

e . (x%+43)
Ex: Find the lim,_, 12D

(243)  limeso(x%4+3) 3_3
242x+1)  limyoo(x2+42x+1) 1

Sol: limx_,o e

Note:

¢ The limit of the absolute value function includes applied limit from
left hand and right hand, L™ ,L".

Ex: Find the lim,_, |x]|

xif x=0

Sol: Tim, {—x if x<0

13
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L+ = limx_)0+|X| = 0
L = lim,_o-|x| =0
Lt =1~

Ex: Findthe f(X) = 2 atx=-1

x2-1

Sol: x2—-1#0->(x+1Dx—-1)#0->x+#—1,x# +1

|x+1|—{+(x+1)if x+1=>20X=-1
-+ Dif x+1<0,X< -1
i @+ _ o @) _ L -1
L= lim, (x2-1) lim, —y+ (-1 (x+1) limyeg 25 = =3
S St —GHD) s ol
L= lim, - (x2-1) = limye - (-1)(x+1) limy -7 =3

R ANEN A

2 _
Ex: Findthef(x)zgxi}’ ii_} at x=—1

Sol: lim,,_4+ f(x) =lim,,_+3x+1 =3(-1)+1=-2
lim,_;- f(x) =lim,,_-x2+1 =(-1)2+1=2
s lim, g+ f(x) # lime, - f(X)
Ex: Find the lim,_3vV2x—6 ,at x =3
Sol: 2x—6>0 »2x>26->x2>3
L* =lim,3vV2x—6 =V6—6 =0
L™ = not exit
~ LY = L™ The limit is not exit
Ex: Findthe f(x) =1 atx =0

Sol: lim,_y+ f(x) = limx_>0+§ =lim,_y+1 =1

lim, - f(x) = lim,_o- _Tx = -1

14
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lim, o+ f(x) # lim, o~ f(x)

lim ";—' does not exist

1.10 Infinity Limits

This type of limits include division by the highest exponent of x from
numerator and denominator.

. 1
1) lim, o+ - =0
. 1
2) llquo—; —00
. 1
3) lim, -= 0
. . (x34x242)
Ex: Find the lim e T
— X2 (x241)
x3 x2 2 1 2 1 1
SOI l ;3'4‘;3‘4‘;3‘ _ 1 1+; +;3' _ 1+;+; _1_
My 0 2 1 = 1My 0 1,1 - 1,1 _0_
33 x %3 @ oo
. . (x%+2x+1)
Ex: Find the lim —_—
S 7P (5x2+42)
x2 2x 1 2 1 2 1
I 1i 2zt it oty _
SO . llmx_>oo xz 2 _ llmx_)oo 5+ 2 _ 5+£ _ E
5972-4'97[ x2 o
Ex: Find the lim,__,, —
— X270 41
Z 2 0
Sol: lim,_, o, =lim,,_ ,*~=—=0
AL} X—>—00 g_}_% X—>—00 1+% 140

1.11 Continuity

A function f is said to be continuous at y = C provided the following
conditions are satisfied:

1) f(C) is defined

2) lim, . f(x) exists

3) lim,,c f(x) = f(x)

Ex: Check the continuity of the function at x = 0.

f(x)=5

15
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Sol: 1) f(5) =

2) lim,,,+5=5
lim,_o-5=5
3) f(x) =lim, o f(x) =5
The function continuous at constant

Ex: Check the continuity of the function at y = 3.

o= 72 173

Sol: 1) f(3) =1
2) lim,_3(x—2)=3-2=1
3) fB) = limy,3 f(x)
The function continuous at y =3

x342x2+45x—1

EX: Is the function f(x) = i continuous at x = 1.

Sol: x2—3x+2=0
x-2)(x—1)=0
x—2)=0->x=2
x—-1)=0-x=1
~ f(x) where f(1)does not exist at x = 1
EXx: Check the continuity of the function at x = 0.
fex) = {—3 *#0
0, x=0
Sol: 1) f(0) =0

2) lim, o f£(x) = lim,o =%

X674 im, o (x2+3) =043 =3

= lim,_,

16
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3) lim, 3 f(x) # f(0)
The function is not continuous at x = 0
Exercises:
Q1: Find the domain of the function.

D) fx) =522
2) f(x) = —V—2x+3
3) F(x) = lx +3

Q2: Evaluatethe: f +g,f.g and g

1) f(x) =(2x+3),g(x) =x%,find f + g.

2) f(x)=0GBx+1),g(x) =3x—-2,find f — g.

3) f(x) = (2x+3),9(x)=x?,findf.g.

4) Letf(x) = (2x + 3) and g(x) = —x? + 5, find (fog)(x), (gof)(x)

Q3: Evaluate each of the following limits:

(x%+4x+3)
(x+3)
(x*-1)
(x=1)
. x—2
3) limyp o —
4) limy3(x — 3|
. 3x+9
5) lim,3—=—
. t+1
6) hmx_m m

7 f(x)= % , Check the continuity of the function at x = 0.
8) f(x) = Vx — x? ,Check the continuity of the function at x = %

1) limx_>_3

2) limx_>1

9) f(x) = {9 _222 2 ; J(; <3 , Check the continuity of the function at
x = 3.
3
10) f(x) = {‘/ﬁ i i 8 ,Check the continuity of the function at
x = 0.

