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((1-1)) Definition [1]

Let X be a non empty set [X # @] Collection T of a Sub Set of X is called
((Topology)) on X if it Satisfies the following conditions:-

1- @, XeT.

2- The inter Section of any finite collection of elements of T is element of T.
((i.e))ifAeTandBeTthenANnBET.

3- The union of and in finite collection of elements of T is element of T.

((1-2)) Definition [1]

The elements of Tare called open.

((1-3)) Examples

LetX={1,2}and T,={ 3, X, {1} }
T,={0, X} , T3={9 ,X,{2}}

T4 — {@, X! {1}1 {2}}

The above are distinct topologies on Same Set X because T4, Ty, T3, T4

Satisfied Conditions of Top-Space
2-LetX={a,b,c}and T ={3 , X, {c},{b}}

Then it clear that is not topology on X because:-

{c}eTand{b}eThut{c}V{b}={b,c}e T

3-letX={1,2,3,4,5}andT={90 , X, {1,2,3}},{2,3,5},{1
, 5 }. Tis not topology space because:-{1,2,3}e T and {2,3,5}€T
and {1,23}n{2,3,5}={2,3%and {2,3} & T
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((1-4)) Definition [ 1]

Let X be any Set more than X has at last two topologies on X defined as

following :-

Ti={@ , X }isalways a topology on X and is called in discrete topology or
trivial topology .

((1-5)) Definition [1 ]

The family P(X) the Set of all Sub Sets X is Called Discrete topology on X
topology is Stronger than any other topology defined on X.

((1-6)) Remarks

1- (X, Ti)=(X, Tq) if X has one element
2- (X, Ty) is Called Discrete topology.

((1-7)) Definition [2]

Let X = R be the set of all Real number and let Ty be a family consisting of @
and all non — empty Subset G of R which have the following property { vV X €
G 3 open interval I, Such that:- X e l,€ G} Then (R, T,) is Called usual
Topology.

((1-8)) Definition [2]

Co — finite Topology: - Let X be infinite Set and Let:-
Tc={U:X-Uisfinite } U{@}, Then T, is Topology on a Set X.

((1-9)) Definition [ 2]

Let ( X, T) be topology Space a sub Set E of X is Called Closed iff X —E is

open ((i . €)) E closed iff E is open.




((1-10)) Example [3]

Let={a,b,c,d}and T={ 3, X, {a},{b},{a b} }
ThenE;={a, b, c}isnot Closed because :-
Ef ={d }is not open then E; is not closed

IfE,={b,c,d} Then E, is closed because :

ES = {a} is openthen E, is closed

((1-11)) Theorem [ 3 ]

If T, and T, are topologies on the Same Set X Then:-
1- T; N T, is Topology on X.
2--T; U T,isnottopology on X

((1-12)) Proposition [4 ]

Let (X, T)is Topology space Then :-

1- @, X are open sets

2- The intersection of a finite number of open Sets is open Set .
3- The union of in finite number open Sets is open set

((1-13)) Propositions [ 3]

1- @, X are closed Sets
2- The union of finite number of closed Sets is closed set

3- The intersection of in finite number closed sets is closed set.




((1-14)) Definition [ 3]

Let (X, T) beatopology, P € X any open Set containing P is Called
Neighbourhood .

((1-15)) Definition [3]

The Set of all neighbourhoods of appoint X € X is called the neigh
bourhood System of X and denoted by Ny .

((1-16)) Example [ 3 ]

Let X ={a,b,c}andletTis Topologyon Xand T={ 3, X , {a}, {b}, {a,
b}, {b, c} } Find The (nhd) system of appointsa, bandc.

Solution:-

T={@,X ,{b,c} {ac} {c} {b}}
1-N.={{a} {a b}{a c} X}

2-Np = {{b} {a, b} {b, c}, X}

3-Ne ={{b, c}, X}

((1-17)) Definition [ 3 ]

Let E € X .P € Eis called in terior point of E iff 3 Neighborhood N, of pin X
SuchthatP € N, S E.

