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Course Description:

This course covers the outlines of general
principles, indeterminacy and stability, shear
and moment diagrams of structures, trusses,
approximate analysis, influence lines and
moving concentrated loads, analysis of
statically determinate structures, analysis of
statically indeterminate structures.



Course Objectives:

1. To impart the principles of elastic structural analysis
and behaviour of indeterminate structures.
2. Ability to idealize and analyze statically determinate

and Indeterminate structures.
3. To enable the student to get a feeling of how real-life

structures behave.
4. Familiarity with professional and contemporary 1Ssues.
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Student Outcomes: e

The student after undergoing this course will

be able to:

1. To understand analysis of indeterminate
structures and adopt an appropriate
structural analysis technique.

2. Determine response of structures by classical,
Iterative and matrix methods.
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Structural Analysisby R. C. Hibbeler- 8" edition.

REFERENCES:

 Theory of Structures by S.P. Timoshenko and D. H. Young - 2" edition.
 Theory of Structures by Yuang Yu Hsiegh.

e Structural Analysis by Aslam Kassimali, 4™ edition.

« Structural and Stress Analysis by Dr. T.H.G Megson — 2" edition, 2000.
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Course
Assessement:

Term | Laboratory
Tests

S00% | oo% | 100% |- | 60.0%_
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Topics Covered

Syllabus

1 Introduction to structural analysis

2 Determinacy and stability of structures

3 Shear and moment diagrams of structures

4 Shear and moment diagrams of structures

5 Simple Trusses and Compound Trusses

6 Complex Trusses OR Approximate Analysis of Structures

7 Influence lines and moving concentrated loads

8 Influence lines and moving concentrated loads

9 Deflection of determinate structures

10 Deflection of determinate structures

11 Analysis of indeterminate structures- Consistent deformation method.
12 Analysis of indeterminate structures- Consistent deformation method.
13 Analysis of indeterminate structures using Slope-Deflection Method
14 Analysis of indeterminate structures using Moment-Distribution Method
15 Review
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Unit-1

Introduction to
Structural Analysis

1.1 Types of Structural Forms
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Suspension bridge over the Menal Strait
near Bangor, Wales [Dietrich, 1998, p. 115]

The cast-iron bridge over the
River Severn at Coalbrookdale,
England, (1776 = 79) showing
a detail of the hearing plate
[Mehrtens, 1908, p, 270]

Robling’s Niagaras Bridge
[Guntheroth & Kahlaw, 2005, p. 135]

The first home of the
Institute of Engineers
of Ways of
Communication and
the Russian Highways
Auothonty — Jusugav
Palace on the River
Fomtanka, St
Petersburg [Fedorowv
2005, p. 57|
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Goltzsch Viaduct around 1850
[Conrad & Hinseroth, 1995, p, 762]

The Garablt Viaduct shortly after
completion [Eiffel, 1889)
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|
1.2 Loads "l
|

Load pash for 3 typical frame

»
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* Dead Loads

* Live loads

* Moving loads

* Impact loads

* Wind loads

* Snaw loads

* Earthquake loads

* Blast loads

* Temperature load

* Soil pressure l
* Hydrostatic load

* Centrifugal forces V 4

| TABLE 1-1 Codes
General Building Codes

Minimum Design Loadys for Buildings and Other Structires,
ASCESSEI 7-10, American Society of Civil Engineers
International Building Code

Design Codes

Building Code Requirements for Reinforced Concrete, Am. Cong, Inst. (ACl)

Manual of Steel Construction, Amenican Institute of Steel Construction (AISC)

Standard Specifications for Highway Bridges, American Association of State
Highway and Transportation Officials (AASHTO)

National Design Specification for Wood Construction, American Forest and
Paper Association (AFPA)

Manual for Railway Engineering, American Railway Engincering
Association (AREA)
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TABLE 1-2 Minimum Densities for Design Loads
from Matedials®

Abursanum 170 and
Concrete, plain aoder 108 170
Concrete, phain stonc 144 26
Conctete, seinforced cindes 1nl 4
Conerete, relnforved stooe 150 21538
Clay. dry LA LR
Chay, damp L 173
S snd gruvcl, dry, looss 100 157
Samd sl gravel, wet 120 K9
Musoury, ghtweight solid cuncrete 105 105
Mausonry, normal welght 135 N2
"hywood 0 57
Sacel, cobd-drawn 492 ”3
Wood, Desaghas Fir 12 53
Wood. Southicrn Pine 3 3x
Wood. spruce L) L E
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Elastic materials
Small deformations

]._

1.3 Theory of Structural Analysis Classification

Static Oynamic

Determinate Indeterminate

2-Dimensions 3-Dimensions

Linear Non-Linear

Non-Elastic materials
—_—
Large deformations
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S.1 (System International) Units: m, N, kg, sec

Imperial System Unites: ft, Ib, slug, sec

MPa = 10” Pa = 10° N/mm*
= 10" N/10° mm* = N/mm”*

ZoL ks o Poeas e

Conversion Factors

Example: in=254 mm
N/mm? = psi (Ib/in?): m = 3.28 ft
Ib=224N
1 b .
N __ NxXgmXxy @54 b Kg=9.81 N
mm?Z~ 1\ in? 224 in?
mm* X ——-25-4) xﬂ-mm
= 145-— = 145 psi
il
Example: A4
Pcf (Ib/ft*)=> kN/m?:
b 2.24 N -
- 1000
AT a s 0079
3.2_8)
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1.5 Multiplication Factors

10° = kilo
10° = mega
10° = giga
1012 = tetra
1072 = milli

106 = micro
10°% = nano

1.6
Idealization
of a Structure
and Loading
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Section x-x

Rigsd-jointed

Zaid Al-Azzawi

Dr.

Unit-1: Introduction to Structural Analysis
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1.7 Principles of Elastic Structural Analysis
.
1 Tmaaw
e L Platic  Falbser
T sme : :
Pepertond Batc/ | ;
A i '
.’-. M" - w - w' - ’ g
Livew heniony tetdrimy
npm ¥ )eldeg
Steel Concrete Idealized
Principles: 1. Linwar & Elastic
2. Small displacement principle
3. Superposition
4, Equilibrium
1.8 Equilibrium and Force Systems
A- Three-dimensional equilibrium equations: cuke S ramisea
YFRE=0 YF=0 YFE=0
A STM, =0 YM =0 SM.=0
*.
A ‘
a = Iyr.‘. " ety
- ~ -
| 2
-
18| Page Unit-1: Introduction to Structural Analysis Dr. Zaid Al-Azzawi




1.8 Equilibrium and Force Systems

B- Two-dimensional equilibrium equations: culiel hiaiine

YFE=0 YF =0 YM=0

C- Real-Life Supports:

LA
illencrs
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1.9 Stability

and Indeterminacy of
Structures
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1. Statically determinate structures: Structures that can
be analysed using equilibrium equations only.

2. Statically indeterminagte structures: Structures can
not be analysed using equilibrium equations only.

3. Redundant forces: The extra reactions that exceeds
and can not be found by equilibrium equations.

— _(T - o - e < e I
- e
J a4 1
= o= L, - AN,

o e 1 '

Determinate Indeterminate
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£
Degree of Indeterminacy: ; 7‘
I.D = No. of Unknowns - No. of Equations oy s A

I.D = NUK - NEQ

(a) Beams:

NUK = Reactions (R)
NEQ = 3+C

r = 3n,statically determinate

r > 3n. statically indeterminate

C = No. of Conditional Equations

I.D = NUK - NEQ = R-(3+C)

Example: i
J— ‘—"
. ' COLLKS > aeas e
Law LYe3) Skt delermime 1D =R-(34C)= 3-(5+0) = 0 5 Determinate
—— { |
'“i
Su= LY =M Stalically mletarvense o e soovd depres 1D = R'(’OC)' 5'(."0)- 2 = Indoterminate 2™ D"f..
i
F—‘\% o-‘-‘-L,- L. o—‘».- — =
i : r’
fantswid Saticaty dnievavmae LD = R-(5+C) = 4-(5+1)= 0 3 Determinate
v
I
Wi« L0 = %3 Soathaly bt raecars 1 Me Tesd degeo LD = R-(3+C) = 6-(3+2) = 1 & Indeterminate 1= Degres
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(b) Frames: Method-1 and 2 B C ‘wl

NUK = 6m+R A b
NEQ = 3m+3j+C

C = No. of Conditional Equations

I.D = NUK - NEQ 1 = <H=

= 3m+R-(3j+C)

Example:

Method-1 ir RSt
I.D = 3m+R-(3j+C) ]
.D = [3(6)+3]—-[3(6)+0] A

. D-=21-18§ =3

Method-2

1 t

r=9n=29>06,

Statically indeterminate to the

third degree L LJEN
(n)

23| Page Unit-1: Introduction to Structural Analysis Dr. Zaid Al-Azzawi



Example:

Method-1

[.D = 3m+R-(3j+C)
I.D = [3(7)+9]-[3(&8)+0]
LD =30-24=6

ZoL ks o Poeas e

r=%n=19>3%
Stutrcally indeterminate to the
sixth degree 114

Example:

Method-1

[.D = 3m+R-(3j+C)

[.D = [3(8)+9]—-[3(8)+0]
|.D = 33-24 =9

Al

TS > poemb e

Method-2 ’4; 'El'H . 'El' |
r=18n~XI8>9,
Statically indeterminate to the
minth Jegree (I
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I (b) Trusses:

NUK=m+R
NEQ = 2j

I.D = NUK - NEQ

= m+R-2j
Examples:
.D = m+R-2]j

I.D =19 + 3 - 2(11)
[.D = 22-22 = 0 - Determinate

[.D = m+R-2]j
I.D =9 + 3 - 2(6)
LD = 12-12 = 0 = Determinate
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In general, when the equations of static equilibrium are
satisfied, the structure is at rest and would say to be a STABLE
structure. When the structure, or any part of it, cannot satisfy
the equilibrium equations, it is said to be UNSTABLE!

. ; T

¥,
patadlel renctons
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For Beams:

R<C+3 — Unstable

R>C+3 — Stable Indeterminate
R=C+3 — Stable determinate

For Frames:

3M+R<3j+C — Unstable e
3M+R>3j+C — Stable Indeterminate R
3M+R=3j+C — Stable determinate

For Trusses:

M+R<2j — Unstable

M+R>2j — Stable Indeterminate
M+R=2j — Stable determinate

(A )
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Unit-2

Statically Determinate
Beams and Frames O

2.1 Beams
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Internal Loadings Developed in Structural Members

Structural members subjected to planar loads
support an internal normal force N, shear force
V, and bending moment M, To find theze values

M M
at a specific point in a member, the method of
sections must be used, This requires drawing a . ‘
free-body diagram of a zegmentz of the member, i/ ' N v

and then applying the three eduations of
equilibrium.

Alwayszs show the three internal loadingz on the
section in their positive directions,

r
The internal shear and moment can be expressed w
asz a funcrtion of x along the member by
establishing the origin at a fixed point (normally 4 . . D
at the left end of the member, and then using J |
the method of sections, where the section is } X e il e

made a distance X from the origin), For members
subjected to several loads, different x
coordinates must extend between the loads.

Shear and moment diagrams for structural members can be
drawn by plotting the shear and moment functions. They also
can be plotted using the two graphical relationships.

dv dM
dx &2 dx ¥
Slope of } = {Imcnsity of Slope of} =sheds
Shedar Diagram Distributed Load Moment Diagram

Note that a point of zero shear locates the point of maximum
moment since:

V=dM/dx=0
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e

Using the method of superposition, the momeént diagrams for a member can
be represented by a series of simpler shapes. The shapes represent the
moment diagram for each of the zeparate loadings. The resultant moment
diagram Is then the algebraic addition of the separate diaarams.

A force acting downward on the beam will cause the shear
diagram to jump downwards, and a counterclockwise couple
moment will cause the moment diagram to jump downwards.
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Example -9

An asymmetric portal frame is supported on a

roller at A and pinned at support D as shown

in Figure below. For the loading indicated:

i) detérmine the support reactions and,

i) sketch the axial load, shear force and
bending moment diagrams,

Solution:
Apply the three equatians
the force system

e fEF =0
+ve —= EF, =0

"we ) M =0

of static equilibrium to

Va=120~(160x50) - 1204 V=0
(6.0x4.0)+ 160+ Hp=0

“(Fyx80)=0
From equation (2): 400+ Hy, =0
From equation (3): 3720 - 801, =0
Fromequation (1) ¥V~ 1040 + 465~ 0

1I2KN 16 kN/m —

6 kN/m .