17
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Chapter Two
Transcendental Function

2.1 Trigonometric Function

1) sin@=% y=rsind

r
2) c059=§,x=rc039
3) tanf =2
X
__1 _= r
4) cotB—tang =3 y
1 r
5) S@CQ—E—; \ 0
6) csc@z_;zz
sin@ y X

7) cos?6 + sin*0 =1
sin?0 = 1 — cos?0
cos?0 = 1 — sin?6

8) sec’6 —tan’0 =1

sec?6 = tan?0 + 1

tan’f = sec?6 — 1
9) csc?6 — cot?6 =1
csc?f = cot?6 + 1
cot?6 = csc?6 — 1
+« Addition and subtraction of trigonometric functions:
1) Cos(A + B) = CosA CosB + SinA SinB
2) Cos(A— B) = CosA CosB — SinA SinB
3) Sin(A + B) = SinA CosB + CosA SinB
4) Sin(A — B) = SinA CosB — CosA SinB

1
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tanA +tanB
5) Tan(A + B) o 1—tanA -tanB
tanA —tanB

6) Tan(A — B) =

1+tanA -tanB

1) sinA + sinB = 25in%cos%
2) sinA —sinB = 25in%cos$
3) cosA + cosB = 2COS¥COS¥
4) cosA — cosB = —Zsingsin%

+ Complications of trigonometric functions:

1) sin 26 = 2sin 6 - cosO

2) cos20 = cos*6 — sin’0 = 1 — 2sin%0 = 2sin’6 — 1
3) sin?f = % [1— cos26]

4) cos’O = %[1 + c0s20]
1—cos26
1+cos26

5) tan?6 =

A table for measuring the special angles:

0 30° 45° 60° 90° 180° | 270° | 360°

Degree or or or or or or or

0 n n T n i 3n 21

6 4 3 2 >

sin @ 1 1 V3

0 2 | vz | 7 1 0 1 o
cos 6 V3 1 1

1 > | vz | 2 |0 -1 0 1
tan 0 1

0 V3 |1 V3 | o |0 —0 [0
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2.2 Graphs of Trigonometric Functions
1) sin(—60) = —sin(0)

2) cos(—8) = cos(0)

3) tan(—0) = —tan(0)

4) cot(—80) = —cot(0)
5) sec(—0) = sec(0)
6) csc(—60) = —csc(0)

% Y=Sin x

Domain: —0 < x < o
Range: -1 <y < 1

X 0 /2 s 3m/2 27
0 1 0 -1 0
/ N\ 1-
= =32 -m -7/2 m/2 m 3r /2 o
1
% Y=Cos X
Domain: —0 < x < o
Range: -1 <y <1
/2 T 3m/2 2T
1 0 -1 0 1
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- =3 - T2 m/ (i T2 P
-1
% Y=Tanx

. — —3
Domain: x # +g,+7",

Range: —oo < y < oo

| | 4 ¥ | |
III 1 |I 1 1] |I |I 1
/i [ I [
I ] 2z / d o
F 1 I 1 4 F ]
A A N L
:- -:-l:::".- l-.-'r |-| 2- l. gl |-‘|E_ / 1%1 E/E e
i y -t f i
! L] ( [
|
| 1 - [ v=woo ||
i | . '
% Y=Cot x
Domain: x # +m, +211, ...
Range: —o0 < y < o
¥
10
7T % % 7T 3—,5': 27
_"'Il'-.“_.l-' T T T XL
-10



user
Text Box
Dr. Yusor Rafid 
Dr. Maha Abd 


Mathematics

Dr. Yusor Rafid

College of Education for
Pure Science/ Ibn Al-Haitham

Computer Science Dept.

Dr. Maha Abd 1% Class
% Y=Sec x
. — — 3
Domain: x # +g,+7“,
Range:y < —landy > 1
N
_3x -7T _m! (0] 7! 7T 3T
2 2! 2! 2
! -1 !
% Y=CsC X
Domain: x # +m, +2T1, ...
Range:y < —landy > 1
. 2 2
—2% _ 3m g T w 27
: > : 2

2.3 Limits of Trigonometric Functions

1) ll.mg_)o Sin =0
2) limg_g-2 =1

3) limg_gCosh =1
Cos6—-1 0

4) llm@ -0
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EXx: Find the following limits.

. Sin3x
D) limy o>

Sin3x 3

SOI: limx_,o T o= limx_,o

3
Sin3x
x—0 3x

31lim

1—cosx

2) lim,_,,

sin

1—cosx 0

. L X J— —_—
Sol: llmx_,ow =1 0

X
. Sinx
3) lim —_—
) x-0 cos x+1
Sinx

Sol:

Sin0

=3-(1)=3

lim,

cos x+1 o cos 0+1 o

3Sin3x
3x

_0_
2

2.4 Inverse of Trigonometric Functions

1) Inverse Sine (Sin ~1)
y =sin"lx - x = siny

EX: sinx: [— =, 2]

220 7 [-11]

Sol: «sin"'x:[-1,1] — [-2,7]

Domain: sin™! = [-1,1]
T T

Range: sin™! = [-3.3]
Domain: -1 <x<1
Range: —~ <y<~>

Ex: Find sin™! V2

T T

‘v
A
ff S
2 i
y=sSsIn x
| | >
> X
-1 1
e
2
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L.
2 2

2) Inverse Cosine (Cos ~1)

y =cos lx - x = cosy

EX: cosx:[0,m] — [1,—1]
Sol: .~ cos™1x:[1,—1] - [0,7]

Domain: cos™! = [1,-1]
Range: cos™! = [0, ]

Domain:—1<x<1
Range:0 <y <m

Ex: Find cos™1(-1)

Sol: x=cosy=—-1-y=nm

3) Inverse of tangent (tan ~1)
y = tan 1x - x = tany

Ex:tanx:[—=,=] = [—x, »]
Sol: ~tan!x:

Domain; tan™! = R
Range: cos ! = [—=,T]
272
Domain;:—oo < x < o
Range: —g <y <§

Yy =CO8 X

I3
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4) Inverse of cotangent (Cot ~1)
y = cot 1x - x = coty

Domain: R
Range: (0, 1)

Domain:—oo < x < o
Range:0 <y <m

5) Inverse secant (Sec 1)
y =sec lx > x = secy

Domain:x < —-lorx=>1
Range: 0 Sysmyqtg

6) Inverse Csc (Csc 1)
y = csc l1x - x = cscy

Domain: x < —lorx=>1
Range: —> <y <-,y#0

A
_______ .1
_v=cot"x
o
2\
| | | -
-2 .- i 2
}'
——Tr
_______ |
| | | > X
-2 -1 1 2
}v
A
L
7 VT y=csclx
| | | [
¥ 9 ;& o
e
2
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2.5 Natural Logarithmic Function

y=Inx -x>0

Range: R
Domain: (0,)

1 1 | x
-2 =1 0/1 2

Theorem:

1) In1=0, In2=0.69, In10=23
2) In(x-y)=Inx+Iny

3) ln(:j):lnx—lny

4) In() =lnl—Iny=—Iny

5 Inx* =alnx
6) lne=1

Ex: Find the following if you know (In 2 = 0.69)

1) In16
Sol: In16=1In2*=4In2=4-(0.69) = 2.76
2) Inv2
1
Sol: ln\/§=ln25=%ln2 =§-(o.69) = 0.345
3) 2In3 —3In2
Sol: =In3? —1n23
=In9—-1n8

= 1n§ —1n1.125=0.118
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2.6 Exponential function e*

1) y=e¥e=2.7182
Domain: R

Range: R (0,)

e =2.7182

e =(2.7182)°=1 >0

e? = (2.7182)2=7.29 >0
2) y=e*¥

el = (2.7182)"! = —

>0
2.7182

Theorem:

1) e =1

2) e*x1 . pX2 = ex1+x2
3) ﬂ = e*17X2

eX2
4) (ex)r =™,
—x _ i

5) e =~
6) e™ =Ine* =x

Vr € R

EXx: Evaluate the following:

1) Ine(®’

Sol: Ine(™* = —x2

2) eZlnx

2
Sol: eZlnx — elnx — XZ
3) e(lnx—Zlny)
Sol: = elnx-iny)

_ olmz) — x
y

10
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2.7 Exponential function a*
y =a*, a>0
a=eha a>0

QY = (elna) - ¥ = eulna

Theorem:
1) a® =1
2) al =a

3) a*-a¥ = a*"Y

4) (am)n = qmn

5) (a'/m)m = (a"/n) = Va™ = (Va)™
6) Z—; =qa*7Y

7 a™* = ix

a

Ex: Evaluate the following:
1
1) 42
Sol: =V4=2

2) 77%-7%-77*
SL': — 7—2+6—4 — 70 =1

Sol: =15%5=15'=15
5) (2°)?
Sol: = 210 = 1024
1
6) (3%%)10
Q
SLI: = 310 = 32 = 9

11
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7) 873
1 1 11
Sol: — = == ==
T @ Gm P4

2.8 Normal Logarithmic

y=log,x ,»x=2a
a>0
Domain: (0,)
Range: R
Ex: Evaluate the following:
1) log,(8) = 3
2) logs(625) =4
3) log,(64) =6
4) log;(81) = 4
5) log,(32) =5

Theorem:
1) log,1=0
2) log,a=1

3) loga(x y) = logax + logay
4) loga(g) = lOgax - logay
5) log, x¥ =y-log, x

_Inx

6) log, x =—

T Ilna
7) log.y=Iny=x->y=c¢e*
Ex: Evaluate the: y = logg X
Sol: logpx —» x=10Y

Ex: Evaluate the: 3 = log;, 2x

Sol: 2x = 10 - x = == = 500

12
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2.9 Hyperbolic Functions and Graphs

1) Hyperbolic Sine (Sinh)

y =SinhX , SinhX = <=
Domain: R
Range: R

2) Hyperbolic Cosin (cosh)

y = cosh X, coshX = eXJ;e_X
Domain: R
Range: (1,)

3) Hyperbolic tangent (tanh)

eX—eX

y =tanh X, tanhX = —
eXte X

Domain: R

Range: (-1,1)

13

BN W b
o
—t—

—4 —3 —2 —1
1+

—=1
_3__

—a 4

Vv = sinh x

—4 -3 —2 —1 ©
—2 41
73,,
—a 4

AN

y = cosh x

v = tanh x
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4) Hyperbolic cotangent (coth)

eX4e X
X

y = coth X, cothX = =

Domain: R - {0}
Range: {y:y < —1lor y > 1}

5) Hyperbolic Secant (Sech)

y = Sech X , SechX = ——
eX+e X

Domain: R

Range: (0,1)

6) Hyperbolic cosecant (Csch)

y = Csch X, CschX = ——
Domain: R - {0}
Range: R - {0}

14

BN W bk

-4 —3 -2 —1 © 1z 3 aX
j
¥y = coth x
¥
al
34
21
4—3—2—110 1 2 3 a*
_2_
73,,
—4 4
y=sechx
v
at
31
24
14
1 2 3 4*

y = csch x
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Exercises:

Q1: Find the limit of the following:

. tan x
1) lim, o

sin 20
6

2) lim9—>0
Q2: Find the inverse of the following:

1) sin (%)

2) cos~1(-1)

3) tan~!(-1)

Q3: Find the following if you know (In2 = 0.69,1n3 = 1.09)

4) ex+lnx
5) log1y(3x —5) =2

15
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Chapter Three
Derivative

3.1 Derivative by Definition
Let y=1(x) and let P(x, y) be fixed point on the curve, and Q
(X + Ax, y + Ay) is another point on the curve as see in the figure.
A
y =f (x), and Y
y+ Ay =f(x+ Ax)
Ay=f(x+Ax) -y
Divided by Ax

by _ fOeb0—f () . % |
Ax Ax 1 € Y

A X v
= [ @

Ax

f (X1 AX) A

Ay

A

»
»

X1 (X1+ A X) X

Slope of the curve y= f(x) at a point (x,f(x)) is the slope of tangent for this
curve at point (x,f(x)).

The derivative of a function f at a point x, written £ (x), is given by:

fx+Ax)—f (x)

frx) =M =limy, o—r

If this limit exists.

We define the limit may exist for some value of x . At each point x
where limit does exist, then f is said to have a derivative or to be
differentiable. Notations for first derivative as:

. dy df

= = — = — = D

y'=f@)=—=—=Df(

Notes:
1) M= f(x) "
2) Tangent line equation gutaal) alial) Alaaa

y—y1 =M(x—xq1)
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Ex: If f(x) = x% + 1, find f' (x) by definition.
Sol:
, . (x+Ax)—
£1(x) = limy, o L)
(x+Ax)2+1—(x%+1)
Ax
x2+2xAx+(Ax)2+1-x%—1
Ax
2xAx+(Ax)?