((1-18)) Remarks :-

1- The Set of all interior Point of E is called interior of E denoted by E° or int(
E)ori(E).

2- Evidently we define:. A°>={E €T : Ec A}
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((1-19)) Example :-

Let X={a,b,c,d,e}andLetT={D, X, {a}, {c,d},{ac,d} ,{b,c,d,
e} } is Topology on X.

LetA={a,b,e} B={a,c,d}Then: 4°={a} , B° ={a,c,d}

((1-20)) Theorem [5]

A Sub Set A of topology space (X, T ) is open iff A= A.

((1-21)) Theorem [5]

Let (X, T) be a topology space and A < B Then:
1- 9% = ¢

2- X% =X

3-ifAS B Then A° c B°

4- A%°= 40

((1-22)) Theorem [5]

In any topology space ( X, T) Then (A n B)°= A° n B°

((1-23)) Definition [ 1]

LetE € X, P € XPis called Limit Point of E iff every neighborhood (N, of

P contains at Least one Point of E different From P.
((i.e))NN—{P}NE #0@.

((1-24)) Remark

The set of all limit Point of E is called Derived Set of E and denoted by D(E).
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((1-25)) Definition [3 ]

Let ( X, T) be topology space and Let E € X the closure of E the inter

section of all closed Sets in X which Contain E and denoted by E or cl (E)
(i.e)E=N{fcX:fclosed:E c f}

((1-26)) Remarks

1- E = the smallest closed Sets containing E.
2-if E € Athen Alis closed if E € A

((1-27)) Example :-

Let X={a,b,c,d,e}and T={ 3D, X, {a},{a b},{a,c,d} ,{a,b,c d}}

Find The closure of following Sets :-

1- {a}

2- {b}

3-{c}

4- {c;e}

- The closed Sets are: - = { X, @, {b, ¢, d, e} , {c, d, e}, {b, e}, {e} , {c,
d}7}.

1- {a} = X

2- {b} = {b, e}.
3- {¢} = {c, d}.

4- {C;_e} = {C ) d, e}'




((1-28)) Theorem [3]

Let ( X, T) be topology space and Let E is sub Set of X then :-

1-E is smallest closed Set Containing E.

2- Eisclosed iff E = E.

((1-29)) Theorem [ 1]

Let (X, T ) be topology space and A, B are Sub Sets of X then :

5- AUB = AUB

((1-30)) Example [ 3]

Let X ={a, b, c,d,e}and Let
T={0,X,{a,b},{acd},{a b,c,d}, {a b, e}}&A={c,e}
Then: D (A) = {d}

((1-31)) Definition [3 ]

A point P € X in atopology space ( X, T ) is Said to be boundary point of E

c X iff every Np of has anon intersection with E and E€

((1-32)) Remarks




1- The set of all boundary point of E is called boundary of E denoted b(E) 2- b
(E) = [E° U(E)" )°]°

((1-33)) Example

Let X={a,b,c,d,e}andLetT={0, X, {b}, {c,d}, {a b,c,d}, {b,c, d}
,{a,c,d},{a, b,c,d}}andLetA={c} Then:b (A)={a, c,d, e}

((1-34)) Definition [ 1]

A point P € X is an exterior point of E € X iff 3 open Set u € T containing p
andunE =4@.

((1-35)) Definition [1]

1- The Set of all exterior point is called exterior of E. 2- E¢= (E€)°

((1-36)) Example

Let X={a,b,c,d,e}and T ={d, X, {b}, {c,d},{b,c,d}, {a c, d}, {a b,
c,d}}andLet A={c} ThenA°={b}.
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((1-37)) Definition [3]

Let X # @ be anon empty Set and let T, be topology X if every open in Ty is
also open Set in T, that T, € T, then We Say that T, is Smaller or weaker or

coarser Than T, or T, is longer or strong or finer then T;.