S0m

12 kN

C 16 kN

40m

30m

Va

-

Ve

(6.0 x 4.0X2.0) + (16.0 x S.OX2.5) +(12.0 x 5.0) + (16.0 x 4.0)

5 Hy=-400KkN ==
A Va=+d65kN |
LV=es2S5kN |
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Assuming positive bending moments induce tension inside the frame:

MB= —(6.0x4.0)(2.0)= —48.0 kN.m
MCm +(46.5%3.0)-(40.0x4.0)= ~20.50 kN.m

420 kNm 16kN/m 20,50 KNm

4 F‘
B C
F Fs
Member forces
The values of the end-forcez F1 to F8 can be B -p 000 Wha -REE-
determined by considering the equilibrium of L8 "W, aje
each member and joint in turn,
Mewbacr Torve
A

Conzider member AB: e
we fEF =0 +57.50-F,=0 » Fy= S1.50 kN
e EF w0 +(60x40)~F;=0 L Fy=240kN -
Conzider joint B:
ve 'SI", =0 There is an applicd vertical load at joint B = 12 kN ‘
“Fy 4+ Fy==120 S Fy= 4550 kN '
o= SF =0
~F+Fy =0 S Fe=240kN  ~»
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Conszlider member BC:

welEF =0  +455-(160%50)+Fi=0 SRS b
tve—eLF =0 +240-F=0 L Fm M0 -

Conzider member CD:

e K0 +465-Fie0

LFrea6SkN |
o= EF, =0 ~400+Fy=0 5 Fy=400kN —=
Check joint C:
sve | £F, There is an applied vertical load at joint C = 12kN |

4 F=Fym4345-465=~120

+ve —= LF, There is an applied horizontal at joint C = [6 kN —*
~Fe+ Fy==240+400=+160

Member CD: g SaVe e N
i .
o~ (4008« 5303 [} NE
Coma~060 Sina~030 ' J
o SO peen .
— A axial commpe whp £\
Al jins © "._—_ ———A\ )
Azl feooe = + (300 » Coner ) * (4650 « St p» + 612 AN {
oW \

St Borge = + (100 = Sioer )= (4650 = Conar )= + 4 10AN

a nms Sinsilarly 34 joint D
Axiald foece = 4 61 2 &N
Shear force = * L 10AN

Wi
“LMN_\\
\\\ LIONY 0N
W
PY IITE T ey L e L e
| - POAN AN
|
|
|
| Shear Parce Diagram i [ending Maarent INagram
|
L WAN
» A o
i
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Example ~10

A pitched-roof portal frame is pinned at
cupports A and H and memberz CD and DEF
are pinned at the ridge as shown in Figure 5.6,
For the leading indicated:

i} determine the support reactions and

i) sketeh the axial load, shear foree and g
bending moment diagrams. =

Solution:

Apply the three equations of static
equilibrium to the forece system in
addrtion to the £ moments at the pin = 0!

tve $EF, =0

Va=15.0 - (12.0 x 4.0) - 25.0 - 35.0 - 20.0 + ;= 0
+ve —=EF =0

Hy+ 12,0+ 8.0 +5.0+ 8.0+ Hy=0

sve ) IMy =0

N -y N

(12,0 x 2,5) + (8.0 = 5.0) + (12.0 x 4.0)(2.0) + (25.0 = 4,0) + (35.0 x 7.0) :
+(20.0 x 10.0) + (5.0 x 5.0) + (8.0 x 2.0) - (Hyy x L.O) - (Vy x 10.0) =0 ; SN e

#ve ) EMyy =0 (right-hand side) el |
z a1

+(35.0 % 3.0)+ (200 x 6.0) = (5.0 x 2.0) = (8.0 % $.0) = (M x 8.0) = (Vi x 6.0)=0 & uv lE

From Equation (3):  + 752.0 - Hy — 10.0Vy = 0 P 5

From Equation (4):  + 175.0 - 8,0Hy — 6.0V =0 {—ton | jen Lise

Solve equations 3(a) and 3(b) simultancously: Vy=+ 78.93 kN t Hy=~=37.30 kN *—

From Equation (2):  H\+33.0+ ly=0 Hy=+430KN -+

From Equation (1): ¥\ = 143.0 + V=0 Vi=+6407kN 1§

My=~(430x2.5)=~ 10.75 kNm

Me=~(430x50)-(12.0 x 2.5) = - 51.50 kNm

My = z¢r0 (pin)

Me==(200x3.0)+ (5.0 x 1.0) + (8.0 x 4.0) - (37.3 x 7.0) + (78.93 x 3.0)
=~ 47.31 kNm

My=+(8.0x3.0)-(37.30x 6,0) =~ 199.80 kNm

M= = (3730 x3.0)= = 11190 KkNm
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Fi
; Fi [
F, +C The values of the end-forees F1 to N
AL F12 can be determined by 199,80 ANm
$1.5ANm conzidering the equilibrium of each
member and joint in turn
) SO0AN
1204N : cl—
Member Forces
430AN A 330N |
6407 AN
TR93AN

Conzider member ABC:

tve {EF,=0 +64.07-F=0 5 Fy= 6407 kN
tve = LK =0 44304120~ F=0 L Fy= 1630kN -

Conzider Joint C:
sved £F, =0 There is an applicd vertical load at joint C = 15 kN |

~Fi+Fy=-150 L Fy=2907kN

tve == LF =0  There is an applicd horizontal load at joint C = §kKN —+

-F," Fi=+80 S FEiE230EN =
Concider member CD:

welSF =0 +49.07-(120x4.0)+ Fy =0 LFe-10TkN |

tve = Y =0 +2430-F,=0 5 Fe=2430kN o
Conzider member FGH!

welTh=0  +7893-Fy=0 5 Fyy = 7893 kN

twg=eXF =0 ~3730+80+¢F;:=0 5 Fia= 2930 kN ==
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Conzider Joint F;
sve $EF, =0 There is an applicd vertical load at joint F = 20kN |}

Fu+Fy =-200 L Fo=s893kN

tve == LF =0 There is an applicd horizontal load at joint F = SKN —=

tFu=Fp=+350 5 Filo™ 2430 kN =
Conzider member DF:

sve LK, =0 +5893-350+F=0 LF=2393kN |

o= EF, =0 =2430+ Fy=0 5 Fe=2430kN —

The calculated values can be checked by considering the equilibrium at joint D,

IZAN® D 40NN MR D

FOLI0AND

tve—e LF,  ~243042430=0

we 15F, = 1.07-2393=-250KkN (cqual 1o the applied vertical load at D).

a = tan (2.004.0) = 26,565

Member CD: 200N € Cosax w0890  Sinw=0.447
Assunise axiasl compression 10 be positive.
At joint C
WATAN Axial force = + (2430 x Cosar ) + (49.07x Sinar ) = + 43,66 kKN

Shear force = « (24,30 x Sinar ) + (49.07x Cosar )= + 33.01 kN

At joint D
@ T0aN  Axial force = + (2430 x Coser ) + (1,07x Sinar ) = + 2220 kN

Shear force = < (24.30 « Sing ) + (49.07= Cosar ) = < 991 kN
1OTAN

@ e (L00.0) « 18435

Member DEF: Cos 0=0N7.  Skd 0316

A aual pression 10 be positive.

Al jolet

Axial foroe = + (2430 = Cos@) + (2393« Sindl) = + J0.5TKN
Shear foeve = = (2430 « Sint) ~ (23,93 « Cosfl) = » S AN

Al joiet F
Axial foroe = + {2430 » Cos@ ) + (SK93x Sindh = + 4163 KN
Shoar foece = = (2430 « Sin@) + (5293 Cosd?) = + 413N
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Common Typez of Truzzez:
A truss (s a structure composed of slender \ /
members joined together at their end s

points. The joint connections are usually

formed by bolting or welding the ends of e
the members to a common plate, called a Qo 85 |
gusset plate, 4z shown in Fig, 3=1, or by  peese- & . )
BEG: piace; df o (VT 4. o —ERE - T
simply passing a large bolt or pin through : AL, |
each of the members. %
trusses lie a single p ¢ and are
f1 ze¢d Lo zupport reofs bridges s
» 1

= . . e
Roof Truzzez: e

- - P - t"r .
Roof trusses are often used as part of an A =y
industrial building frame, such as the one Va PR,
shown in Fig. 3-2 . Trusses used to support AT

roofs are selected on the basis of the span,

the zlope, and the roof material,

Types of
Roof Trusses
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Bridge Truzses: The main structural elements of a
typical bridge truss are shown in Fig. 3-4. Here it is
seen that a load on the deck is first transmitted to
stringers, then to floor beams, and finally to the
jointz of the two supporting side trusses. The top and
bottom cords of these side truszesz dre connected by
top and bottom lateral bracing, which serves to
resist the lateral forces caused by wind and the
sidesway caused by moving vehicles on the bridge.

Common Types of Bridge Trusses

Howe tross

Warres trus

7 N A »
"\ B 4 -,
| N
/ ‘{\ \5 // \'.\.
’::'.' i \\_ L A \:
A &
Prait tross K s
c
~x
2T ]
Ry
1/ L R
A R

Paremive tasy
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Assumptions for Design: To design both
the members and the connections of a
truss, it is first necessary to determine the
faorce developed in each member when the c D

will be made in order to idealize the truss.
A
1. The members are joined together by
smooth pins. "-
2. All loadings are applied at the joints. )m
3. Each truss member acts as an axial force //
member, and therefore the forces acting /1
at the end:z of the member must be /
directed along the axis of the member. If /)
the force tends to elongate the member,
it is a tensile force (T) , whereas if the ,é
force tends to shorten the member, it is N/
a compressive force (C). h

ALy

SR F DONTINE P

truss (s subjected to a given loading. In R Newasianbes
this regard, two important assumptions <l ’

B:;;E\t) £ (New joint) — S

New member ' t

r [

/
/)

//

1) Al Tesann 100 Akl Comrgronain

Claszsification of Coplanar Trusses:
Before beginning the force analyzis of a truss,
it is important to classify the truss as simple,
compound, or complex, and then to be able to
specify its determinacy and stability.

-

1) Simple Truss: The zimplest framework -
that is rigid or stable is a trianale,

a ‘

Therefare, a simple truss iz constructed

starting with a basic triangular element and
connecting two members to form additional
elementz. Az each additional element of two
members Is placed on a truss, the number of .
joints is Iincreased by one.

[LLRR § B AN

-
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2) Compound Truss:

This truss is formed by connecting tweo or
more simple truszses together. Thiz type of
truss is often used for large spans.

There are three ways in which simple trusses
may be connected to form a compound truss:

A, Trusses may be connected by a common
joint and bar.

B. Truszes may be joined by three bars.

€. Trusses may be jomed where bars of a large
simple truss, called the mdin truss, have
been substituted by simple trusses, called
séconddry trusseés.

*Compound truszZesz dre bezt analyzed by
applying both the method of joints and the
method of sections

(LUAR ) P A

gl

Iy

AL e

bt el fise 2

k)

Yarxem typen of popunend troses

3) Complex Truss :

A complex truzs iz one that cannot be classified

as being either simple or compound.

Simple truss compound truss

Complex truss

NN

Complex truss
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Method of Joints:

If a truss is in equilibrium, then ecach of its joints must also be in
equilibrium. Hence, the method of joints consists of =zatisfying the
equilibrium conditions L F, =0 and L F, = 0 and for the forces exerted on the
pin at each joint of the truss.

H
T SYON
l“‘ Fy, (compression)
Fo (lemvon )

()

H
(S (V) N

2N

. ‘
> 2 < ¥y (tension )

Fao (comprossion )

(n) 1<)

Example:

Determine the force in ecach
member of the roof truss
shown in the photo. The
dimenszionz and loadingz are
shown in the figure. State
whether the members are in
tension or compression.,

A, = 4kN D, = 4kN
’ (a)

Solution:

Only the forces in half the memberz have to be
determined, since the truss is symmetric with
respect to both loading and geometry.
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Joint A, We can start the analysis at joint A. Why? i
+1SF, =0 4= FasindP =0 Fus=8kN(C) "t
S EF, = 0; Fap - 8cos30” = () Fapn= 6928kN (T) "N
ih
Joint G. In this case note how the orientation of the x, y axes
aveids simultancous solution of equations,
NEF, = Fegsin60° = 3cos30° = N\ ik
3 >
Fen = 300KN (C) “{i &
+ASF, = 8- 3sin30° = 300cos60° = Fp = 0 /',j<‘;'w
KN
Fer = SO0OKN(C) ,_c,\~
Joint B,
+T2F, = (0 Fgpsin6)® = 3.00sin 30" = 0
,"," — l?? kN (T) Y
L
BIEF, =0 Fpe + 1.73cos 60" + 3.00cos 3 ~ 6928 = () xum. 5
!
Fpe = 346KkN (T) c.wuw n l'.._l
Gl
Example:
Determine the force in each member of the scissors
truszz shown figure. State whether the memberz are in
tension or compression. The reactions at the supports
are given,
Solution: = 414 &
Joint E, '
+/73F, = 1910 cos 30° — Fyepsin 157 =10
) X K l" “ - “'“ -
Fep = 639.11b(C) A = 12541h £ = 1910
; 3 s o (a) o= 19101
+NEF, =0 639.1 cos 15" = Fgp = 91.0sin 30" = .
Fgp = 521816 (T) Frp ; 9
Joint D. Fsy ‘\ "m
. . 4 ‘ E
‘/‘\.F( = (); “pr sin 75" = Fnr = {) lsi’ ﬁ"
+\IF, =0; —F + 6301 =0 Fpe = 630110 (C) ) - t FDJ
g ” 30! 639.1 Ib
191.01b X
(b) (¢)
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Joint C,

% 3F,

+15F,

Joint B.

+/3F,

Joint A.

INSF, =

Fepsin 45" — 639,1sin45° = 0
Fep = 639.1 1b (C)

Vv
3 ke >

|
- Vv
1751 . 63211

~Fep — 175 + 2(639.1) cos 45° = 0 200 N 4
75°

C X
Fer = 728816 (T) Fey A \63‘).1 Ib
45345 /% Fur
A
}

v 3 Fer x
Fapsin75" = 200 = 00 Fgp = 207.11b(C
BF BF ( (d) ©)

639.1 + 2071 cos 758" = Fu, =0 ¥

Fua = 692710 (C) 602.7 Ib
Foapcos 30° — 6927 cos 45° — 1414 = 0 141.41b

Fap = T2891b(T) 1254 Ib
1254 — 6927 sin 45" + 7289 sin )" = () Check (n

I C
F( n I
..( N

A ’

LEFwFy=0

W WX F, = O Fop = O
()
v
Fo y
n F!ﬂ
Fon Fou ‘ "o
\ Frg A X
/ % F ¥y Fu
L (c) VP XF, 0 Fypsind = 0
' b2 XF, = O Fepsin @ 4 0 = 0 Fan=10 (Sioczsind # 0)
teSFE w0 Fpp= (0 Fep = O(since sin @ # ) SR S0 ~Fy+ D=
Fiue=0
el
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Example:
Using the method of joints, indicate all the members
of the truzs chown in figure that have zero force.