Ax
Ax (2x+Ax)

Ax
= limp, o (2x + Ax) = 2x

= limAx—>O

= limAx—>0
= limp, g

= limp, g

Ex: If f(x) = |x|, find £’ (x) at x=0 by definition.
Sol:

: - X, ifx=0
F00) = limy o LTy =%

Ax —x,if x <0
T |x+Ax|—|x| _(Ax, ifx=0
= llmAx_>0 A |AX| = {—Ax, fo <0
Where x=0

[0+Ax|—[0] _ |Ax|

Ax Ax

Ax
LT = lim —=1
Ax—0 Ax

- limAx—>O

_ . —Ax
L = llmAx_>0 E =—-1
R ANEN A
The limit does not exist due the function is not differentiable at x=0.

Ex:_Find the slope of the tangent line to the function f (x) = 3x+5 at the
point (4,2), then write the equation of the tangent line.

Sol:

Slope of the tangent line

f (e +Ax)—f (x)
Ax
f(4+Ax)—f(4)
Ax
3(4+Ax)+5—(3.4+5)
Ax

M = limAxﬁo

M = limAx_,O

= limpy 0
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12+3Ax+5-12-5
Ax

. . 3Ax .
= llmAxﬁO = llmAx_,O E = llmAx_,O 3 =3

equation of the tangent line:
y—y1=Mx—x1)
y—2=3(x—4)
y—2=3x—12->y=3x—-10

3.2 Rules of Derivations
1) The constant function
Let f(x) = k,where k is some real constant. Then

fe)y=k =0

Ex:
f(8)=(8) =0
f(=5)=(-5)'=0

£(0,2321) = (0,2321) =0
2) The identity function

fx) = x
Let f(x) = x, the identity function of x. Then
f)= (=1

3) A function of the form x™
Let f(x) = x™, a function of x, and x a real constant. We have

f)= " =nx""
Ex: f(x) = x*
Sol: f'(x*) = 4x*1 = 4x3

1
Ex: f(x) = x2
1 1 -1
Sol: f'(x2) =52 =3x7
Ex: f(x) =x7°
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Sol: f(x7%) =—2x7*"! = —2x7°

-1

Ex: f(x) =x3

,, -1 -1 Z1_ -1 =t
Sol: f'(x3)==x3 ' =—x>

Ex: f(x) = VX
Sol: f(x) = vx - f(x) = x2
F)=txt =1a7

4) Constant multiples
Let k be areal constant and f(x) any given function. Then

(k fCO) =kf (x)

Ex: f(x) = 4x°
Sol: f'(4 x%) = 4(x*) = 4(2x) = 8x

5) Addition and subtraction of functions
Let f(x) and g(x)be two functions. Then

@ Fg@)' =fx)Fg®

Ex: f(x) = 3\/§+2x—§

Sol: f'(3vx + 2x =) = (3x2) + (2x) — (8x~1)’
= 3(x%)' +2(x) —8(x71)
= 3(%:[71) +2(1) — 8(x72)

-1

=%xT+2—8x_2

6) Product rule
Let f(x) and g(x) be two functions. Then the derivate of the product

(). g(x) = f(xX)gx) + f(x) g (x)
Ex: f(x) = x*(x* +6)
Sol: f'(x?(x3 +6)) =2.x*271.(x3+6) + x2.(3x371 + 0)

4
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= 2x.(x3 + 6) + x2.(3x?)
=2x* 4+ 12x + 3x*
= 5x* + 12x

7) Quotient rule
Let f(x) and g(x) be two functions. Then the derivative of the

quotient.
(f(x)>' _f 9@~ g )
g(x [9(x)]?
241
Ex: f(x) ==
Lo (X1 @2x)(xH)—(x241).(2x)
sol: f ( x2 ) B [x2]2
2x3-2x3-2x
x4
—2x -2
xt T a3

8) Exponential function
Let f(x) = [f(x)]", function of x, and n is integer number and f(x)
differentiable function. We have

fEI) = n[f)]" . f (%)
Ex: f(x) = [3x* + 1]°
Sol: £'([3x% +1]?) = 2.[3x% + 1]>"L. (3.2x*>"1 + 0)
= 2.[3x% + 1].(6x)
= 12x[3x? + 1] = 36x3 + 12x

Ex: Find the slope of the tangent line to the function f(x) = x? + 2x at
the point (1,3), then write the equation of the tangent line.
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Sol: f(x) = x% + 2x
M=f(x)=2x+2=2(x+1) atpoint (1, 3)
M=21+1)>M=4

Y=y =Mx—x)
y—3=4(x—-1)->y=4x—-4+3=4x—-1

3.3 Derivatives of Higher Order

If f is a differentiable function, then f' is also a function. So, f" may have a
derivative, denoted by (f")’ = . This new function f” is called the second
derivative of f.

n n 2
Other Notations:  y" = f" (x) = %(Z_z) =2

The third derivative f'” is the derivative of the second derivative as:
f n - (f H)!.

dzy) _ d3y
dx2)  dx3

Other Notations: y" = f" (x) = %(_ dx3

Similarly, the fourth derivative " is the derivative of the third
derivative as: """ = (f"")". And so on.

Ex: Findthe y',y",y",y"" or y* for the function y = 2x3 + x> — 1
Sol:

y = 6x%+2x
y =12x+2
y" =12

y' =y*=0

Ex: Findthe y',v",y" ,¥" or y* for the function y = t* + 4t
Sol:

y =4t3 4+ 4
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y' =12t?

y' =24t

y' =yt=124

3.4 Derivatives of Composite Functions
Ex: Let (x) =5x—3, g(x)=2x*>+7,find

1. (fog)(x) and (fog) (x)
2. (gof)(x) and (gof) (x) » HW
Sol 1:
(fog)(x) = f(g(x)) = f(2x* +7) = 5(2x* + 7) — 3 = 10x? + 32
(fog) (x) = 10x% + 32 = 20x

3.5 Implicit Derivative

Ex: find dy/dx if

x° + 4xy3 —3y> =2

Sol: 5x* + 4x3y?(dy/dx) + 4y3 — 15y*(dy/dx) = 0
(12xy? — 15y*) dy/dx = —5x* — 4y3

_ (—5x*-4y3)
dy/dx T (12xy2—15y%)

3.6 Chain Rule

1) Ify=1(x),and x =g (t), then
dy _dy | dx
dt  dx dt

. ody . :
Ex:Let y=3x—-1, x=2t, find d—f using chain rule.