((1-38)) Example

Let X ={a, b, c}and Let T, = {@,X,{a}} and T, = {&,X,{a},{a, b}} and Let
T:={@,X,{a},{b}.,{a, b}} Then We have T,.C T, C T,

((i . e)) Tsis finer then T, as well and finer than T,.

((1-39)) Theorem [3]

Let T, and T, be topology on a same Set X then T, =T, iff T, is finer then T,
and T, finer then T;.

((1-40)) Examples | 3 ]

1- The discrete topology ( X, T4 ) is largest topology an anon empty Set.

2- The indiscrete topology ( X, T;) is the Smallest topology on anon empty
Set.

3-Let X ={a, b, c}and let T, = {9, X, {a}}
T, ={9, X, {a}, {a, b}} & T:={F, X, {a}{b}, {a, b}}
Then: Ti C Tl c T2 c T3 c Td

((1-41)) Definition [5 ]

Let (X, T) be atop-SP and E € R Then :- E is Said to be Dense or every

where Dense in X if E = X.




((1-42)) Examples

Let (N, T°) be a co-finite topology and let E € N Such that E = { 2, 4, 6, 8}

Then E = N thus E is Dense in N.

((1-43)) Definition [ 1]

E is Said to be dense in it Self If every point in E is limit point {E,<, D {E}}

((1-44)) Example [3 ]

Let ( X, Ty ) be a usual Topology space E € X 3 E =[0,1] thin E is dense in
it Self .

((1-45)) Definition [3]

Let (X, T) be atopology space Then X is Said to Separable if there Exist E

C X Such that E is countable and Dense.
((i. e)) X is Separable iff X has Countable dense Set.

((1-46)) Example [ 3]

R the real number Set in R Then R is a Separable Set in R.

((1-47)) Definition [ 4]

Let ( X, T) be topology Space and let Y be a Sub Set of X the Relative
topology is the collection T given by :

T*={G n Y:G € T}The topological Space (Y,T*) is called Sub Space

((1-48)) Example [3 ]

Let X={1,2,3,4,5}and LetY be asub Set of X Such that




Y ={1,4,5}and T={3, X, {1}, {3, 4} {1, 3,4}{2, 3, 4, 5}}
ThenT*={GNY.:GeT}
T*={3,Y, [1], [4], [1.,4], [4,5]} , There Fore (Y, T*) is Subspace of ( X, T)

((1-49)) Definition [3]

A topology Space (X, T) is Said to be Separable iff There exists a countable
dense Sub Set A of X.

((1-50)) Example [3 ]

The Usual topological Spas ((R, T,)) is Separable Since The Set Q of all

rational numbers is countable Subset of R. ((s. 1)) Q =R

((1-51)) Definition [ 3]

A property of Topological space is called or is said to be hereditary Property if

it is satisfied by every Subspace of the given space.
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((2-1-1)) Definition [ 3]

Let(X, T) and (Y, T) be topological spaces and Let f: X - Y be Map Then fis

said to continuous at x € X iff for each U openin Y (f (x) € U) 3 an open set

Vin x containing x (x € V) such that f (V) < U.

X T

The function f is said to be continuous at the point a in X if there exists local
bases [Ha of a and Hia) of fla) such that for every B in S there exists a

in ~a such that C B.

((2-1-2)) Remark [ 3]

If the mapping f continuous at each x € X then the mapping is called

continuous mapping

((2-1-3)) Example[ 3]

Let X ={1,2,3}and T = {0, X, {1}, {2}, {1,2}}
Let Y = {a, b} and T={®, Y, {a}} and

f:X - Y defined as f (1)=a ,f (2) = f (3)=b
G=X- Ydefinedg (1)=b,g (=g (3)=a

Then f is continuous mapping but g is not continues mapping.




((2-1-4)) Example[ 3]

Letf: (X, T) = (X, T) be a constant mapping then f is continuous.
Proof:-
Letf. X— Y defendbyf(x)ec,Vx €.X

Let U be open subset in Y then:

XifCeU
-1 —
=)= @ if CeU

Since @ and X are open subset then f is continuous.