Solution:
Joint D.
+1ZF, =0 Fpesinb=0  Fpe=0

BIF, =0 Fpe+0=0  Fpg=

|
-
=

Joint E, )
¢
o i X Fr 1
o‘—}.l. "'". "l, = () " y
b ¥, .
. ) Fya /
Joint M. "m [)— L =
5 b Fyiy 47.—-> — "
+/‘\"v = (’. I‘—"” ='{) () 1] "
Joint G. P Fis \
0f}.!~ = ": ".[;‘.1 = () (c) X
(d)
Method of Sections:
When the method of sections is used to determine
the force in a particular member, a decision must -, gt N
be made as to how to Yeut™ or section the truss. Ao e fietas da s Sk i o
Since only three independent equilibrium Schaenal § son't"h.olw'

equations (3F, =0 , LF, =0 and M, =0) can be
applied to the izolated portion of the truss, try to
select a section that, in gencral, passes through
not more than three members in which the forces
are unknown.
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Example:

Determine the force in members GJ and
€O of the roof truss shown in the photo.
The dimenszions and loadings are zhown
in the figure. State whether the
members are in tension or compression,
The reactions at the supports have been

calculated,

Solution: A,=0

Membiar Q) LI5S I 3 N 3fn 3 1 in 3n J1se3b
Free-Body Diagram. The force in member GJ ta)

can be obtained by considering the section Fy 300 Ity

Jdod i
150 b

aa . Taking the free-body diagram of the
right part of this zection:

G2
(+IM, =0, —Fepsin 30°(6) + 300(3.464) =0 o gl Oy

For = 3461b(C) A s ensss 1 115931

Member CO.

The force in CO can be obtained by using
section bb. Taking the free-body diagram of
the left portion of the zection:

1464 fi Xk For

150 1

(+EM, =0 —300(3.464) + Fo(6) =0
l:(_‘() = 1731b (T)

1331
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Example:
Determine the force in members GF and
GD of the truss shown in figure. State
whether the members are in tenzion or :
compression. T
o
N
1
A, =1 4-1—‘&{ -

Solution: a4,
HEMp=0:  —Fersin266°(6) = 7(3) =0 '.\ |

Far = T83kN (C) "'\ .
(+SMp =0, =7(3) + 26) + Fupsin563°(6) = 0 774 N

- L D t b %6

”Ul) = l-&] kN (C) ‘T " ¥' 3m -I -~

JAN JAN
L] 2

Syampa: . (4 Kk x
Petermine the force in .
members BC and MC of 4 : : 1001
the K-truzs shown in the & : 3
figure. State whether the A =0 1011

members are in tension
or compression.

o G

E F
“BSft——I15h—+I151t

Solution: A, = 2900 b 12000 15000b 180 1b G, = 1600 1
(a)
+3 —f¥s =5 §8) + Fne =3 L
L+2XM;, = G00(15) + Fpe(20) =0 ; fieE,
Fge = 217516 (T) V4 F
XN /.'.,/ :{ NI
The force in MC can be obtained indirectly by ad “LEun
first obtaining the force in MB from vertical force Cor - Fac
equilibrium of joint B, i.e., Fu;=1200 Ib (T) Then: 15 1 4?
+TEF, =00 2900 — 1200 + 1200 = Fyyp = 0 25001y 12001
Fur =2901b(T) (b)

11| Page Unit-3: Analysis of Statically Determinate Trusses Dr. Zaid Al-Azzawi




Hint:

It is also possible to solve for the force in MC by
using the result for In thiz case, pass a vertical
section through LKMKMC, and BC. isclate the
left zection and apply LMy =0,

-

LXF, = 0; (L>f . (—‘—-)F =0
B OV T VA OV T ¥ Tve
SISF, =0, 2900 - nm—( : )r .—( . )I’ =0 Fo _—
=1, . < - \",.-13 M \/l'; MA Fu
Fuk = 153216 (C)  Fyc = 1532I6(T)  Ans e

«cr

Compound Trusses:

If this type of truss is best analysed by applying both the method
of joints and the method of zections. It iz often convenient to first
recognize the type of construction and then perfarm the analysis
using the following procedure.

- im

Mixed Analysizs Method: o

Compound trusses can be
analysed usirig mixed method
where section method can be
used to find member forces
that will help In solving the
other ones using Joint
method or vice versa,

4 kN E, =SkN
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Solution:

L*-XM(- =k - q{-’) + 4(2) + F"(;(" sin6l)” ) = 0
Fug = 346KkN (C)

Joimt Az Determine the force in AB and AL
Joint H: Determine the force in A1 and HJ,
Joint I: Determine the force in I and IB.
Joint B: Determine the force in BC and BJ.
Joint J: Determine the force in JC.

Example:

Compound roof trusses are used in a garden
centre, as shown in the photo. They have
the dimenszsions and loading shown in Fig. a.
Indicate how to analyse this truss.

(B}
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Solution:
LHEMao =0 ~1(1) = H2) = I(3) = 1(4) = H{5) = O5(6) + 6{6) = Fre{6tan 30X} =0
Fep = S20kN(T) 1oty

By inspection notice that BT, EO. and HJ are zero-force members
since + 1 F, = Dat joints B, £, and H, respectively. Also, by applying
+NIF, = 0 (perpendicular to AQ) at joints P, Q, 8, and T, we can
directly determine the force i members PU, QU, SC, and TC,
respectively.,

It is a good practice to
try solving it yourself !

B I ™
IlmImimimIimIim

(b)

Example:
indicate how to analyse the compound
truss shown in the figure.

Solution:

The truss may be classified as a type-2
compound truss since the simple trusses

ABCD and FEHG are connected by three
nenpdrallel or nonconcurrent bars, namely,
CE, BH, and DG, ‘
12N
A, =0 Fl
- o !
T»:»- _,}g..
A, =3k vk 3k F, =3k

(0}
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Sy E.‘VB = (K

A

Fapy = Fep = 268k (C)

Hint:

Jaint C: Determine the foree in OB,

Joint Az Determine the force in AB and AD.
Joint D: Derermine the force mn DC and DB.

Practice, Practice, and Practice!

(4]

T R " { A
~3(6) = Fpgl6sind3") + Fepcos457(12) / \‘“
+ Fepsin 45°(6) = 0 | gy
12f T
3=3- Fuusindy' + Fepsinds® =0 ﬁ"—' |:r_' '
A i A" o 6sin &5 1t
-F"” cos 457 + Fn‘; - F('l. cos 45° =1 | 4 “’/’ 35 i
{, (8 1) 1"
Foo = 378K (T ron
oG = 3I8k(T) e
2
FAaSt
p A
N 4 §20
"’/ Jé
e RN
\ /‘$

Complex Trusses:

If this The member forces

be presented here

in a complex truss can be

determined using the method of joints; however, the solution
will require writing the two equilibrium cquations for cach of
the j joints of the truss and then solving the complete set of
2} equationsz zimultaneouszly, Thiz approach may be impractical
for hand calculations, especially in the caze of large truszzes.
Therefore, a more direct method for analysing a complex
truss, referred to asz the method of zubstitute members, will
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Procedure of Analysis:

1- Reduction to Stable Simple Truss

2~ External Loading on Simple Truszs

3- Remove External Loading from Simple Truss
4- Superposition

Complex Trusses 3 5
i X6
F D
~ FAD .; ’l‘z ‘/t’
* Deternunate
C « Stable
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Example:

Determine the force in each member of the
complex truss shown in the figure. Assume .
jointzs B, F, and D are on the same e Ay
horizontal line.

State whether the members are in tension
or compression.

]

Solution:

-~ L3 L -

(i)

1- Reduction to Stable Simple Truss s

e—— % 2D

2~ External Loading on Simple Truss »——__ Fa
Sk .—-" ‘\r“ N )
4375 43751k

3- Remove External Loading from Simple Truss ——

i«
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4- Superposition
SDB — S'DB = XSpp — 0
~2.50 + x(1.167) = 0

x = 2143

S,‘ -~ S,' + XS§;

|

Mambar S 8 x1, s
ol 354 -7 ~1.52 202(T)
D -35 -0, MN07 -1.52 F05(C)
FA ] 0413 .79 LN
It ] (N33 1.79 L™
Ly 0 ~0.712 ~1.53 1 53(C)
ED -4 -0250 —0.536 491 (C)
DA RIS ~-0.712 ~1.53 IRL(T)
DR -2.50 1107 2.50 0

B 250 ~.250 ~0.536 19 1)
CH 214(T)

<)
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Unit-4

Approximate
Analysis of Structures

Awesome
Structures
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Approximate Analysis
of Tall Buildings under
Lateral Loadings:

1. Portal Frame Method
2. Cantilever Beam Method

Causes of Lateral Loading:

1. wWind
2. Earthquakes

.‘--" -~
-‘—‘- .
‘:\5:“4-
e .
.\‘ -‘ "
s T
. ay s~ ’0
SN »
N .: ¢§ ;o
SN W\ 77
N N
'\f~\/' y/
N/
N/

BEAMS

=) coLumns

A 6El A
/_“|"| I | | 2
L
A
A B a M=0
t A
BEL A e
L‘)
(RS FEMAA 1T Thedey af Smetave DWW 1321 .
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Anti-Symmetry

{
hinge in the mid of each member ll A

F [ T
—

Criterion-1: when frame (= subjected to lateral loads, we ¢can put intermediate **1

F/2 I F/2
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One Storey Frames:

| | F/2
F/2
F/2 F/2

"1

FL% FL%

e -
F/4 F/4 | F/4 | F/4
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Criterion=-2: when frame is subjected to lateral loads, the interior colum
carries the double of the exterior columns
F/2 F/2
o= e
A o
F/4 F/4 F/4 F/4
F
—e
i
F/4 F/2 Fl4
Example-1:
24 t
— ——
4
121 |
i —
4
8 8
I I /| R - S V.
5|Page Unit-4: Approximate Analysis of Structures Dr. Zaid Al-Azzawi




Member Apalyzis:

N
S
—

24 1 —
! ! ! 2
<+ e Q—I
F, oF, F, 121
£F, =0
4F =24
$F, =0
4F,=36
Fo=0

Member Apnalyzis:

UL ES > e
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Joint Analyziz:

0 (24-F,)x2- 4F, =0
4F, =12
- 3 F3 - 3

By

f v
T ES > paemdwa

OR o e

mnsv-o‘ wa

k. b,

; act 1
E_ —
B .
o &
4F,=6x2
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& k=0

els 2M,=0
12 12x2 = (3+F, )x4

o zZF,=0

A

SO S O o e

18 13 3 o : -l

UL ES > e

3
i3
—
5]
o ——
[z =Fy=0
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241 L
241 't'_r‘ﬂ |.|,
— A -, y .
r-': 7 l - : COLL IS O Iheaas e
6 12 6!~
G >-—— > 1 ! o o
13 T[) ; = -_l ) 9

?.LE FX =0 <+
8 EIMgy=0 £

05 ZF,=0
| 4 ; |
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12 .i. . 1
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Example-2:

24 t
16 1 4
8t o
4
T TR T A 8 N

" Vl- v'w v'

Solve it yourself based on what you have learned in
the lecture!

It is the same question for the tutorial session
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TS D o ea

Unit-s

Influence Lines

'''''

Awesome Bridges

ooy of Sructuna CAYE 3321 LLasatee
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r=25M
! ey =5 1‘
£ 9 3 a0 A |
4 101t I"‘ A, 1 |8
A IMy=0.-A,(10) + 1(7.5) =0 A EMy =0, A (10) # 1 (5)~0

A, = D75 A, =05

imfluence kine for A,

(e)
Influence line equation: —x -l'
GG — 0
D
’ \ B
\ ] Y
.\\\ oo 10t —
/s ¥ N I\
S S (f)
Q¥ o
A @
l\\
s
Qe
& A
A\® . .
o) mfluence hine for A,
»
(¢)
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in the figure.

(+EM,=0;  B,(5) - 1(x)

B,

Example: Construct the Influence line for the veértical reaction at B of the beam

I
3.
|

=]

influence line for B,

Example: Construct the influence line for
the shear at point € of the beam
in the figure

=1

0nis 024 75 124
|
\, v,
(1 (] )
M TR, =LV, it '\I “:' e TXF, = 0,V u'-.‘t
nas o2s

3|Page Unit-5: Influence Lines

Dr. Zaid Al-Azzawi




Influence line equation:

2o Al '
fr— 1 (tl Y 2511 <
25t~ v, 1
| : () B,
10

r= 1on

in the figure

X "l(

0 0

4 -0.5

4" 0.5

8 0
12 ~0.5

Example: Construct the influence line for the shear at point € of the beam
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Ve = —.ﬁ X 0=x<4m

Ve=1-3x dm<x=12m

Example: Construct the Influence line for the moment at point € of the
beam in the figure

:ani B
¢ t 10" — -
0,75 02§
A |
Mg %e— g T S
/ — !/ = L)) R e
&'1 511 \ 2.5 /-" ¢ 2
( T tEMe=0; M+ 025(5) =0 -
Me= 125
vV, .
0.25 5 10
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Influence line equation:

beam in the figure

M,

1)“':l- dm
4m 0\‘
1,

(HEM-=10 M= US5—x)— |1 —“,!|‘ : (*EZM-=0
Me=3ix 0O=x<5f M,
I |
L i
1 M, . M i
pete = (et
i t
A, =1 ili' i, =1 I:“\ B,
Example: Construct the Influence line for the moment at point £ of the

o]

FIJ(T[

|
— 1
s

6|Page

Unit-5: Influence Lines

Dr.

Zaid Al-Azzawi




Influence line equation:

Mc = 3x 0=x<4m > |0
0 O
Mc=4-3x 4m<x=12m 4| 2
81 0
M, 12 |—2
8 12
. .

Example: Determine the maximum positive shear that can be developed at point
C in the beam shown in the figure due to a concentrated moving load
of 4000 b and a uniform moving load of 2000 lb/ft.