.4y _dy dx
Sol: dt  dx dt
=3)-(2)=6
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2) Ify=1(t),and t=g(x), then
ay _dy | dt
dex  dt dx
. dy . .
Ex:Let y=5u?+3, u=3x+1,find % using chain rule.
Sol:

dy _dy | du

dx  du dx

=10u-3=1003x+1)-3 =(30x+ 10)-3 =90x + 30
3) Ify=1(t),and x =g (1), then

dy
T
dx 9%

dt
Ex:let y=t? x=3t+1,find Z—i using chain rule.

Sol:

dy _ G
dx 9

dt
dy 2t
dx 3

3.7 Applications of Derivative
If s = s(t) is the position function of an object that moves in a straight
line, we know that its first derivative represents the velocity v(t) of the

object as a function of time:
O =5®=2
v =S = dt

Thus the acceleration a(t) function is the derivative of the velocity
function and is therefore the second derivative of the position function:

al®)=v () =s (t)
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Ex: Find velocity and acceleration at time t to a moving an object as:
s = 2t3 — 5t% + 4t — 3.

Sol:

ds )
v=—==06t-—10t+ 4

dt
a=%=12t-10

dt

3.8 Derivative of trigonometric functions
F)=y, =y, x=u

1) y = sin(x) » ¥ = cos(x)
ory =sin(u) -y = cos)(u) -Z—:

2) y = cos(x) =y = —sin(x)

ory = cos(u) » y = —sin(u) -Z—Z
3) y = tan(x) = y = sec?(x)
ory = tan(u) = y = sec?(u) -Z—z

4) y = cot(x) » ¥y = —csc?(x)

ory = cot(u) = y = —csc?(u) -Z—Z
5) y = sec(x) = y = sec(x) - tan(x)

ory = sec(u) - y = sec(u) - tan(u) -Z—z
6) y = csc(x) = y =— csc(x) - cot(x)

ory = csc(u) = y = —csc(u) - cot(u) -Z—Z

Ex: Find the y’ for the y = sin 5x
Sol: y' = cos5x-5 = 5cos(5x)

Ex: Find the y' for the y = 4 sec(x?) — 3 cotx
Sol: y' =4 -sec(x?)-tan(x?) - 2x — 3(—csc?(x) - 1)
y' = 8x sec(x?) - tan(x?) + 3 csc?(x)

Ex: Find the y for the y = \/sin2(x) + 2
Sol: y = /sin?(x) + 2 = [sin®(x) + 2]1/2
y' = %[Sin2 (x) + 2]_1/2 - (2sin(x) - cos(x) + 0)
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__ 2sin(x)-cos(x) _ sin(x)-cos (x)

B 2¢/sin(x)+2 B Vsin?(x)+2

3.9 Derivative of the inverse trigonometric functions

F(x)=u

1) d(sin "1 u) . 1 du
dx C Vi—uZ dx

2) d(cos "1 u) __—1  du
dx T V1-uZ dx

3) d(tan 'w) 1 du
dx T 1+u? dx

4) d(cot~1u) _ —1 du
dx T 1+4u? dx

5) d(sec "1 u) . 1 ] d_u
dx T uVuZ=1 dx

6) d(csc "1 u) . -1 ] d_u
dx lulVu?-1 dx

Ex: Findy forthe y =sin"'vx
: 1 1 11
Sol: 'y =

- /1_(&)2 ‘2WE Vix 24k
Ex: Find y' forthe y =+csc™13x
Sol: y = (csc_1 3x) /2

== (csc 13x) /2

13x |\/(3x)2 AS )
y "~ 2vesc 13x [3x|VIx2—1 2|x|\/9x2—1-csc_13x

3.10 Derivative Natural Logarithmic Function

!
y=lhx->y =-

X

y Inu
dy 1 dy
y _dx T u dx

Ex: Find y' for the y = x3-In(x)
Sol: y = x3 —+ In(x) - 3x2
=x? + 3X21n(x)

10
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3.11 Derivative Exponential function e*, a*
1) y=eX>y =¢e*1

— Lu " u_d_u —_
y=e'-y =e' " —, u=x
Ex: Find y forthe y = ex +*+1
Ska'zex2+x+1_(2x+2)
2) y=a* >y =a*-Ilna
y=a"—>y'=a“-lna-2—: , U=X,

Ex: Findy forthe y =5%*
Sol: y =5% -y =5%"In5-(2)
y =2-5%-In5

Ex: Findy forthe y = ¢S +inx+3

SLI:yr = gSinx Hinx+3 .1 ¢ - (COSX + %)

3.12 Derivative Normal Logarithmic

y=log,x, y==>, a#la>0

_1nx_) r 1
" Ilna y_x-lna
=log,u—>y =—1- %
y 8a y ulna dx

Ex: Findy forthe y =log;x? + 2x

. " . _ (2x+2)
Sol: y = (x242x)1n 3 (2x+2) = (x24+2x)1n 3

Ex: Find y for the y = logg e**!
x+1
Sol: y' = —— - g¥+l = ¢ =L

ex+ln 5 extlin5  In5

11
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Q1:

1) Find f'(x)if f (x) = x*> — x by definition.

2) Find the slope of the tangent line to the function g(x) = 3x?> —x + 1
at the point (1,3). Write the equation of the tangent line.

3) f(x)=Vx,find f (x)

4) f(x) = 23x+ 3, find f (x)

B) f(x) = x® —x, find f (x)

6) f(x)=4x®+5x2 find f (x)

7) f(x) =4 —4x + f find f'(x)

8) f(x) = (4x +2)%, find f'(x)

9 If y=x7—7x>+10x2, findy',y",y ,y*y°

10) If y=4x*—-12 +%, findy',y",y",y*

11) Let y=u3+1, u=2x?, find Z—Z using chain rule.

12) Let y=5t3+3t, x=3t2—-1, find Z—z using chain rule.

13)  Find Z—z if x*+y%+ yx.