((2-1-5)) Example[3 ]

Letx={a, b, ¢, d} and T={0,X,{a}, {a,b}.{b,c,d}, {b}}and f: (X,T)— (X,T)
be a mapping by : f(a)= ,f(c)=b, f(b)=d, f (d)=c Then

1- f if not continuous .
2- f continuous at point d.
3- f not continues at point c.

((2-1-6)) Definition [3 ]

A mapping f: (X, T) = (Y, T*) is open mapping iff U is open in x then f (U) is

openin.,

((2-1-7)) Example [ 3]

Let (X,T)be topology space and let Y={a, b, c} and T ={ @,Y,{a}, {a,c}}
Then a mapping f:X— y defined as :f (x)=, ¥ x € X is open.

((2-1-8)) Definition [2 ]




A mapping f: (x,y) = (Y,T) is closed iff E is closed in X then f(E)closed in
Y.

((2-1-9)) Example [3]

Let (X ,T) be atopology and Y={a, b, c}and T={0 Y, {a}{a, c}then
mapping f:x — y defined f(x) = b; V x € Xis closed

[Results on continuous mapping in Topology spaces]

((2-1-10)) Theorem [ 3]

Let (X, T) and (Y, T) be topology space let f:x — y then f is continuous iff

the in veres image under f of every open set in y is open X.
Proof:-

Let f be continuous and let H be any open satiny if f(H) = @, it is clearly

open so let £ ™ (H) #0, letx € f* (H)

Then f(x) € H Bycontinuity of f ,3 an open set Gin X such that x €
G and f(G) S H. consequently x € G S f *(H)

This show that f* (H) is nhd of each of its points and therefore, it is open in
X.

Conversely , let the inverse image under f of every open set in y be open in X,
then in order to show that if is continues it is sufficient to show that it is
continues at an arbitrary point x € X let H be any open set in y such that

f(x) € H. Then x € f* (H) .by hypothesis f*(H) is an open set in X Now, if
we set f *(H) = G, Then h is an open set in X contain x such that f(G)=f[ f"
(H) 1< H. This Show that f is continues at each point of X.




2-1-11" Theorem [ 1]

Let (X, T) and (Y, T) topology space and let f: X —Y Then F is continuous
iff for each x € X The inverse image under F of every T —nhd of f(x)is T-
nhd of X.

Proof:-

Let f be continuous and let x € X let M be and T — nhd of f (X) then 3 an open
set Hiny Such that f(x) € H € f (M) Since f is continuous and His T open ,
So f *(H) is T- open this Show that f *(M) isa T — nhd of X.

Conversely , let the inverse image under f of every T-nhd of f(x) be a T-nhd
of X let H be any open set in Y note is f *(H) = @, it is clearly open So let f -
Y(H) = ¢ and let x € f "}(H) then f (x) € H, This show that His a T- nhd of f
(x). So by hypothesis ; f (H) is aT- nhd of X .Thus f (H) is a T-nhd of each of
its points and there its open, so it follows that in verse image under f of every

open Sub of Y is an open Sub Set of X. Hence f is continuous.

'"'2-1-12" Theorem [ 1]

Let ( X, T) and (Y, T) be topology space and f: X — Y then f is continuous iff

the inverse image under f of every closed Subset of Y is a closed sub set of X.
Proof:-

let f be continuous and let K be any closed sub set of Y then (Y-k) is an open

sub set of y so by continuity of f, f “(Y-k) is an open sub set of X But, f (Y

L)) is open and therefore f (k) is closed

Conversely: - let the inverse image under f of every closed sub set Y then (Y-
H) is closed and therefore by hypothesis f*(Y-H) is closed But f *(Y-H) =
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Y(H) = X-f (H). So X. f (H) is closed and therefore f }(H) is open. Thus the
inverse image under f of every open sub set of Y is an open sub set of X. This

show that f is continuous.