Concentrated force: Y | T: 5

Ve = 0.75(4000 1b) = 3000 1b P 08

Uniform load: 5
Ve = [3010 ft = 2.5 £1)(0.75)]2000 Ib/ft = 5625 1b \

, 5 1

s

Total maximum load:

Wi s
Xenihn

(Ve )max = 3000 1b + 5625 1b = 8625 1b -
AL

&
P o
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Example: The frame structure shown in the figure 15 used to support a hoist for
transferring loads for storage at points underneath |t. It is anticipated that the
load on the dolly iz 3 RN and the beam CB haz a mass of 24 kg/m. Azsume A iz a
pin and B is a roller. Determine the maximum vertical support reactions at A and
B and the maximum moment in the beam at D

(A )max = I000(1.33) + 24(9.81)[1(4)(1.33)]

4.63 kN .

inllusace line fos A,

= 3.3 kN in L/

f |

(B )uas = 3000(1) + 24080 H3)(1)] + 2409811 1)(~0.333) ]

033 AW 3
i flencs line foor M,
Ny
(M) = 3000(0.75) + 24(9.81) 3 (1)(~0.5) | + 24(9.81)| }3)(0.75) ] L . uzs

= R . A s
2AGKN-m Ar -u:v|/?— IS im——iSm—

L) v oy 2t Snetiree UWI X321 fiuence Boe fue M,
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Qualitative Influence Lines

¢ The Muller-Breslau principle states:

The irflbence e for a funchen (reoction, sheor
moment) ig to the same scobe os the deflected
shope of the becem when the beam is acted on by
the function

Ta draw the deflected shape property, the chility
of thhe Beam e reaid? the applied funetion st

be removed

Qualitative Influence Lines

= Far example, consider the following simply
supported beam.

A . L

= Let's try to find the shape of the influgnce ling
far the vertical reaction at A,

Qualitative Influence Lines

* Remave the ability To resiat movement in the
wertical direction at A by using a guided raller

Qualitative Influence Lines

= Cansider the follawing simply supperted beam,

—_————
4 = [ _ 5

* Let's try to find the shape of the influgnce line
for the shear ot the mid-paint (paint C).
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Qualitative Influence Lines

= RBemove the ability to resiat shear at point C

.

| Theicheargs 0
| sk o aspud 16 L |

ST
e ——

| — = -

| B

Qualitative Influence Lines

s Cansider the followrg simply suppoerted beam,

A4

=y

v Let's fry 1o find the shape of the influence line
for the moment at the mid-paint (point ).

Qualitative Influence Lines

» Remove the ability o resist moment ot C by

using a hinge
e -\--H"-\-\.__\_
= = aine
A= Hi -
Mo
o
__4-"'- T
_.-—"P- i —
| g —_ -

Qualitative Influence Lines

» Sketch the shape of the influence line for the
reactien at peint B

- - g

Qualitative Influence Lines

= Sketch the shape of the influence line for the
reaction at point B

Qualitative Influence Lines

# Sketeh the shape of the influence line for the
reoctisn ot point A
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Qualitative Influence Lines

= Sketch the shape of the influence line for the
reactien at poirdt A

A

Qualitative Influence Lines

= Sketch the shape of the influence line for the
reactien at pomnt B

A L -]

Qualitative Influence Lines

v Sketch the shape of the influgnce line for the
reacticn af paint B

Quualitative Influence Lines

* Sketch rhe shope of the influence line for the
shaear at paint C

f———E———
o = == = L

Qualitative Influence Lines

= Sketch the shape of the influence line for the
shear at point © ﬂ]
[

A':- " E.ilh SI[u = b

W T

Tha n
rhapr i ool Fol
L 2
e [

Qualitative Influence Lines

= Sketch the shope of the influence line for the
moment at point £

A - B e D
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Qualitative Influence Lines

» Shetch the shape of the influence line for the
moment at point C

i

==

A = D

e,

e

Qualitative Influence Lines

» Sketch the shape of the influence line for the
moment at point B

A B £ . 0

Qualitative Influence Lines

* Skefch the shape of the influence line for the
moment ot point B

At
i .
A c =5 b
"‘I
i
L™ S

Qualitative Influence Lines

* Sketch the shape of the influence line for the
shear at paint B

R C = o

Qualitative Influence Lines

= Sketch the shape of the influence line for the
shear at point B
by

= ST
ey | Fim g s |
[ o e |
[ |
-\-\___\_l e

Qualitative Influence Lines

= Draw the infherce fines for the vertical
reaction ot [ and the shear at E
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Qualitative Influence Lines

# Draw the influence lines for the vertical
reaction at D and the shear at £,

E o

—_— —
LT ?E F

|'n'-"|' W -a— i a ‘l—:-.-— .
By

A1
~
‘ .-"'-.-’.-.

| F B

Qualitative Influence Lines

s Draw the influence lines for the vertical
reaction at [ and the shear at E,

E (=
_— e —

A == 23 E
E-.nﬂ—? i g '|—||--—

Qualitative Influence Lines

= Braw the influence lines for the vertical
reaction ot [ and the shear ot E,

'|

4

- 1
amm B vasg b
¥, |

'!'I.ld.'n.g,im
warer e sl fo
b .
e e e - 1 e
-\---\H'. : -\----\-"\-\_,—-"_----

Qualitative Influence Lines

* Draw the influence lines for the verficol
reaction ot O and the shear at E,

* The change in shear ot point € is equal 1o |

* The influence lines can be determined by
similar triangles the values of

05 . QLAY
L) i i -
L TR S T [

A
war i2 71 137y
‘*'n_ﬁ“,?"‘*xﬂ -
9 a7
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LS > ol

Influence
Lines for
Floor Girders

Example: Draw the influence line fur the zshear in panel €D of the floor girder
J

in the figure.

—X — . -
M =4 B ( D )i
0 8-333 A %
— :
20 |-0.333 | _N—Cr | | _
30 0.333 10t —— 10t —p— 10 ft——10 11
40| 0

14| Page

Unit-5: Influence Lines

Dr. Zaid Al-Azzawi



i;n x =1 mm..

— 10 ft (4 30 11 -
, YE
('n l‘l

SM. = 0: F, = 0.333 ( 1 i

L ES D e

atx = 20n

B

B =0

R e S —

(!

\" D

G '
f 10ft - 20 ft 1
F,
{
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Ven

0.333 ().333

Influence
Lines for

Trusses
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H G

Example: Draw the influence line for the force in members GB and €G of the
bridge truss shown in the figure

F S
=F, =0 025 = Figsindi® = 0 I
Fou = 0354
0.25
x | For g
0 0 > N ; )
6| 0354 ! * - B
12 (0707 h e
18 [—0.354 \ :
24 0 ~0,707
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i

Itk«i hxulqucl

X 0.5

i2 I8 24

nftuence hine Toe Fy;
)

0.5

p;
o

trwess dosdang

0ns

ns

Maximum Influence at
Point Due to Series

of Concentrated Loads
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n

sn

40

4k 4K

d
SN

Case 1: (V) = HO.75) + 4(0.625) + 4(05) = 525k
Case 22 (V) = 1{=0.125) + 4(0.75) + 4(0.625) =[5.375k
Case3: (V) = 10) = 4(—0.125) + 4(0.75) = 25K
1k 4k 4k
N
( .
10 ft = W - snosn
St Sn Case |
L o
1625 0.8
IO ) :
024 ‘
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Ik 4k 4k w
i
Case 2
a1 "J Ik 4k 4K W
D T I
SN Sn Case 3
075

When many concentrated loads act on the span, the trial-and-error
computations used above can be tedious. Instead, the critical position of the
logds can be determined in a more direct manner by finding the change in
shear, which occurs when the loads are moved from Case 1 to Case 2, then
from Case 2 to Case 3, and so on. As long as ecach computed is puositive, the
new position will yield a larger shear in the beam at C than the previous
position, Each movement is investigated until a negative change in shear is
computed.

AV = Ps(x; — x7) AV = P(y, — »)
Sloping Line Jump

AVi_s = 1(—1) + [1 + 4 + 4](0.025)(5) = +0.125k
)

) p—ryi
AV, 3 = 4(=1) + (1 + 4 + 4)(0.025)(5) = —2.875k

Since AV2-3 is negative, Case 2 is the position of the critical logding, as
determined previously,

L2 Wty 2t Sneture Wi a1
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-— —
<

3

LR S R L .00..!' .........
nB D IRAORAY

| S—

B (ODURRE 7SRO,

”ﬁ

ZoL ks o Poeas e

Moment :

AM = Psix: — xy)
Sloping Line

1Ok-1

AM o 22 )y + @+ (2 s
Mi-2 = =25 ) + 6+ I =)0 -

2 4|(7'5)h ‘1(, L )h—
\= T AN W TvA S

(AI( y )m;l\ =

AM;_s

I

25k-1t

2(4.5) + 4(7.5) + 3(6.0) = 57.0k-ft
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Example: Determine the maximum positive shear created at
point B in the beam shown in figure due to the wheel

Ioads of the moving truck,

101t 1 PR

........

L

. .

05
A‘/u = _u_l] + (4 <+ 9 + 15)(%)3 - "0.2’&

AV = 9(~1) + (4 + 9 4 IS)(E)(M $ I(J(E)(J) = 414k
' 10 10

1
I\th ) ‘
—).5 = =3

48 U 15k ik

on --4"‘4
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AVy = 15(~1) + 4("'5)(1) \ o(""*)m v (15 4 m)(‘:'g)(ﬁ)

1 10
= ~35k
L S D N iy [} v d )
Since AVB is négative, Previous case iz the position of
the critical loading
AR ] 150 ) e

(Vi) = A(=0.05) + 9(=02) + 15(0.5) + 10(0.2)
=75k Ans

T e L R e L B R LT

Ih practice one also has toe consider motion of the truck
from left to right and then choose the maximum value
between these two situations Ve

Absolute Maximum Shear and Moment

V
Vi i
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For massssum My we requre
AN, War  Ful
dy ] l

Example : Determine the absolute maximum moment in the simply

.

supported bridge deck shown in the figure

Fy=45%

¢
I

13k

e = = = -

2k "
¢

L ‘ 1]
- . e - —
alsern sern 11 sn ", | Pe—

€1

1aTh e
L Wi X
e M M Isn- -
+4Fg= XF; Fa=2+15+1=45k
P+Mg = EMc, 455 = L5(10) + 1(15)
V= 6671
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Caze~1:

Fu=45k
I
' ¢
% 2 hiaa Jk 15k
{411y 1 '
A S ¢ ] * ) :
P — 1 S “ 8 'y —
A asTh o0 51 B so7h l. 108 :
LAT N A, =25k
- Isn 15n
L+ZMp =0, A[3D) + 45(1667) =0 A, =230k
(+EMg=0; =2.50(16.67) + 2(10) + M¢ =0
My 2.7k
Caze~2: ;l =45k
¢,
2k ) 13K 1K 2%
bl
L

Mg =204k-ft A I } }13

By Comparizon the maximum moment iz :
Mg = 21.7 k - ft

Which occurz under the 1.5 k load when pozitioned az in the case-1
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Unit-6

Deflection
of Statically
Determinate
Structures

Determinate
OR
Indeterminate
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Elastic Beam Theory : | ¥

d&v _M :
dx? EI }

1- Double integration method. X
2- Moment-area theorem. X

3- Conjugate-beam method. X

4- Energy methods: ot

- Method of virtual work. /

LT

R

( H )

2|Page Unit-6: Deflection of Statically Determinate Structures

- Castigliano theorem. \/ il
- rit ::l‘.:‘l 1 el I.I'I'l:..'llhl(l
External Work and Strain Energy
Uu.=U i
External Work - Force : =
o RN ‘: » X
U, = / F dx P >
0 ,' 3‘ 1
|
Uc e 2 PA A |
F
Dr. Zaid Al-Azzawi



P ‘
S P2 S N ‘
~h cf?;" N . ll

f 0
TS > poewd e

iy A
[ .
Ye )
A Gl g \
L'*-A—“*A -1
\ 83

External Work — Moment :

¢
U6,=/Md6
0

Ue:%MG 6” = MO'

A

mn:_.' wa
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Strain Energy - Axial Force :

_NL

A=—— U¢.=U;
AE *\

U, =3PA
NQ,//

T 2AE

Ui

Strain Energy - Bending :

do = (MJEI) dx [ v )
P ! l I | ]
dU,- < M* dx .g : : Q.
2EI [ be
LM dx
v 2EI

U,‘z
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Principle of Work and Energy

U = /”Mz dx /l'(—l’.r)2 dx - lp:L}
‘—.() 2E1 —.'” 2FE] —b El

oLk o Inceas e

16 = Zuy-dL
[ ! real displacements

U=,
1 1 P
2 6 EI
PL’
A=
3E]
Principle of Virtual Work 2
ZPA = Sud oz oo Aoy
Work of Work of
External Loads Internal Loads
[ T virtual loadings )
1A = Su-dl
l 1 real displacements
I T virtual loadings

APyl 1o N P P

.'-'-
B

L
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Method of Virtual Work

1- Trusses —
| NL
A- External Loading: 1-A = ZnAE
' i
|
B~ Temperature Effect: 1-A = ZM AT L Appds vietual unit Joad 1o #
)

C- Fabrication Error: | |- A = Sn AL

- 35~

Apply real loach P, P

Ib)

Example: Determine the vertical
displacement of joint € of
the steel truss shown In
the figure. The c¢rozz-
sectional area of each
member iz A=05In
and E = 29x10* ksi

0333 k i, |
s ; R
N 2
AN e, A7 7z N r
» . A &£ k
S ey Q’)‘ «S A
: P ;
: . 2 7 i
0333k U667A 0667 k ‘ AR 4% T
033k 1k o ! dk 4Kk 4% ik
vartual forces n real forces N

6|Page Unit-6: Deflection of Statically Determinate Structures Dr. Zaid Al-Azzawi



Member n (k) N (k) L(f) aNL (k%)

Al 0338 4 10 1535
e (L667 4 n .67
b h.o67 4 10 2667
DE ~(L943 ~5.66 14,14 75.42
rE -1, 33% -4 10 1833
EB 047 ] 14.14 "
b (L3335 4 10 1533
AF -0.471 ~5.66 14.14 3771
CL | 4 10 40
24647
ke dg = 3 INL _ 24647 e (24647 k*- ft)(12 in./ft)
e AE AE “(0.5in)(29(10%) k/in?)

Ac = 0.204 in.

Example: The cross-sectional area of each
member of the truss zhown in the
figure iz A = 400 mim? and E = 200
GPa,

(a) Determine the vertical displacement of

joint C if a 4-kN force is applied to the truzs

at C.

(b) If no loads act on the truss, what would

be the vertical displacement of joint € If

member AB were 5 mm too short?