14)  Find velocity and acceleration at time t to a moving an object as:

s =2t* —3t3 + 2t% — t at time =1 minute.

Q3 Find y’ for the following:
1) y = Sin(tan(x?))

2) y = csc(x) - sec(3x)
3) y =sin"!2x-cos™! 2x

4) y = In(3x + 5)?
5) y = e** — In(x)
6) y = e(sinx +cosx)

12
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Chapter Four
Sequences and Series

4.1 Sequences

A sequence is a set of numbers written in a given order. The numbers in
the sequence are called terms as example:
3,6,9,12,15 - sequence

Definition:

+ A finite sequence is a function whose domain is the set of integers as
{3,6,9,12, 15}.

s An infinite sequence is a function whose domain is the set of
positive integers as {3, 6, 9, 12, 15,........ }.

Both sequences have the general rule a, = 3n where a, represents the nth
term of the sequence. The general rule can also be written using function
notation: f(n) = 3n.

Ex: Write the sequence for the first six terms of the functions as:
a, =2n+3

Sol: a; =2(1)+3 =5
a, =2(12)+3=7
a;=2(3)+3=9
a,=2(4)+3=11
as = 2(5) +3 =13
ag = 2(6)+3 =15

Sequence={5,7,9,11,13,15}
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EXx: Write the sequence for the first six terms of the functions as:
f(n) = (=2)"*

Sol: f(1) = (-2)'"1 =1
f(2) = (—2)* 1= -2
f(3) = (-2)*' =4
f(4) = (-2)*1=-8
f(5) = (-2)>"1=16
f(6) = (—2)671 = —32

Sequence={1,-2,4,-8,16,-32}

EXx: For each sequence, write the next term, and write the rule or function
for the next term as:

a) 1 1 1 1
3’9’7 27’81’

Sol: You can write the terms as (— ;)1 , (— %)2 ) (— ;)3 ) (— %)4 .

5
The next term is as = (— l) = —— . A rule for the nth term is

3
=Y
b) 2,6,12,20,...

Sol: You can write the terms as 1(2), 2(3), 3(4), 4(5), . . . .

The next term is f(5) = 5(6) = 30. A rule for the nth term is
f(n) = n(n + 1).

EXx: list the next three terms of the sequence :2,4,8,16...... , and write a
general expression for a,.
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Sol: each term of the sequence is a power 2: 21,2%,2% 2% and the next three
terms should be : 2°,2°,2" or 32,64,128.

a, =2"
Ex: Write the first six terms of the sequence a, = n + 1.

Sol: a;=1+1=2

a,=2+1=3
a;=3+1=4
a4=4+1=5
85=5+1=6
a6=6+1=7

Sequence ={2,3,4,5,6,7}

Ex: Write the first three terms of the sequence f(n) = ﬁ
1 1
Sol: f(D) = 7=3
1 1
f@=55=3

f®=57=1

Sequence = {%,%,%}

Ex: Write the first four terms of the sequence f(n) = ”Z—J;z
Sol: f(1) ===

f@=35=5=1

@) =25=2

f@®=37=3
Sequence = {%, 1,%,2}
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Ex: Write the first four terms of the sequence f(n) = _in

Sol: f(1) = = = -3
f ==
f3)===-1
f4 ==

Sequence = {—3,_12, -1, _14}

EXx: Write the next term in the sequence. Then write a rule for the nth

1 2 3 4

term. —,—,—,—
20730740 50

Sol: the next term equal = %

n
f(n) = (n+1)10
Ex: Write the next term in the sequence. Then write a rule for the nth

123
E;E;Z:

4
term. c

Sol: the next term equal = %

fn) = =
Ex: Write the first six terms of the sequence f(n) = n?.
Sol: f(H)=1*=1
f2)=2"=4
f3)=3=9
f(4) = 4*=16
f(5) = 52 =25
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f(6) = 62 =36
Sequence ={1,4,9,16,25,36}
4.2 Series

A series is the sum of the terms of a sequence. You can use summation
notation to write a series as 2..

Definition:

¢ A finite series is the sum of a finite number of terms of a sequence as
{3+ 6+ 9+ 12+ 15}.
For example shown above, the finite series, you can write as:
3+6+9+12+15=Y>_,3i

X/

« An infinite series is the sum of an infinite number of terms of a
sequence as {3+ 6+ 9+ 12+ 15+ ------vns }.

For example shown above, the an infinite series, you can write as:
3+6+94 12+ 15+ = Y72 3i

EXx: Write the summation notation for each series.

a)5+10+15+...+100
Sol: The summation notation for the series is Y%, 5i wherei=1, 2,
3,...,20

1 2 3 4
b)5_|_§_|_z_|_E

Sol: The summation notation for the series is Z?‘;li%l wherei=1, 2,

Ex: Find the sum of the series ¥'5_, 2i.

Sol: ¥6_,2i=2(1) + 2(2) + 2(3) + 2(4) + 2(5) + 2(6)
=21 +2+3+4+5+6)=2(21) =42

Ex: Find the sum of the series Y:5_5(2 + k?).

5
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Sol: Yo s2+kH=Q2+3H)+2+4)+ 2 +5)+ (2 + 6%

= 11 + 18 + 27 + 38 =94

EX: Write the summation notation for the series.

a) 4+8+12+16+20

Sol: The summation notation for the seriesis Yo, i X 4 where i =1,
2,3,45.

b) 1+4+9+16+25+ 36

Sol: The summation notation for the series is Y°_, i wherei=1, 2,
3,4,5,6.

c) 12+20+30+42+56+72+90+ 110

Sol: The summation notation for the series is Y1%.(n? + n) where n
=3,4,5,6,7,8,9,10.

Ex: Find the sum of the series Y./ _,(k + 5).

Sol: ¥7_(k+5)=(1+5+2+5+@B+5+#“+5)+
5G+5)+(6+5)+(7+5) =6+7+
8+9+10+11+12 =63

Ex: Find the sum of the series Y3 _, 4n3.