""2-1-13" Theorem [ 1]

Let X, Y and Z be any three Top — Spacesand letf: X — Y and g: Y — Z be

cont mappings Then the composite gof : X— Z is continuous.

Proof:-

Let H be any open sub set in Z, we must prove that (gof) *(H) is open sub set
in X. Since g is cont — g™(H) is open sub set in Y and Since f is cont — f
Y(g™(H))) is open sub set in X So, f *(g(H)) = (F*og™) (H) = (gof™") (H) is open
in X. Thus The inverse image under (gof) of every open sub set of Z is open
sub set of X.

'"2-1-14" Theorem [ 1]

Now A cf[f (A)] S ff(A)] — [f(A) S f(A) Let (X, T)and (Y,T') be

a topological spaces and Let f: X — Y Then f is continuous iff for every sub

set A of X (A) € f(A)
Proof:-

Let f be continuous and let A € X . Then f(A) is a closed set in Y. so by
continuity of f,f*[f(A)]is closed in X

~ FHEA) 1= F(A)] ... (1)
= A cf[f(A)] =f"[f(A)]

= f(A) C f(A)




Conversely:- Let f (A) S ]_f (A) for every A € X let K be any closed set in
Y, then f = K Now f *(K) is a sub set of X and by the given hypo thesis f [f
‘RNc FIF'RIcf=fORfYR)c f(R)

but f (K) € f}(K) ~ 1K) =f}(K) This show that (K) is a closed set in X.

'"2-1-15" Theorem [ 3 ]

Let (X, T) and (Y,T*) be a Topological space and Let f: X—Y Then f is
continuous iff for every B € Y; f(B) < f *(B)

Proof:-

Let f be continuous and let B € Y. Then B being closed, by continuity of f, f

(B) is closed - f~1(B) = f*(B). Now,B < B= f*(B) < f* (B)

= f (B) < f (B).

Conversely:- Let f *(B) < f *(B) for every B C Y.

Now, let K be a closed sub set of Y so that f = K.

Now, by hypothesis, f (K) < f*(K) = f *(K). But, f }(K) € f}(K)

~ £ Y(K) = f ™ (K) showing that f *(K) is closed thus the inverse image under

f of every closed sub set of Y is a closed sub set of X Hence f is continuous.

((2-1-16)) Theorem |1 ]

Let (X, T)and (Y,T) be topology space and let f:X — Y then fis
continuous iff forevery BC Y, {f*(B)} < (B)

Proof:-




Let f be continues and let BS y .then B°being open, by continuity of f, f* (B
is consequently { f*(B)cf* (B) = {f'B°)}°'c{f*B)}"

= {f'B°)c {f1®) )"~ {f'B)2f" (ByforeveryBcS Y
Conversely:- Let {f* (B) ' 2 f ™ (By foreveryBC Y

Let H be any open sub setof Y , so that H°=H

«. By given hy phthisis f*(H) € { f * (H)} Or

Fr(H) I {7 @)} But{f* (H) } = {f 7 (H) ~ {f (H)}"=f"(H)

Showing that f-1(H) is open Thus, the inverse image under f of every open sub

set of Y is on open subset of X Hence f is continuous

((2-1-17)) Theorem [ 2]

Let X, Y and Z be any Three topological spaces Let f: X - Y and g:Y —» Z
be continues mapping then, the composite mapping (gof) :(X— Z is

continuous

Proof:-

Let H be any set open z. then by continuity of g, g™ (H) is open in Y And by

continuity of f'{g™ (H) } is open in X

So,f*{g"(H)}=(f'og™") (H) is open in x. Thus the inverse image under
(g of) of every open subset of Z is an open subset of X. Hence of is

continuous.

'"'2-2-1" Theorem [3 ]

Let (X, T)beaTop—SP and let Y € X Then the collection:-

Ty, ={G nY: G € T} is Topology on X.
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Proof:-

1P eTANdONY=0= 0 €T,
XETANdXNY=Y=YET,.