Solution: | KN
Part-A: cY
AR 0.
&7 "'f'-f"q (1833 KN (LH33 KN
N 1 :
A N ‘l
A 't \\:'\ i 3 ) 3 . i
r 6T kN t 66T KN 07T AN B
5 kN USEN virtua! towces AN

7|Page Unit-6: Deflection of Statically Determinate Structures Dr. Zaid Al-Azzawi



o — N
1.\. ‘l
f
\ N
$AN o—] : ]
TAN 1
I SAN LSAN 1AKN roal torces N LAAN
Member n (kN) N (kN) L (m) n NL (kN*+m)
AR (1.667 2 5 10.67
AC {1,833 25 5 10,41
Ch {),833 2.8 5 1041
T10.67
? (N“-
| kN-Ap = BONL _ 1067k m  1aneag, - S
LN = e y 00010y m=(200( 10"} KN/m* !
A, = 0000133 m = (L133 mm
Part-B:
l > A — }.:" AL oLk o e
1 kKN-Ac = (0,667 KN )(—0.005 m)
Ac, = ~0.00333 m = -3.33 mm
Note:
The negative zign indicates joint € iz displaced wpward, opposzite to the 1-kN
vertical load. Note that if the 4-kRN load and fabrication error are both accounted
for, the resultant dizplacement iz then Acv= 0.133 - 3.33 = -3.20 mm (upward).
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Example: Determine the vertical displacement of joint €
of the steel truss shown in the figure due to radiant
heating from the wall, member AD | zubjécted to an
increase in temperature of AT » +120° F. Take & = 0.6x10-/°F
and € = 29(10%) ksi. The cross-sectional area of each
member iz indicared in the figure

Solution: s 'k LT
e —_— 1
P 11 075 o 120% .  — )
‘,f) et b nTsL oY !
J .
AR ) |
' ﬁ .‘.- “1' 2 8 : - ! o
n e Slin o~ o E Y _:, L Y
~ P \¢
N "4 ' L
T I, NN nsk 4 ¥ ) § —
| ! & l
A ™ (1] "
NIk L Y
(s) vimual liwees yend bowces N
h) £)
Solution:
nNL

1-A¢, = 2 Y + Zna AT L
(0.75)(120)(6)(12) . (1)(80)(8)(12)
2[29(10H)] 2[29(10%)]
(—1.25)(=100)(10)(12)
1.5[29(107%)]

+ (1)[0.6(107°)](120)(8)(12)

Ac = 0.658in. Ans.
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Method of Virtual Work

2- Beams and Frames:

L
mM
1-A = 5 -E-dx

—a
sI' : .!'

Appdy virtual weat load 10 poiat A

[y

)]

|

= y
A
— D"

Apply vietoal usit conple momsent 10 xiat A
in

[
M
LT o
; ‘)
t 1 -N
R
Appiy real loss! w
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12 kN /m

RERRRRRRRRARRRR

10 1

Example: Petermine the
displacement of point B of the
steel beam shown in the figure.
Take E = 200 GPaq; | = 500x10" mm*.

|
virtual sot forsw

w ==t (!_r—

12EN/m

Solution:
A 1 e b .
mM (=1x){~6x") dx
N-Ay = ——fk
1kN-Ay [“m [ =
—— 15010°) kN + m*
e O El
IS(107) kKN-m*
Au=

2000 107) kN/m (3000 10°) mm*) (10" m*/mm*)

12x
%
= (L150m = 150 mm =
peee ( | i——
un real load \'%-—Y—

Example: Determine the slop 8 at
point B of the steel beam shown
in the figure. Take € = 200 GPa, | =
§00x10° mm*.

Solution:

virtual il couple

riil ) =i

- | ANt
Yl

_— — 0 :al ) e, = 1
\I v

L Sm -t [ >~ -
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l e

-V
read load
LN
l ,V}I-‘(Sﬂjll
L
oM n
| *Hy = / :"—-dl - ?Ii )
J0 ! " i
£ \ A 5 e \ l. in Xy -‘.:
/ (O =3x) du, /’ (=35 = x)] dxs |
= — 4
Jh h’ (1] I'.,
g o —MZSKN o
. El

~112.5 kN? - m’
200(107) kN/m [60( 107) mm*)(10~"* m*/mm*)
0y = 000938 rad Ans

(IKNm)+tp =

Example: Determine the horizontal
displacement at point € of the frame
shown in the figure, Take E = 29(103)
lesi, 1 = 600 in* for both members.

101t
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Solution: s = 128y, .
" .&_—F_., k
- 10 k-f1
125k
} Y 10 k-
- in <t 8t
128k
m
ny = Lx o
=2 '_"1., 10 1
1 Ld—I
125K
virtual loadings
M. = 28y,
le X
|
- X .
i | ‘ ?_ll’ k[t \
' t & ft
o
[ 25 &
.‘l| - ‘0!, :||: : ! -
]
|
101
25K 25k
real loadings
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il .10 A
A (Lxy)(40x
1+4¢, = / m,ld'~ 25

2"";) ‘L‘l /.“ ( l:il_! )(:5!3) ll.\'_\
El ™% [ El 1, El
83333 53333 136667 k-t
g, = El t £l = El (1)
13 666.7 k - 1t*
_\Q =

Il

[29(10°) k/in*((12)7 in?/f1%)][600 in*(ft*/(12)" in*)]
0.113 ft = 1.36in.

Ans

Example: Determine the tangential rotation

at point € of the frame shown in the figure.
Take E = 200 GPa, 1 = 15x10° mm*

Solution: '\' e ‘i\.
A »
-\ Yy SKN
o] AN ‘ ‘
" L 1
oy
¢ Ny = -1 \ ¢ B
o b
. ,-“[ - '1..\'.
\» ‘ N,
LENm TAKN m\',l . '
ILSm
SKN
LANm IAN ‘1 S kN
— ~~

g X 1T !
A va ] | ‘IY ll,
? My ™~ |
n

S ——

virtunl loads

" read loas

14| Page

Unit-6: Deflection of Statically Determinate Structures

Dr. Zaid Al-Azzawi



or

_ 2625kN-m’
El El El

26,25 kN m~
200010%) KN/m?[15(107) mm®] (107 m*/mm*)
000875 rad

| maM ? / (=1)(=25x,) dx, 2(1(7.5) dx,
= | — = o L
e / 7T gl ¢ El / £l

1- Trusses :

Castigliano’s Theorem

o " m_V) L
& 2'\(91’ AE
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Example! Determine the vertical

displacement at Joint € of the truss ¢

shown in the figure. The cross-sectional T > 3 kN

ared of each member is A = 400 mm? and r

E =200 GPa Im

Solution: ‘ A y
Ny = 0.833P - 25kN i ]

el L—Am——JL*J ln—«'

4 kN

Nag = D667P + 2kN

057 - 1L.5kN

: Im g :
Npe= 0833P + 25 kN ' y 4
ING 4N el ; = B
- F— 4m——f—dm— 1

Nag = 0.667P + 2 kN

0597 - 1.SKN 0.5« | SkN
0592+ L.SKN
Member N o N(P=0) L N(‘TN)L
HP ,NP‘
AR Doa7F + 2 .667 2 N 10.67
AC ~((L833F - 25) -{).833 25 5 ~ 042
B( (0533P + 2.5) (.833 2.5 5 10.42
L = 1067TKN"m
oN\ L 1067 kN-m
y aP ) AE AE
Substituting A = 40 mm* = 400(107) m", E=20GPa =

20010y Pa, and converting the units of N from kN to N, we have
s 10.67(10") N+m
© 7 2000107") m?(200(10%) N/m’)

= 0000133 m = (L1333 mm

\n

!
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Example! Determine the  horizontal D

displacement at Joint D of the truss | A
shown in the figure. The cross-sectional & > W g
area of each member (s indicated in the i 0° A b
figure and E = 29(10%) ksi : 3, 2,
p ' _,_1 Imn | m" .
Solution: Y %% . = §
0 A "B A 120 1211
' = : 0k
i »-
l'.—rj VY 33 ¥ R\ TIrects 'aN
-113 T ~14.33 1 Ap = EN(———)——' =+ 0+
. WP ) AE
10+ 018 =0Ty 1) : g
aN 250k - (12 in/ft
Member N ': N(P=0) L N(—,';)L + : ( : / )
v \ 0 (0.5 in")[29(107) k/in7)
Al 1133 0 1333 12 0 e . ,
b S 4 recr 3 135.00 k - ft(12 in./ft)
33: 35 2 3 g 1
co 16,67 0 16.67 15 0 (0.75 in”)[29( 10°) k/in”]
nA 1667 = 125F 1.25 1667 15 32
BD (20 + G75P) 0,75 20 9 13540 - 0333in

Castigliano's Theorem

2- Beams and Frames:

A

I
<
|
|

0 aP ) EI

S
Il
<

o \aM' ) EI
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Example: Determine the displacement of point B
of the steel beam shown in the figure, Take E =
200 GPa, | = 500x10* mm*,

Solution:
LEEM = () M ‘“2!)(:) - Px =)
3 ) oM
M = -6 — Px e X
Setting P = O, its actual vilue, vields
» I'-" a
M o« 6 T gt t
2 /’“(.w)d: . /'“( m‘)g x)ds lS(i(»‘,ﬂ{\‘»-n‘
" J A'-'P l'-’ F Ju E’ k E’

o
e IS5{10°) KN m’
o 2000 100 RN/ [S00010")y mm JO10 2 m mm*)

.......

1I2KN/m

RERRRRRRRRRRRRRRR

= 0A50m = 150 mm LA

10m -

x 12 x P

[

M(I

I
|

X l

Example: Determine the slop 8 at
point B of the steel beam shown
in the figure. Take € = 200 GPa, | =
§00x 10 mm*

Solution: LN

! a (I": For x;:
1 1. A
- " ‘ L eIM =0
X | —_— —= »
¢

)
For x4
L+EM =
s |
M - M.
=)' ()
AL L Sm Ay ¥

M, +3x, =0
l"| . - .‘.\',
... B
t‘."l
"» - I"' * x(‘ + l'.') = ()
M, = M - 3(5+ 45)
.'lM: |
oM’
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ol : . 0
oM )ll,l’ 0L O hceaes e
= M et
oL ( b (a,w' El
P (=3x)(0) dx, /‘-3(5 +0)()dxy,  1125kN-m°
: /) El . El R El
or
~1125 kN +m’
Oy = T Ty Y ) 3 12 4 3
200010") kN/me{60( 10°) mm*|( 10" m*/mm")
= —={).00938 rad Ay
Example: Determine the slop at #*
point C of the steel frame |
shown in the figure. Take WS ramitas
E= 29(103) kst, 1 = 600 in*® q k "
{11 HT Ay
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Solution:

i

29(10°) k/in*(600 in*)

For x;:
X
2%/ LHEIM =0 -M; - lt,(
J"| _ B ‘\—]'
.’cM. I
aM’
}"l" ‘_v:
(+EM = 0; M, ~ 24{x, cos B + 6) M' =10
,",_* - :-‘l.l'j COs o)+ (') .“f'
"'o‘,‘
: -]
I'A,
:1\
I |
Ny ) L ofaM \dx
/ L N | — M ) - J AN ).._..
i ¢‘.‘m-' > 1 24y O [ M(.".\l', El
3 V. — :
N | wed| t,) B(—x)(-1) dx, W 24(x; cos 607 + 6)(~1) dx;
‘\TL.I'\."L + l|||. \|0- H M = [ !-:I [ ’-:l
_STok-f | 2040k-f1° 2616 k-t
El ' El
2616 k - 115 144 in?/11°)
= = 0216 rad \s
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‘t - ‘.‘.....,..:..:*
XA NJ.I.

¢ # i

P2 5 v a AATAYAV Y e

TAA YA YA AVATAVAVATATAVA Aoy, = = o AVAY

| S8 AR &S &= A R S . li&l.b?kt.b, _..; ,J.O'fli-t ¢
blbikf-lv

_....
T -
(VY 2 A
|

LA XL X ¥

st
——— LT

AN .

P oy W
T .c..am m s 9
‘, - -

-

-

- e
AT .
| | li‘r.ﬂ“‘t‘
SR,

Indeterminate

Indeterminate Structures
Structures

Using Force Methods

Analysis of

Unit-7

Zaid Al-Azzawi

Dr.

Unit-7: Analysis of Indeterminate Structures Using Force Methods
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1- Force (Flexibility) Methods: Classical Methods
- Consistent Deformation Method, \/

- Castigliano'z Second theorem. X

2- Displacement (Stiffness) methods:
- Slope Deflection Method.
- Moment Distribution Method.

- Direct Stiffness Method. (maybe)

Analysis of Indeterminate Structures _’*1

LS > et e

Force Method

Displacement
Method

Unknowns

Forces

Displacem
ents

Equations Used
for Solution
Compatibility
and Force
Displacements

Equilibrium and
Force
Displacement

Force Method VS. Displacement Methods S

Coefficients of
thg unhnowps

Flexibility
Coefficients

Stiffness
Coefficients
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Consistent Deformation Method:

BEAMS e e

&

&
: o
General Analysis Procedure: &d‘- - [
g~ r

0& P:Qs"
0 — _AB -+ A'BB Q‘\‘o o o

Ay S

s = B,fpp

0 — —AB + viBB ...:....n....-.,”u“.

' — i
Oan = MAO‘AA | oo sy

Wan= My,
PrETATY Siructuns edondast M applied

™ <

O — OA L3 MAaAA T
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2"¢ Degree Indeterminate v, ’.

Structure: 14 5 ( P
nctunl beam Lk > e e
()
P . B, C
n c
U (
A TV : n o+ = - D+ A — e n
B rec s o= . jon  Aeg = B:fcn Noe ™ Cofac 8'ec= Cofler
prmary stroctiare vedundant B, applicd redundant C, applicd
(b (cl d)

0=A4+ B,fgs + Cyfnc

0=A4c + Byfep + Cyfec

Procedure for Analysis:

Principle of Superpozition: Determine the number of degrees n to which the
structure is indeterminate. Then specify the n unknown redundant forces or
moments that must be removed from the structure in order to make it
statically determinate and =ztable, Uzing the principle of superposition, draw
the ztatically indeterminate structure and zhow it to be equal to a zeries of
corresponding statically determinate structures.