Sol: ¥3_14n®=4x13+4x23+4x33
=4+ 32+ 108 = 144

4.3 Power Series
If {a,} is a sequence of constants, the power series in x centered at O is
represented as expression:
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o0
Eanxn :a0+a1x+a2x2+a3x3+ ...... +anxn ......
n=0

Here are some power series centered at 0:

(o¢]

Zx"=1+x+x2+x3+x4 ------ :

n=0

N n _— 12,13, 1 4
Z]Ex —1+x+§x +gx +ﬁx ------ )
n=

(0]

(MDx™ =14 x + 2x% + 6x3 + 24x* - -,

n=0

And here is a power series centered at 1:

hod _1\n+1
Z( 1) = (= D~ 2= P43 (= 1P =2 (e D)

EX: Write the summation notation for the series at n=1.

1 1 1 1
34 — 7 4 11 4 Z 015 4~ .19 4 L,
x+2x +3x +4x +5x + )

1 _
SOI: Z?{;l—xél'n 1
n

_1\yn+1
Ex: Find the terms of the series £, “%—
A I ST
Sol: = st st ’
4.4 Taylor's Series

If a function f can be represented by a power series in (x-a) called
Taylor's series and has the form:
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o= 3 @0

[@&-a?  fr@E-a"

= f@+f &k -a)+——

Ex: Find the Taylor series for f(x) = 1/x? centeredat a = 1

Sol: We have: f(x) = 1/x? so f(1)=1
f(x)=—-2x"3 so f(1)=-—
f(x) =6x"* sof' (1) =6

@) =-24x"> so f®(1)=-24

f®(x)=120x"%  so f®(1) =120

Therefore,

S=1+ 20— D45 -2+ (x -1+ (- D* +

=1—2(x—1)+3(x—1)2—4(x—1)3+5(x—1)4—

4.5 Maclaurin Series

A Maclaurin series is simply a Taylor series with a = 0.

ﬂ)—zﬂmﬂ

f (0 L OxT

=f(0)+ f (0)x + 21 n!
. o __t
Ex: Find the Maclaurin series for f(x) = )2
_ —_1
Sol: flx) = (1+x)?2 >

f(0) =1
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f)=-21+x)3 so  f(0)=—
fre)=61+x" so  f'(0)=6
f®x) =-241+x)° so  f®0)=-24
F®(x) = 120(1 + x)~° so  f®(0) =120

Therefore,

1

o = Lt 2k xR Rt

=1—2x+ 3x% — 4x3 + 5x*—..

Ex: Find the first three terms of the Maclaurin series for f(x) =1+ x

Sol: fG)=(1+x)7 so f(0)=1
f)=;1+x"" so f'(0) =7
ffey=—;0+0"72  so fO)=—3

Therefore, the first three terms of the Taylor series for v1 4+ x  are:

£(0) + £ (0)x +f() 1 rxr L
1
2

1
“x —=x?

=1+5x—-
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EXxercises:

Q1: list the next three terms of the sequence :1,% ,

W=

,~-+ and write a
general expression for a,.

Q2: Write the next term in the sequence. Then write a rule for the

1 37 15

sequence. -,-,-,—
2747871

Q3: Find the sum of the series Y3_, i(izl) .

0Q4: Write the summation notation for each series.

10 + 100 + 1000 + 10000

Q5: Find the sum of the series Y3 _,(20 — 2n) .

Q6: Find the Taylor series for f(x) = % centeredat a =1

1

Q7: Find the first four terms of the Maclaurin series for f(x) = —

10
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Chapter Five
Integration

5.1 Integration

The process of finding the function whose derivative is given is called
integration, it's the inverse of differentiation.

5.2 Indefinite Integral

A function y=F(x) is called a solution of dy/dx=f(x) if dF(x)/dx=f(x).
We say that F(x) is an integral of f(x) with respect to x and F(x) + c is
also an integral of f(x) with a constant c as:

[f(x)dx=F(x)+c

5.3 Rule Integration
1) fdx=x+c
2) [a-f(x)dx=a[f(x)dx
3) J(f(x) £ g(x))dx = [ f(x)dx + [ g(x) dx
4) flaf(x)£bg()]dx =aff(x)dx+b [ g(x)dx
5) [x"dx = r+1+c, r+—1

X
r+1

6) [LFCOI f (dx =L o) s

n+1

Ex: Calculate integration of the: [ 3dx
Sol: 3fdx=3x+c

Ex: Calculate integration of the: [ 5x2 dx
. 2 x3
Sol: 5fx dx=5-7+c¢

Ex: Calculate integration of the: | %dx

-2 _
Sol: 4fx_3dx=4-x_—2+c=—2+c

— xz
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Ex: Calculate integration of the: [ vxdx

3

1
(G+1) 3
1 2 2 24/x3
SO|Z=fx/2dx=x1+1 +C=XT+C= 3x +c
2 2

Ex: Calculate integration of the: [(3 + 6x%)dx
3
SLI:f?)dx+6fx2dx=3x+6-%+c=3x+2x3+c

Ex: Calculate integration of the: [ 6x? (2x3 — 6)*dx

3_g)\S
Sol: =& 1 ¢
- ] i . (z+1)dz
Ex: Calculate integration of the: | Lo

Sol: [ (2% + 2z +2) /3(z + 1)dz

2[(2* +22+2) Bz + Ddz =3 [(2% + 22+ 2) /3(2z + 2)dz

2
1 (22+22+42)73
2 2/3

5.4 Integral of Trigonometric Functions

+e=23YE+2z+2)7 +c

1) [sin(x)dx = —cos(x) + ¢
or [ sin(u) -3—1; = —cos(u) +c¢
2) [ cos(x)dx = sin(x) + ¢
or [ cos(u) -;l—z = sin(u) + ¢
3) [sec?(x)dx = tan(x) + ¢
or [ sec?(u) -Z—z = tan(u) + ¢
4) [ csc? (x)dx = —cot(x) + ¢
or [ csc? (w) -fl—z = —cot(u) + ¢
5) [[sec(x) - tan(x)] dx = sec(x) + ¢
or [[sec(u) - tan(u)] z—z = sec(u) + ¢
6) [ csc(x) - cot(x) dx = —csc(x) + ¢

or [ csc(u) - cot(u) z—z = —csc(u) +c¢
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Ex: Calculate integration of the: [ cos(2x)dx
Sol: %f cos(2x) dx = %f cos(2x) - 2dx = %sin(Zx) +c