(2) let H; and H;, be any tow sets in T, we must prove That
H, N H; € T,.
SinceHeT,=H,=G;nYforsomeG, €T
SinceH eTy=H, =G, nYforsome G, €T
So,HiNH,=(G;NnY) N(G,NY)
=(GinGy)NY €Ty

~ HiNHET,

(3) let { Hx : x €A} beany family of setsin T,.
We must prove that U {H,. x €A} € T,.

Since { Hy:. X €A} € T,. so that for each . X €A

SAsetGXET"S—t"H, =G xNY=U{Hxx€eEA}=U{G,NY:

X EA}=[U{Gx: X EA}|NY € Ty Therefore ~ U { Hy: X EA} E T, .

''2-2-2"" Theorem [ 3]

Let (X, T) and (Y,T") be topology space and let f: X — Y be continuous let A

c X Then the restriction fa of fto Ais To— T continuous

proof:-

let Hbe and T - open sub set of Y then fA'1 (H =ANf '1(|_|)

22




Note, by continuity of f, f* is T- open and therefore:

A nf (H) is Ta — open. Consanguinity, fo™ (H) is Ta — open Thus the
inverse may under f5 of every T — open sub set of Y is a To — open sub set of
A.

'"2-2-3" Theorem [ 1]

Let (X, T) and (Y, T') be topology space and f: X — Y be one — one and
continuous. Then f maps every dense in itself subset of X on to dense in itself
subset of Y

Proof:-

Let A be dense init self subset of X , Then every point of A is a limit point of
A . LetY € f(A). Then f being one- one 3 aunigue Xe A such Y = f (x) new
let N be T-nhd of f (x) then by continuity of f, f*(N) is a T — nhd of X But.

Xe A being a limit point of Af*(N) must contain at least a point Z # X of A.

Now Z € f}(N) = f () € (N).
AISOZ#X=f@)#fX) =Y

Thus N contains at least one point f ((Z) of f (A) defferent fromy. This shows
thaty is a limit point of f (A) thus each point of f (A) is a limit point of f (A) .

Hence f (A) is dense in itself.

"'2-2-4" Theorem [ 3 ]

E every continuous image of separable space is separable.

Proof:-




Let (X,T) be separable and let (Y, T") be topological space let be a continuous

mapping of X on to Y Now X being separable 3 a countable subset A of X

SuchthatA=X Y =f(X)=f(A) S m

So, f(A)=Y.~f(A)cY, always. Also f (A) is countable dense subset of Y
. Hence (Y, T') is separable.
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''3-1-1" Definition [ 3 ]

Let (X, T) and (Y, T') be Top — spaces and let f: X— Y. Then f is said to be:-
1 — Open mapping iff the image under f if every open set in X is open setin Y.

2 — Closed mapping iff the image under f of every closed set in X is closed set
iny.

3 — bi-continuous mapping iff f open and continuous.

"3-1-2" Example [3 ]

Let (X, T)and (Y, T') be a topology spaces: where
Y ={a,b,c} And T ={9,Y,{a}, {a c}} then a mapping f: X — Y defined as:

f(x) =a,vx €X Isopen since for any u is T-open set, we have:

® Whenu= @
f(u):{

{a} Whenu = @

And each on of @ and {a}is T - open set.
{f (u)is open iny ¥V u open Subset in X}

''3-1-3" Example [ 3]

Let (X, T) and (Y, T') be topology spaces and let Y = {a,b,c} and T =
{0,Y,{a},{a,c}}

Then the mapping f: X — Y defined as:- f(x) =b,Vx€X, is closed
mapping since for any fis T — closed set,

26




dWhenF = @
f(F):{

{b} When F = @
And each one of @ and {b}is T - closed
{f(F)isclosedinY V F closed sub set in X.}

"'3-1-4" Theorem [ 1]