Compatibility Equations: Write a compatibility equation for the displacement or
rotation at each point where there is a redundant force or moment. These
equations should be expressed in terms of the unknown redundants and their
corresponding flexibility coefficients obtained from unit loadsz or unit couple
moments that are collinear with the redundant forces or moments.

Equilibrium Equations: Draw a free-body diagram of the structure. Since the

redundant forces and/or moments have been calculated, the remaining
unknown reactions can be determined from the equations of equilibrium.
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Example : Determine the reaction at the roller support 8 of the beam shown
in the figure, £/ is constant.
om-o-'—.-
SOEN SN
. “ ” 2 L - n_. 4 = R— PR W
i g = : 1y + -
Hm e 1ty » W, R/
actual heam Prumarny strocture redundant B appbed ’
() ih)
Solution : 50 kN
344N }
3 o ”=_AB+BJB! | cmm— i
i P(L/2) ; P(L/2) (!_) v/ B 112 kN h( ] =
43k 2E1 \2, 15,6 kN
_ (S0KN)(6m)’ . (SnkN)fﬁm‘f‘ B sxxmx-m*l (<)
TS ) s AR 7 NN
Y3is
_prt 112m)' _i?tnn‘,r | /\
fon =357 =361 ~ EI 32 ¥ (m)
" 12
Substituting these results into Eq. (1) yields
’ _ 9000 Th) n ()
+ i 0= —_— = \ b
(+1) 27+ B8(57) B =IseRN . Am
Example : Determine the reaction at the roller support 8 of the beam shown
in the figure, £/ is constant.
LU kS > osas wa
40 KN S kN
A ‘( L) _ A ——, = f)* A 7 N i‘rA", = B fun
i s = | e + N
Hm I hm - W, .
actaal bheam PO strocture redundant B, appbed '
(u) Ih)
2" Solution :
0= —Ag + B,fpa
= LMm 6Mm 12 Mm 600x( -X) 12 (=~ SO(x-6)x(-x)
Ap= [, I dx+ " dx = [y ———dx+ [, dx
l:’!l
AB= 0.0+— (SOx - 300x)dx
50x3 30013 _ 9000 kN.m?
Ag=— - 1
El 2 Jg El
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for = fLde

0 ErI
12(x)x(x)d 12 x?
— —ax = —dx
fBB fo El fO 1Ezl
1 1243 1 [x®
fss'afo ?dx'E,' 31, 1kN
_ 11726_ 576kN.m? 50 kN
Japtasacnn =S 1 34.4 kN '
— o |
IHI2ZKN'm -  am -t 6m -t
15,6 kN
9000 576
() = ’-? + ‘(E) Bv = |5.6kN M (KN -m) O3.8

-‘-27/1\
s 5 x({m)
—112

Example : Draw the shear and moment diagrams for the beam shown in the
figure. The support at B settles 1.5 in. Take E = 29(10%) ksi and 7 = 750 in*.

Solution ;

20K MK B
B B
- A 5 "R C + A (
TeA Noy=B,f
=120~ 2411 - - « " »
sctual beam PHMANY sTructure rodundant B, applicd
(a) )
(+1) L5in. = Ay + B, fug
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£
Pbx ..+ .o 5 20(12)(24) > ) ) ;
= s 2 — B — ) = e[ (48 — (12)° — (24)¢ -
Ag=CrET - — ¥ ¥ =Ty ne) — (127 =44y ok
31,680 k- ft?
g El
f o PLY VA8 2304k
BT 48EI 48EI El
L5 in. (29(10") kfin®)(750 in*)
= 31,680 k- [r'(12in./M1)" + B,(2304 k+{t*)(12 in. /1)’
B, = -556k
Note : The negative zign Indicatez that By actz upward on
the beam,
Jh/n
il #*
Example : Draw the shear and moment : a—— '
diagrams for the beam shown in the :
figure. £/ iz constant, Neglect the r el T e ke > asabiea
effects of axial load. o
Solution ! actual beam
I
O0=8,+ Muayp+ Mpaysg
() =0+ MA“BA + Mpagp
primary sirnciury
+
\'o
|1”' .\l—,;" Wor = Mgy
revhasdant moment M, appled
+
M,
o N
han” v-r'«.: 5 "'-" = Myay
redundint momsent M, apphed
by
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”|:

.

Tan

xan =

o AR

theore

Uzing direct equationsz:
Check Mibbeler .
Substitute data in Egs

ml ‘( l"“) B 7\
128£1  128E1  EI s s
wl'  T((20) 2917 | 0= + M, (’ )
WAET | 3RAE] El El El
, (20 291.7 333
ML _120) _ 667 0 = + _&l,‘(_
3El 3ED El El El
ML 1(20) 667 i )
3kl 3El  El :‘W,‘ = —458k-fi
ML l(lm _ 333
6EI  6EI  El

Note that @psa = Aup a consequence of Maxwell's

m of reciprocal displacements.

(1) and (2)

)+ w57

TS > poewd e

3.33
)

6.67
El

e
)

Mp= —208k-ft

8|Page

£
LS O e e
Vil
""‘q\
N |‘:| : ¥in)
M (k) o -ATS
1h25% 375k
( 'UUUU_UJ
2
: g,
5% kN WELN _ /\ i
- 101 - 1O 1y ~ .08 L L ML
128 \
NN
454 ")
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Consistent Deformation Method : FRAMES

Example : The frame, or bent, shown in
the photo iz used to support the bridge
deck. Assuming El is constant, Determine
the support reactions.

40KN/m

Solution ;

= AJSaa

Primary strictwre Redendant force A, applied

Compatibllity Equation :

(=) 0= A, + Afan
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“Mm (“)(lll)dfl _ /(’“‘"*)( S)dx;
LU Ag= | ——dx=2
L El 0 0
WAL OF feet B
’/-“(um + 20x3 — 20x3)(~5)dxs
R El
m AN/ -0 - 25000 666667 916667

T it

iz = XKKS + 13) — -lh,(¥ '
20N - 1000 4 A0y~ Nie! 20 kN

Mix :t-’ ’ o : 2
/ mmh__ ,/' { 1? el +2/ (5Ydxs + 2/ (5)dxs
0 El o - 0

583.33

El
—91666.7 583.33
T A_,( = ) S0 KN/m
= 157 kN
Uzing Equilibrium Equation — 1571 kN I57.1 kN

200 KN XN
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Solution

Compatibility Equation

Example : The Determine the moment at the fixed support
A for the frame zhown in the figure. E| iz constant,

redundant M,

actunl frime

primury srocture applied

(i+) 0=

HA + Jw AT AN

22 5 b

—-o-—-

{2

LU kS > oeas ea

Mm (l\
O4=2 / ~E 500 Ib "\‘ﬁ—y’ =5 3908 1
| - ’ / v "
$roni17 - DR Y2067 1b
> / (._ A .l])(l — ()08 X ) d.\] :, Yy, My = 296.7x, - 50"}3}
Il El "W
5(296.7x, — 50x3)(0.0667x,) dx3 ’
+
Jo El
_ 5185 3032 _ 8218
El El El
300 1H
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m,,m,,
B /

ZoL ks o Poeas e

) 0.05 Ih
S = 0.0833x,) dx, (00667 x5)" dxs PR
= / El " [ El '_._x,ﬁ\—:-mm_u I
A Y 0.0667 Ib
_ 385 t (L1835 _ 4.4 ‘ ”_'2:'0-%67-,‘.:—;
El El El 'l
| 1y = 0(831”
8218 4.4
U i \'I.('.—) M,= -2041b+11 ”
El Sl T A ' T
0.0833 Iheipr —L

1 Ibft

Consistent Deformation Method : TRUSSES

Example : The Determine the foree in | — ,'.-:—",'-2 ke > waaswa
member AC of the truss shown in the g
figure. AE is the same for all the members.
)l
Solution : ) = A ¢ + Faefac ac \"\\.m.
"*' -""

- an -

actual truss primary siructure redundant F - applied
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_ onNL

=~ Al

[—={LR) A0S}
]

(—06)(0)(6)
’

(=AU 6)

mnoml wa

o 9
AE AE AE | +400 4001
(L) =300(10)  (EMO)N10) " 5, e (
AE AL v
+300 0 0
11 200
ﬂ‘l ’u = A‘"TI‘ p - ”
/ ( - 0l ‘“l”h*l
/“ ’-“‘"
_ o (-ORRY] | [(=N6Y(6)]  _r(17°10] 300 Ib 300 1b
"1 AE | AE | TAF |
% _— 0.8 -
0 11200  34.56 -6 1IbE 06
L o= oy oK 1
AE D +1
; - Al e = . B
Fic = 32416(T) 08 :

Example : Determine the force in each member of the truss shown in the
figure if the turnbuckie on member AC iz used to shorten the member by
0.5 in. Each bar has a cross-sectional area of 0.2 in?, and E = 2911062 psi.

Solution :
" il
on =
A Il

redundant F,. apphed

primary structure
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po 34356
JAC AC — AE

From previous example

0.5in. =0 + M -
" AE Al
) 3456 f1(12 in./f1)
“.5 in. = (0 + 5 f o F-A(‘
(0.21n7)[29(10%) Ib/in-] 559k (C)

D

Fae = 6993 1b = 6.99K (T)
420k (C)

S50k (C)

Example : Using the data given, determine the member forces and support
reactions for the pinjointed frame shown in the figure, The crozz-sectional
area of all members is equal te 140 mm?, Assume E = 205 kN/mm?,

Solution :
0.0 kN

All member lengths L=3.0 m A!
AE = (140x205)= 28.7x10% kN
5in60°=0.866, Cus60°=0.5

0
1~

30 Sing0° = 2598 kN |
30 Coz60° = 15.00 N —

Vg "
10m | 30m wom |

=
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1598 kN

Compatibility :

P - forcez:
B C n
U - foreces ! /\ rerw /\ L E 7\
revo mre 05 - 058 -0
nro
039 4G F
10
rero ns
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. PL ul _ Mem{Leogh| AEN) | 2 |PLAE] o |/PLAE)| (b AE e
Le. ~ g u| x¥F=0 {mam) foeoe | (mm) {mim)
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Consistent Deformation Method :
COMPOSITE STRUCTURES
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Example : The simply supported queen-post trussed beam shown in the photo is
to be designed to zupport a uniform load of 2 kRN/m. The dimenszionz of the
structure are shown in the figure, Determine the force developed in member
CE. Neglect the thickness of the beam and assume the truss members are pin
connected to the beam. Also, neglect the effect of axial compression and shear
in the beam, The crozs-sectional area of each strut is 400 mm<, and for the
beam I = 20(10°) mm*, Take € = 200 GPa.

oLk > e

Solution : 2kN/m

2 .

MR K B A

Actual structure

e
0 — AC.E -+ FCEfCE CE Primary structure

1 Fee

Feelerce

Redundant Fep applied
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El  “~ AE ‘/ El

(1118 (V5)) ~0.5)%(1) 1)%(2)
'rl(l —— —)+2(<—.-—)°(-|———-<.—)
\ AE AE J AE
_ 13333 2 5.5%) 0.5 2
El Ll AF AL AE

8.000(10%)

3.333(10%)
2000 107"y 2000 10M))

2000107 (20)(10°")

0.9345( 10 )y m/kN

0= =7333(10")ym + Fege(09345(10 )y m/kN)

Fep = T85kN
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LS > Poeas e

Unit-a

Analysis of O
Indeterminate Structures

Using Displacement Methods

TALES > P s

.f:,/" ot y .
| siructural An //;*w.i,*“

v &4
.
'y )

Slope-Deflection Method
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Degrees of Freedom : When a structure is loaded, specified points on it, called
nodez, will undergo unknown dizplacements, Theze dizplacements are
referred to as the degrees of freedom for the structure, and in the
displacement method of analysis it is important to specify these degrees of
freedom since they become the unknowns when the method is applied.

Y S A

&

M (=

10 N/
| Y PO N

—) M,,

A L B
!

BEAMs & FRAMEs :
P

(b)
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General Case : b

cord jd;

Mr\”
deﬂcctlon T 0,7 2l L
curve / i

ET is constant
positive sign convention

Angular Dizplacement at A, 6, : %
(- Uzing Conjugate Beam Method |
.':.". - () ‘f e ‘ [ ( ‘ln‘ -l -1
| ' A il M AN 2l
v EM =~ 0, }{"’—“) _1 l ( ) —-—‘—-ﬂ‘l «
41
Mg =—6
AB L A
2E1 .
MﬁA -~ T"A Ve, vonjugate beam o
"
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Angular Dizplacement at B, 6;: #

COLLIS O et e

417
Mgy =~
8a =7 08
2E1
Mg = =0
ap =~ Op
Relative Linear Dizplacement, A v Using Conjugate Beam Method .*
s e (RN M TN S
WMy 0 121;'1“"(3",)_! {21-;1”"(3"), Al

N

I { [ 1 l
i

O lne heam

(A
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Fixed-End Moments: v Uzing Conjugate Beaam Method

e LPLY, T o1 (MY, ] P
AR =0 [2(451)"] [(u)’] =
A
i B (1 ,
8 - 1

L L
M 2 ' 2
General Caze real beam
P (a)
B o PL

T3]

A
(FE\').H (Fl‘..\')fg‘.