Ex: Calculate integration of the: [ x sin(2x?)dx
Sol: %f sin(2x?) dx = %fsin(sz) - 4x dx

= i(— cos(2x?) + ¢ = —% cos(2x?) + ¢

e fcscz(\/})-:i/—;
sol: (V%) = (") =3-x~"

%fcsc2 (V) -\/%dx
=2 [ csc? (Vx) - —dx = —2cot(vx) + ¢

5.5 Integral of the Inverse Trigonometric Functions

Ex: Calculate integratio

1) fm—sin_1u+c
2)f%=cos_1u+c
3)

Tu+ec
5)f|u|\/u2_—sec_1u+c
6) flul:/%zcsc_lu+c

Ex: Calculate integration of the: [ W

Sol: u? =4x?=(2x)? 5~ u=2x>du=2

2 1, .
Efm=5fsm l2x)+c¢
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5.6 Integral Natural Logarithmic Function

f%dx=1n|x|+c, x#0
f%dx=ln|f(x)|+c, f(x) #0

2
Ex: Calculate integration of the: [ %dx
Sol: f(x) = x* = f(x) = 3x*

2
fsisdx =1In|x3|+ ¢
X

2
Ex: Calculate integration of the: | wdx
tan i)
Sol: f(x) = tanifx) - f'(x) = sec?®(x)
2
[2<9 gy = Inltanifi)| + ¢

tan i)
5.7 Integral Exponential Function e*, a*
1) fe*dx=e*+¢
ud_u_ u
Jet—=e"+c

EXx: Calculate integration of the: fe"4 - (4x3)dx
Sol: u = x* - u = 4x3

[ex" (4x¥)dx = e* + ¢

Ex: Calculate integration of the: [ x e ™" dx

2

Sol: u=—-x2>u =—2x

—2 2 -1 2 1 2
—Jxe xdx=7f(—2x)exdx=7e “+c

2) faxdx=ﬂ+c

Ina

fa“du=i+c

Ina
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Ex: Calculate integration of the: [ 3*dx
3X
- X —_
Sol: [3%dx =—+c¢

Ex: Calculate integration of the: [ cosg 4759 dg

Sol: u = —sinf, du = —cos0do
_ _sinf [_ _ 4—sin9
[ 4 (—cos)dd = ——+c

5.8 Integral Normal Logarithmic

| du =log,u+c

ulna

dx
or [——=log,x +c

xdx
x2In5

Ex: Calculate integration of the: [

Sol: u=x?,du=2xdx

1 2xdx 1
= = -log: x% + ¢
2'fx24n5 2 85 T

5.9 Definite Integral

[ f =1, feydx
= [f(x) +cl}
=({f(b)+c)-(f(a) +¢)
=fb)+c—f(a)—c
=f(b) - f(a)
5.10 Rule Definite Integral
1) [, (ki f () £ kpg())dx = by f) f)dx 2k, f, gx)dx

2) faa f(x)dx =0
3) fab f(x)dx = fac f(x)dx + fcb f(x)dx, ata<c<b, c€]lab]
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EXx: Calculate integration of the: f16(3x2 + 2x)dx

3x3  2x?
SO|:=T+T|?=X3+X2|?

= ((6)3 +(6)%) — ((1)* + (1)?) =216 +36 — 2 = 250

EXx: Calculate integration of the: foz Véx + 1dx
1 1
Sol: [ (4x +1)2dx =7 [ (4x + 1)2. 4 dx

3
2

1 (4x+1) 1
=Z. 3 |%=gw/(4x+1)3|(2)
2

=;(/B+D? -0+ D

=-(V¥-1)=-(V729-1)=1.27-1) =

EXx: Calculate integration of the: fon sinx dx

Sol: = —cosx|[§

=—cosmt+cos0=—-(-1)+1=2

Ex: Calculate integration of the:  f2cos 6 df

T

Sol: =sinf|j = sin%—sinO =1

EXx: Calculate integration of the: f_21|x|
X, x=0
—x, x<0

2 0 2
Jolxl = —x+ [ x
5

2 2
— _*0 L 12=0 1 f_()—_
2|—1+2|0 +2+2 2

sol: |x| = {

26 13

6 3
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5.11 Applications of the Definite Integral
+ Area Calculation

Let, y = f(x), connecting to the interval [a,b].
Therefore, the area can be calculated as:

-/ \

A=["f(x)dx

Ex: Find the area of the region bounded by the curve function y = x2 and
the x-axis and linesx x =1, x =3
Sol: f(x)=0

_ 32, X3 _27_1_26
A= [x dx ==1{ =5 —3
Ex: Find the area of the region bounded by the curve function y = —x?
and the x-axis and lines x = =2, x = 2

Sol: f(x) = —x% < 0

2 2 x3
A= [ fG)dx =[], —x*dx=—-=

23 (_2)3_
3 + 3

8 -8 16 16
3+3_| 31 3

Ex: Find the area of the region bounded by the x-axis and the curve
function f(x) = x? — 6x + 8, connecting the points of intersection of the
curve with the X-axis

Sol: f(x) =0
x2—6x+8=0(x—-2)((x—4)=0cox=20rx=4

f(x) <0, x in[2,4]
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3 2
A= f;(xz — 6x + 8)dx = (%—6%+8x) |3

= (L -3 +8@) - & - 322 +8(2)
= (T -48+32)-(G-12+16) =2 -T2 =22 =

3 3
| |
3 3

Exercises:
Q1 Calculate the following integrals:

1) [x%dx

2) [—dx

3) [(5x* — Pdx

4) [3x°dx

5) [[5+ 6x]* - 6dx

6) [(sec?(x)+ 4x®)dx
7) [ 3csdifx) - cotif)dx
8) [ cot"(Bx) - CSCEECBX) dx
9 [ =mdx

10)  [3dx

11) [3e*™ dx

12) [xe™" dx

13) [ 5224t

cos (t)dt
14) f sin (t)-In 4

15) flz x dx
16) fog(x3 —4x + 1) dx
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