Let (X, T) and (Y, T) be topology space let :X — Y Then f isopen iff f(A)

C [f(A)]° for every A CX
proof:-
Let f be open, Then A° being open it follows that f (A)° is open consequently,
[f (A)°]° = f (A®)
Now. A° € A = f(A)° C f(A)
= [f(A)° < [f(A)]°
= f(A)° S [fA)]°
Conversely:- let f (A°) € [£(A)]° for every A CX
Let A be an open subset of X so that A° = A
~ H(A) S [FA]° = f (A) S [F(D]° - [A° = A But [f(A)]° € f (A)

~ [f(A)]° = f (A). This show that f (A) is open when every A is open.




''3-1-5" Theorem [3 ]

Let ( X,T) and ( Y, T) be topology space let f: X — Y then f is closed iff
f(A) < f(A) forevery A CX.

proof:-

Let f be closed and let A CX. then A being closed f (A) is therefore closed

consequently f(A) = f(A)

Now,AS A = f (A) C f (A)

= f(A) € {f(D)
Hence, f(A) < f (A) for very AC X
Let A be a closed subset of X then A= A"
“f(A) €f @A) = f(A) €fA) [~ A=A]
But, f(A) C f (A) Therefore f(A) = f(A).

This show that f (A) is closed, when every so is A. Hence f is a closed
mapping.

''3-2-1" Definition [ 1 ]

Two topological spaces (X, T) and (Y, T') are closed homeomorphic if there
exits: One — to — one and onto function f; X — ysuch that f and f ™ are

continuous and the function f is called homeomorphism.




"'3-2-2" Example [3]

Let X ={a,b,c,d}and T = {0, X, {a}, {b}, {a, b}}

AndY = {a,b,c,d} and T {@,y, {c}, {d}, {c, d}}

And f: X — Y defined as:

f(@=a,f(b)=b,f(c)=c,f(d)=d. is(X,T)

And (Y, T") are homeomorphic?

1 —fis one — to — one and onto But f is not continuous since {c} € T" But
f1{c} = {c} & T . Therefore f is not homeomorphic.

''3-2-3"" Example [3 ]

Let X ={ab,c,d;T={0,y{c}{d}{cd}}and g (XT)- (Y, T) such
that.-g(@)=d,g()=c,g(c)=b,g(d)=a.is

(X, T) and (Y, T") are homeomorphic?

Sol:-

(1) And (2) are clear g is one — to — one and onto.
(3) Is g continuous?

MYET »g'(y)=XeT.

(*)g'{@}=0 €T

(*) g {c}={b} e T*,g"{d} = {a} € Tand

(*) g™t {c,d} = {a, b} € T. So g is continuous,

(4) is g™ continuous?




(*) @) {a}=g{a}={d}eT
) @) =0 €T
(*)(@") ' {br=g{b}={c}eT
*) @)Y =YeT.

(*) @) " {ab}=g{ab}={d c}eT

Since g is one — to — one, onto, g and g ™ are continuous.

So, g is homeomorphism. Therefore (X, T) and (Y, T') are homeomorphic

"'3-2-4" Theorem [ 3]

let (X,T) and (Y, T) be topology space let f be a one — one mapping of on to

Y then the following statements are all equivalent to one another:-
(i) f is open continuous.

(i1) f is homeomorphism .

(iii) fis closed and continuous.

Proof:- (i) = (ii) let f be a one — one open and continuous mapping of X onto

Y then by definition it is a homeomorphism so (i) = (ii)

(i) = (iii) : let f be homeomorphism. Then it is a one — one continuous open

mapping of X onto Y. Let f beany closed subset of X then (X-f) is open
Now f being open it follows that f (X-f) is open But
fX-H=Ft(X)-f(F)=Y-f(F)

Thus Y-f (F) is open and therefor, f (F) is closed. This show that f is closed

and continuous so (ii) = (iii)




(iii) = (i) : let f be closed and continuous let G be an open subset of X then X

— G is closed and being closed f (X-G) is therefore, closed
But, f (X-G) = f (X) - f (G) = Y-f (G)

Thus, Y. f (G) is closed and therefore, f (G) is open this show that f is closed

and continuous.