Mg = (FEM) e My, = (FEM)y,

comjugale beam
{h

Fixed End Moments

"
( ===
g il jp e
FEM )y = - = |FF.M:,. FEMI “._3;“-_’ x
r "
» “ " Y- —
=P =
: ¢ L =
ITEM) "L:iv‘-' M) —;w— (FEMY .,-..lﬁp T Lji'v
r ' r P
y T,
) n (. I 2
I. L ]
e PR
(FEMy = 2TL FEMsg, = 2FL FEMy = LI
’ " r r 3 3
( E b ﬂ & i
\ o \ —
[ ! L ¢ ) ( t t f L
R R :‘Lr"':"i"
(FENG = SEL (FEMpg, .%& (FEMY oy = S0
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( gnmn mg ) (. LT,
lmum...-l ) (.l,ﬂjw.x.;m!,-_,
.,
(==
: B s (e
M, - ',L"
Slope-Deflection Equations :
If we add all the effects of 8, O; and A we get
the following slope-defiection equations :
I\l A\
Mg =2E = W, +0g—3 7 + (FEM) g

‘wBA = ZE({‘) J’B + HA o 3(1-5) + (FEM)];A

Since theze two equationsz are zimilar, the rezult can be exprezzed az a zingle
cquation, Referring to one end of the span as the near end (N) and the other end
as the far end (F), and letting the member stiffness be represented as k= I/L and
the spdn’s cord rotation az t (pst) = A/ we can write
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My = 2Ek(20y + 0 — 3) + (FEM)y
For Internal Span or End Span with Far End Fixed

where
My = internal moment in the near end of the span: this moment
is positive elockwise when acting on the span.
E k= moddulus of elasticity of material and span stiffness
k=1/L
iy, Uy = near- and far-end sfopes or angular displucements of the
span at the supports: the angles are measured in radions
and are positive clockwise
d = span rotation of its cord duc to a lincar displocement,
that is, ¢ = A/L; this angle is measured in radians and is
positive clockwise,
(FEM)y = fixed-end moment a1 the near-end support: the momen
is posirive clockwise when acting on the span: refer 1o
the table on the inside back cover for various loading
conditions.

Pin-Supported End Span :

l“\ <= 2['.‘(2”\ + 0 — w) + (FFN’]V

0= 2Ek(205 + 0y — 3) + 0
My = 3Ek(0y — o) + (FEM)y
- Only for End Span with Far End Pinned or Roller Supported | - L

FEM).,
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Procedure for Analysis :

Degrees of
Freedom

Slope-Deflection

Equations

Equilibrium
Equations

Praw the shear and moment diagrams for the beam shown in

Example :
the figure. £/ is constant. X o
. wi- 6l6)
Wpe— (FEM)pe = — = = - = ~72kN+m
Degrees of ~ 0 / N
d Freedom =1 wl®  6(6)
(FEM) oy = 20 R DS KN+*m

6 kN/m

Equationz g ‘ 11
O A @1?’.1!..1 1. = A
- ('

My = ZE( A )f:"‘\, + 05 — 3) + (FEM)y

2E1

¥ .
M * 2£((~)|20,, F0 = 3(0)] = 7.2 = =6y - 72
) -

L1
Meg = 2E({~)|2(n> g — 30)] + 108 = —tiy + 108
b |

8 m———f—6m—r

! El
M= 21:'(—) 2000 + 85 = 3(NW] + O =—¢
AN 3 [2(0) K (0)] 3 s . MG

'& El
n‘,H-.‘ - 2[:(;)'2”" + () — 3(‘“' + 0= ‘Tf’" h'”l(
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Equilibrium
Equationz

vlf{ MB(
+IMp = 0; Mgy + Mpc =0 (.15—...‘4‘)
El 21 617 M, t v
Z0p+ (50p-72)=0 =8,=""= " g, o

a”.”l = |54kKN*m
Myqs=309kNm
My = -309KkN-m

Mcg = 1286 kN-m

Shear and Bending Moment Diagrams :

AEN/m

R — Hlll' o

1SS KN-m $, = 0,579 kN t L\'

- BT KN | NOKN m
(l[ ') V (kN) e
A, =« 0572KN & m _l JVENm A1
s Nim)
HRN/In
B, =437kN “ - 13,63 kN M (kN 547 ~ 134}
R l ; ll 1 58
) L)
UNEN"Mm L cm 1286 EN-m

1 2. 5n
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the figure. £/ is constant.

Example : Draw the shear and moment diagrams for the beam shown in P

Solution ! e
Wi’ s (142 06 k « f
TR A
- - A B | .
3PL 312)(8) |
lrE\')u_ = - & oo = —~18k-fi in
16 16 24 1y 8

!
My = 26( 7 )2y + 05 ~ 39) + (FEM)y

.‘{"‘ = “IM-,I,,"" + Oh

/ i
- V:'(I—)U'\- - ) + (FEM)y

7
xi‘()H - ()} = IS
g/ =0 =1

Mg = ’E( )P 0) + g — 3(0)] — 96 My
A"”,{ - 2’1( ’14 )l.’.“” () 3“))' + 06 -I"'“

&+ EA”U = () A’BA -+ ‘)‘/IBC = ()
L1440
= EBE

""I/IH = - 108.0 k 9 fl
Mgy = 720Kk -ft
‘MB( —— “"72“]\"ﬂ

"VIH( .*

'Wg A i Vb’ X
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T —t) s Lﬂl

o8 kN~ nRNA—- 2n - Nk AN e ’
n ‘" ‘“ LS O o e

Vik) (c)
355
\ 15
! L)
> yifh)
|:~?\2z 3 R
-22.5
Mik1)
S4h
/\ -
— ()
1275 s
i
1=

Analysis of FRAMEs - No Sidesway 4
" W e
ok e L
== P . R \
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Symmetric Frames :

e nw—

Example : Draw the shear and moment diagrams for the frame zhown in
the figure. £/ is constant.

Solution !
Swil? 5(24)(8)
(FEM)pe = - ’;:. = - (q:‘( = ~BDKN+m
swi®  5(24)(8)
(FEM)cp = =g = = = 80kN-m
Notethat 0, = 8y = Oand 45 = dge = Yep = 1, since no sidesway
will oceur,

My = 2EK(20y + 0F — 3¢v) + (FEM)y

{1 A
M= lb(ﬁ)[z(m + 0y — 3(D)] + 0

Mg = 0.1667E10,

(1
"’B/‘ = ZL(I—z) 2“, ol | o 3(“” +0

Mya = 0.333E 16,

L2321 Ve ary 2t Setaes UWI 20
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7 - 2E(§)|29,, + e — 3(0)) - %0 Mac Moy -
| {— e C
My = 05E18g + 02SEI0, — 80 I U “ o
Mcp = Z'E('é)[m(‘ + By — 3(0)] + &0 ‘\F"m :F,,m
Mcgp = O3E8: + 0.25E 10y + 80 Mgy + Mpe =0
Mep = ZE(‘ Ilz )l:uc +0-3(0)) +0 Mcp + M('D =0
Mep = 0333E 10, -
e @ 0.833E10, + 0.25E10, = 80
0 1 | i
Moc = 2655 Jl20) = 0 =301 +0 | 083316 + 0.25E165 = —80
."ﬂ = ”.]ﬁﬁ7’,‘.‘lﬂ(' 117 l
3
823kN-m -
Mgy =457kN-m -
Mge = —45.7kN-m /\ Ve AL
Meg =45 7kN-m / \ \
Mcp = —45.7kN-+m S 45.7kN-m 57K
MD( = —229kN-'m
229kNm 229KkN-m
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Example :

Determine the internal moments at each joint of the frame
shown in the figure. The moment of inertia for each member is given in
the figure. Take € = 29(10%) ksi.

Solution :
400 200
b e e e 2 \ ) A '\ 3
=Ty 0.001286 f1 kep = I5(12)° 0000643 N1
h‘()ﬂ 650
kpe = ——— = (.002411 ft} kep = ——— = 0002612 ft
% 16(12)°0 T 12012 6k
FEM)a = — DL = U8 ket ¢ iy -‘—- H””””
:M ) ac 8 8 - 800 in* ( m‘ [ - “'.i
oxln
: rr 6(16) Bt — e 8 11
(FEM)eg = — = —— = 12k-f1 | 121 o
8 8 Isn
wi3 3(12) 00 o' 200 in’
EM)cg = ——— = = ——— = =54 k-f
(FEM)cg 3 3 k-fi .‘
|
J‘. -
.‘"\‘ = EI.A{ZH.\ + 0' = 1'{') + (i‘l.‘.\‘l\
M = 2[29(10%)(12)°](0.001286)[2(0) + 8y = 3(0)] + 0
M an = 1074070,
My = 2[29010")(12)°)(0.001286)[ 205 + 0 — 3(0)] + 0
“’R«‘ e 2‘ 43[,5“”
Mac = 2129010°)(12)°1(0.002411)[ 285 + 6 = 3(0)] = 12
Muc = 4027788, + 20 13896, ~ 12
Moy = 2029010 ) (12)°)(0.002411)[26, + by — 3(0)] + 12
Meg = 2013899, + 4027786, + 12
My = 3Ek(By — &) = (FEM)y
Mep = 329010°) (12 HO000643) [0 = 0] + 0
.“‘ n = N);:.“\H(
Mee = 3[29(10%)(12)°(0.002612)[0 ~ 0] ~ 54
Meg = 32725.78, — 54
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My, M.,
B s
q‘-’-nm Mco M, g =029 k-1
Mgas + Mpe- =0 MBA = 0.592k-ft
Mcg + Mep + Meg =0 Mg = —=0592k - ft
= M('B = 33.1k-ft
61 753936, + 20 13890, = 12
20 13890 + 8105900 = 42 Mcep = 412kt
i Mep = =373k ft
By = 2.758(107") rad
B = 5.113(107*) rad
P e
Analysis of FRAMEs - Sidesway i " * | ! :
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Example : Determine the moments at each joint of the frame shown in
the figure. El is constant.
Solution :
{ [ 18 ! : ~ S A
Mun = .’I:(L; )[jm) + Oy — "(VIA.;“'"' )l + 0= EHO6ATO — 0.75¢ 1) o # S - ‘-\-'
\ I8 3 N
Maa = .'#(f, )[:»,. + 0 3( 13 Won )] “ 0= EN033305 — 0750 )
T . 1211
My = Zk( H}l?",, = fe = 3O+ 0= EHO26T0, + 0,1334.) ‘
\ / [)
p ISh
Moy = 2[.( "‘ )[:u, by - MO s 0= ENO26T0, + 0.133,) . 4
‘ - ‘ ’ 2] * "My - I
: 't, /1] -"( I’\)I-”' UL -‘WIUI + QO ElO 2220, “_.‘,\jw’ll D
Mpe = Zf( l’h )Il’u(l) - W] + 0 = EFO118, — 0333 )
- I5h__
. " 2 My ’
A’ + - = () :
Tpa + Mpc 0k
A“" nt ."{( D= 0 | My
SIF, =0 0-V,-Vp=0 :Fu..
: M+t M
}..“r!” “: Vv A —AF 24 j |:\]'
12 oA
f"ll" T A‘!(‘n f
SMe = 0; Vp= - ———LD
M b e
Thus, 12 ft
40 + Mg+ Mpy . Mpe + Mep -0 18h
12 15
\',¢
06605 + 01330, — 0.75¢ip: = 0 My ||
LY
0.1336, + 0.4894, 03330 = () Vo
_ 480 Mo
”.SH” . i [].2220( - 19'44("1"( = 2 TI“
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Eloy = 43881  El0- = 13618  Elfipe = 375.26

Lol ks O el e

Map = —208 k- ft
My, = —135k-ft
Mf;(‘ = 135k ft
Meg = 948k -ft
Mcp = —94.8 k- ft
M,,( = —110 k - ft
Example : Determine the moments at each joint of the frame shown in %
the figure. The supports at A and D are fixed and joint € is assumed pin
connected. El is constant for each member.
Solution : LS > ceas e
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Slope-Deflection Equationsz :

My = 31.;(»—)[:"\. =g — W) = (FEM)y

)[’m) 0y — 3| + 0

—
—~—
=
=
L}
4
‘
ﬁ

-
—~
=
-

|
[
N

(204 + 0 = 3r) + 0

)“‘\~ - l,'l) 32 f"}'N“\

-
-
=
-~
|
ey
N

- (0 — 0) + 0

-
—
~
>
|
>
\

(0—=g)+0

&-\ﬂ\\]~$—]\&-s>~

—

—

-

]
. ' i

o
/—\ilrﬁ/—\/—\
et ut”

Equilibrium Equations : N M #
’w”/‘ * ‘I»!B(‘ = () }_'.;{7‘ SOLkS > et a
LBF, = 10-V,-Vp=0 :FM""‘
« Mg + M “H:’-ll
-\-:MH = () VA = AR M BA v, . v,
4
M pe
S."’( = (): ‘/,) - - 4
."I S & 4‘1 .Al '
10 + Al BA 4 X _
4 4
v, Vo
M.y Mpc
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Subsztituting :
3 Ul
"“ - 3]!] LS O aeas e
A (3 5
16 2 R i o g _ 240 _ 320
4\2°% 4 Op =2 ==
- 21E1 21E1

""‘I/IB = —17.1 KN 1, A”n/‘ = —11.4 kN'ln
Mge = 114kN-m, Mpe= —114kN-m

381 kN 381 kN 3.81 kN WY
10 kN =t '—-‘-%M - -{-} + 286 kN U1
/ 286 kN .
SO S > o e

L 114kN-m HAKNm

114 kN
HAKN-m

381 KN

-
.
P
z

286 kN

3.81 kN il
ILAKN'm 1.4
704 kN —F
2.86 kN
114kN-m

IB1 kN

7.14 kN =
17.1 kN m
(e)

151 kN
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Example : Explain how the moments in each joint of the two-story frame shown
in the figure are determined. El is constant.

Solution |

—T7m S—
]
My = :,(i}’:,.“ s TN . ‘)M.;. (M.‘.v , 4(.k—\->
/1l
Maa = 24 | . }{!u, T " 1| Kot~ i Waa

Mac = 25 2 20 + 0 = 3] 0
\ 5/

/1 My M, Vi Vin
Mcw = 25| £ Ji20c + 0y = 3] = 0 o .
5 )u,,,

i : M, £
Mep = .1(_;,5!.«: + il ~ S+ 0 » L™
B3\ M
Moo = 2E( 5 )20, + e = 3(0)) + 0 40 kN
Map = 26 2 Y20 + 0p = HU)| + 0
/1
Mpy = 2E( W20y + 0g = H)| + 0
I ﬂ)k.\l

Mo = 26( ¢ 2y + gy — 3] + O
' " i
Mog = 2E( < 200 = My = 3] 4 0

7\
Mpp = 26( £ J20) + 8 = 30 + 0

"1” . \’,, -
Mir = :fl::}[fl', | Wl ru ! Y : I : : I :
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Mpa + Mg + Mpe =

Meg + Mep =

M,_ £t

SIF, =0

40 l"m} . ".[;n = ()

0
Mpe + Mcyg . Mgp + Mpg
0 W= &
Mpe + Mpe =0 LEF, = 40+ 80 = Vg = Vg =
Mgg + Mgp =10 120 + M4 s Mga Mg u Mg
3 )

Substituting the 12 slope-deflection equations in these 6 equilibrium
equations will lead to a system of 6-equatins 6-unknowns which can be
solve algebraically to find :

¢l "l’z ’ 08 ’ oc ’ onp dhd 05

Then Moments can be found and drawn

={)

=1

Solution !