So (iii) = (i) Thus , (i) = (ii) = (iii) = (i) Hence all the given statements

are equivalent to on another

''3-2-5" Theorem [ 3]

Let (X, T) and (Y, T') be topology space let f : X — Y be a one — one
mapping of X on to y then f is a homeomorphism iff f (A) for every AcX

proof:-

Let f be homeomorphism. Then f is a one — one continuous and closed

mapping of X onto Y.
Let AcX then by continuity of f, we have f (A) € f (A)
Also, f being closed we have f (A) € f (A) , hence f (A) = f (A)

Conversely:- let f : X — y such that is f is one — one onto and for every A c X

letf (A)= f(A) Then f (A) € f (A) and f(A) € f (A) . But these results

show that f is continuous and closed f is one — one onto also, so it a

homeomorphism.




''3-2-6" Theorem [ 1]

Let (X, T) and (Y, T') be topology space let f: X — Y Be a one — one
mapping of X onto Y then f is a homeomorphism iff f {A}° = {f(A)}° for
every Ac X..

proof:-

Let f be homeomorphism. Then f is are one-one continuous and open mapping
of Xonto Y let A € X.

Then f being open we have f (A°) € {f (A}°........ (1)

Also f being continuous and on to and f (A)c Y we have f *[(f(A)]° = A°
[1(B°) < {f*(A)]° for every Bc y

Or [f(A)° < f (A)°

Thus for (1) and (2) we get f (A)° = [f(A)]°

Conversely:-

Let f be one-one mapping of X onto y such that f (A)° = [f(A)]° for every
Ac XThenf(A)° € [f(A)]°and [f(A)]° € f(A)°

But f(A)° € [f(A)]° for every A c X implies that f is open agin let BCX.
Such that B = f(A) or A = f*(B)

Now,
[FW)]° = f(A) = FIIF(A)°] € [f[f(A)] = A°
= f1®) < [ B

~{A = f(B)and f (A)=B}




IS homeomorphism
~XD=Y,T)= ,T)~ (X,T)
(iii) Transitivity:-

Let (X,T) = (Y,T)and (Y,T) = (ZT) and let f and g be the corresponding
homeomorphisms Then f is one-one onto, T -continuous and f* is T -T
continuous Also g is one-one onto T -T continuous and g* is T -T
continuous we claim that the composite mapping gof: X — Z is a
homeomorphisms since the composite of tow continuous mapping beings
being continuous it follows that got is T,T continuous more-over g* is

T~ T continuous and f*is T"-T continuous.
= f og™tis T" -T continuous

=(gof)tis T~ -T continuous. Thus gof is homeomorphisms and then (X,T)~
(Z,T).

Hence the relation of homeomorphism on the set of all topology space is an

equivalence relation. This shows that f *(B°) < {f™(B)}° for every B c y so f

IS continuous. Thus, f is a one — one continuous open mapping of X on to Y

Hence f is a homeomorphism.

''3-2-7"" Theorem [ 3]

The relation of homeomorphism on the set of all topological spaces is

equivalence.
Proof:-

This relation satisfies the following properties:




(i)-Reflexivity let (X, T) be any topology space then the identity mapping I:
X—=XIX) =X.

Is clearly one-one onto, | is continuous for if G € T, Then I''(G)=G € T.
Also l'isopen, forif Ge T, ThenI(G)=GEeT.
Thus I is homeomorphism. Therefore (X,T) = (X,T)

(i) Symmetry: - let (X,T) ~ (y,T) and let f be the corresponding

homeomorphism. Then f is one-one onto T-T  continuous and open. Now f is

one-one onto = f ™ is one-one onto f is open = f " is T-T  continuous = (f

Yt is T-T” continuous Thus show that the mapping f*: Y — X.