ST

D

Example : Determine the momentsz at each joint of the frame shown in the
figure. €1 is constant for each member.

21| Page

Unit-8-A: Slope-Deflection Method

Dr.

Zaid Al-Azzawi



i 2(12)
(FEM)pe = - Mo o L S agiiin
12 12 A* o :
wi’ 2(12)° ol § 60 SOLLIES > s e
(FEN|:"'":|_": 12 =24k
2 2 AZ
Wy = i f, - i o ﬁ
10 BT 1 *T 20
But: A, =054, and A; = 0.866), Man = "(,0 )l’“”*"u ] +0 ()
Py = 0417, 3 = 0433 M- '( j J120 + 0= 3] + 0 @)
My = 21;({; )|"n,, = e = 3(-04179,)) - 24 3
Mop = 2!( l’; J126¢ + By — 3{~04179,)] + 24 (4)
B o daa
Mep = r( Ji26c + 0 = 3(04338)] + 0 (5)
My = :1.( =3 J(2(0) + 6 — 3(0433¢,)] + 0 6)
Muar + Mpe = 0 (7) &
.“’('l) i 3 ."’("8 =1 (S) £
SN |
“.\.‘A"” = ()
Mg+ Mgy My + M uf 2078
Mg+ Mpe - (-—""T’i‘-‘-)m; ( 2 = ”’)<4().7s> - 24(6) = 0
2AM o — 34Mg, ~ 204Mcp ~ LOSM e ~ 144 =0 (9) £ i
24 Ve i T
0.7338; + 01670 — 0,392, = — A 4
El ot of o
24 10n
016705 + 0.5330, + 0.0784fr; = — —
El \
144 M.
184085 ~ 05128 + 3880, = ET :Z Vom Matt M 200
Elby = 8767 ElO. = —823  Eljy = 67.83
Map = ~232Kk+ft Mpe = 5.63Kk+ft Moy = ~253k-ft b S
A . S R B |>“ ™ th_‘_.
Myy = =563Kk-Mt Meg =253kt Mp =—=170k-It L +
LM N,
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Unit-a

Analysis of

Indeterminate Structures O

Using Displacement Methods

7 Haaae ¥ Fo4 - P B o e
slructural ;z/z/;ff%/.j_! l

£ r

(5 Al

Moment-Distribution Method
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Moment-Distribution Method

The method of analysing beams and
frames using moment distribution
was developed by Hardy Cross, in
1930. At the time this method was

first published it attracted immediate

attention, and it has been recognized
as one of the most notable advances
in structural analysis during the
twentieth century.

2|Page

AMERICAN SOCIETY

CIVIL ENGINEERS

P W %

ANALYSNS OF CONTINUOUS FAMES NY

DETIRBUTING NI DEND MOMENTS

POy (o M An B O 8
BT AN R 4
WAL K AAWFA s A anNrs o
ADOURLAE. B P AIMAR A A et
A 0 e AL AT A e
It weh Nnem . ] »
FANE Aty ) e hee o
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Sign Convention :

Clockwize moments that aet
on the member are
considered positive, whereas
counterclockwise moments
are negative

Fixed-End Moments (FEMs) :

RO N

FEM = PL/8 = 800(10)/8 = 1000 N.m.
Noting the action of these moments on
the beam and applying our zign
convention, it (z seen that

Mo = =1000 N.mt My, = +1000 N.m

Member Stiffness Factor :

M = (4EI/L) 0,

4E1
= L

Far End Fixed

K is referred to as the stiffness factor
at A and can be defined as the
amount of moment M reguired to
rotate the end A of the beam 8;=1 rad,

Joint Stiffness Factor :

Kap = 1000 4 K u = 4000

'

C

KT=2K

= K = 4000 + 5000 + 1000
= 10 000.

>
Il
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Distribution Factor (DF) : b

M=MN0ONm oL O et e
M;=K#
M=M+M,=K#b+ K,0=03K,
M. K# K M=2000N-m
DF, = — = v‘ — N
M__0SK|TN| DF ox

" i 2K 000N

DFE, g = 4000/10000 = 0.4 M,z = 0.4(2000) = 800 N -m /
DFE 4 = 5000/10000 = 0.5 M,c = 0.5(2000) = 1000 N-m
DF 5 = 1000/10 000 = 0.1 M,p = 0.1(2000) = 200 N +m

. - 5
Member Relative Stiffness Factor : Carry-Over Factor : :
M OS> ceas e
Most of the time £ (s identical for al )M'
members, so it can be omitted from the A e 7
cquation P ORIy
IWAB = (4ﬁ1/14) H/\
i Mps = (2E1/L) 6,
KR — Sclving for 8, and equating the sguations leads to
L the fact that :

Mg = Map/2
M’ =[]
COF/

Far End Fixed
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Example : Determine the internal moments at each support of the
beam shown in the figure, £/ is constant, 250 kN
) kN 'm
Solution :
R2me 2 me e
() 4m 4m
dEL sE] . dET
Kan = 12 Kac = B Kep = 3
Therelore
DF yu = DF ] DFg, = DF L 03
otk K T SEINI +AEINT
o 4F1/12 .04 DEss = 4EI1/8 -
0= JERAT + AEIR T T/ i
The fixed-cod moments are
2 12y wii 20012
(FEM)pe = “ll’- - I'|1 - KN m (FEM)cq = .ll;- - [l'.,' = JA0AN ' m
251NN L 2MKS
(FEM ) 5 = ";l" - j" - ~JSOEN-m (FEM)n = ';l - : ! “ MOKNm
250
1
Joinl A B C D |
Member| AB BA BC CB cD DC 2
DF 0 0.5 05 04 (L6 ] 3
FEM — 240 240 =230 250 4
Dist, 120 120 * 4 & 5
O Hl) 2 Hi 3 f
~ Dist, _ o] -] =24 —36 L 7
(e -5 -12 —().5 -8 A
Dist, 0 0 0.2 103 9
O 3 0l 3 0.2 10
Dist, -D0s| —-0058) -12 ~1.8 11
O ~{.02 ~1.6 =-0,02 -9 |12
Dist. 0.3 0.3 0.01 001 13
M 62.5 1252 | =1252 | 2815 | -281.5| 2343 |14
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~1352

-281.%

J0KN /m ‘q}kN
B35 kN-m, "‘*N xovnml ] ] [ [ [” 1 junoaN 1309 kN 1101 RN
('!;m 2m I) 125248 m (I ')m«unn ' ,,'“)“mmm-"'—'-
VIAN ) 2421
160.9
623
\42 12 g 24 : 2
v 173 \ 25 x{m)

Exampie : Determine the internal momentz at each support of the beam shown
in the figure. El is constant and The moment of inertia of each span is indicated

..olutlon 3
AE(750) : AE(600) .
T 3 “ |50F A('[) - T “ 160K
7 ; 40X b o) b Mt
DFgec =1~ (DF)ga=1-0=1 o
150E
DFeq = - o= 4S84 A
|"‘"‘ 4 lh”l‘ !lk . SO0 1y’
1605 _ [ 2 vy
DFcp = 1S0E + 160E 516 b 10t~ 20 f§ ———f—15 f§ ——
|60E
- “ )
DFc = T 100E
Due 10 the overhang,
(FEM)gs = 400 Ib(10t) = 4000 1b+
2 6(20)°
(FEM)gc = -"|’, = —— 5 = ~20001b- 1
. wi? 6020y
(FEM)cg = NS = - 2000 b« 1t
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St [ « 0
Member HC on (W3 ot
DE " (R [ 0 400 b CURLENT
FEM | KK
Dist. ~ 12 :
O -5t lap = 500 in?
Dt < . =
o oo % L 10 ft — 15—
Dot -1249
(U . _“2" PRI B l lji[l‘lli T
L 624 ! amith, . TRAM L r WM Wkt
é'g =151 A M I) (' = ') (tZ\;‘)
: - M Ly w0 ST 1 bt LT 04
co 6
D, 6d. A (- )
o T s
Dedt, -”"J 10 /—\ 0 Nih
(&) ) : 3 P i
Dt e 2. V
co 04 b
D, 03,
co -1 S
Dt ot
!‘v N —M7.‘ -0 Meaaty ol Wiatans DAL 3221
Stiffness Factor Modifications : M = 4,#0
Typical Scenario ! ( L ) 1
- 3
unlocked kg
jount >
Member Pin Supported at Far End : jont
1M 2
45 - O g s - P M
“EMy =0 VAL 2( E,)L(sl,) 0 P 3
A —
. 3E e e
Viy=#8= ML - M= l—{l) unlocked end
IET L jount real beam pin
s R would have to
= ﬂ be modified by ‘l‘-T'I'"- %|;—;)(1_.
L , % to model the R R S
Far End Pinned caza of having *.E—,—ﬁﬂ'.’
the far end pin el 2k -
or Roller Supported connscted. v 5t } ;L i

conjupale beam
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Symmetric Beam and Loading :

el 5 | = g
~ :H1
> { - [ » R J Ty li’ """ "‘\:‘
{
M £ &
-\‘, - = 1 f — (L =1 == rosd wam oty e
(+HEMe =) V(L) + El(”(z) 0
V'r = = %
or
T = zf’
s %) = | Symmetric Beam and Loading

& Thus, moments for only half the beam can be distributed provided the
stiffness factor for the centre span is computed using K = 2EI/L . By
comparison, the centre span’s stiffness factor will be one 1/2 that usually
determined using K=4El/L .

Symmetric Beam with Antisymmetric Loading :

R 50 R OO

ML 6El
Vg =8 CE] = M 1 f
& Thus, moments for only half
K = 6ET the beam can be ol bl
L distributed provided the :
Symmetric Beam with stiffness  factor for the n,w,,:>7"£¢
: . centrg span is computed 3T Er
Antisymmetric Loading using K = 6EI/L By Vo t.L
comparison, the centro 'b
span’s stiffness factor will S il ) ‘*_‘_
be one 1.8 that wusually MY Lt 9
determined uzing K = 4EBI/L. &SP

comyugate beam
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Example : Determineg the internal moments at each support of the beam shown
in the figure. El is constant.

ik

Solution :
. 3EL
kzm - I_\
. 2EI
Kpc = ‘30“ - 5N . N . IS -
~ 3EINS
DFan = 35775 = ! Joint A B
DFas = _ﬁ‘.}’il_“ﬁ = (1607 Member AB BA BC
PA " 3EINS + 2E1/20
) 2E1/20 DF 1 0.667 | 0.333
DFgc = s < (XI5
2 Ansy FEM 60 [-1333
(FEM)pq = =g = —j5— = 60Kk -1t Dist, 48.9 244
N wl®  420)
(FEM)pc = =15~ = — 3~ = ~1333k-n M () 108.9 —1()8.9],

Example : Determine the internal moments at each support of the beam shown
in the figure. The moments of inertia for the tweo spans are indicated.

Solution :
4F 1 AE(300) X RO

Cag ™ s o e w B0E. DEpg=———==10

K= IS . W o+ B0E 2400 Iy My
BT 3E(600) S0 v e o
Cac = e - e @ Q0E  DFpy = o = 04706 £
Kec=" =35 =5 PFaa™ gor v 908 &
VO£ S T
‘o = —————— =052 . AN x
DFsc = 30F = E o ?}?
""‘ lﬁ “ I :"‘l
DFp.= OE _
ol OOE ! s ’4"(’0):
| wi- 22 s -

Joén A u ¢ J (FEM) e = ~ - m = —120001b-f1
Member | Al BA ue CH

DF 0 A0 | 0324 1

FEM ~ 12000

Dist. 50472 (1524

O 28234

!‘v mﬁh SN7.2 '.%'.-2 " STURLE IS Wi 131
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m-ﬂ‘““

J.l.,, o | ) 575 (lt“ ‘“"""(Im IHI

21181b

- |

Moment Distribution for Frames: NO SIDESWAY

Example : Determine the internal moments at the joints of the frame shown in  cuies seses
the figure. There is a pin at € and D and a fixed support at A. E| is constant,

Solution :

K AN “:I" AM ‘I’N’ k, n ‘l,:l o) lll:’ ‘ k ’,"
ik TILELLL
AEi1S [1LLLI
DFax = 357715 + aEfIR - 8 20K . G
DFge = | -85 = 455
DF s i - 1330 -
LEIIS « 3EINS < 3R IS
DFep = ANLRS 298
AE1708 » 3EINOS < 3E112 A
DFcyp = |« 0300288 = 0372 Ao
DF e = | DFge = |
(FEM)gc = ';,‘ - \:;M - )35k
wl> MKy
(FEM Ica i D 13561 4 3
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kN

Joimt A B ¢ D E
Member| AB | BA | BC | ¢CB | €D | CE | DC | EC

DF 0 0545 | 0455 0330 | 0298 | 0372] | 1

FEM —135| 135

Dist. 736 | 6141-446 | —402|-502

(N8 RIR -3 305

Dist. 122 | 101 =100 | ~01!-115

O o e -5.17T 5.1 '

Dist. | 28| 23] -17| -ts] -1

O 147 -, 1.2

Dist. | 04| 04l 04| 04| 04

CO 02 -027T 02

Dist, 01| 01 0] 00 -0l \
M| s | 890 | =890 115 | =512 64 »

! Mikn
i n

20N

kn Ik N

Hkn

'A—1

P
f”A*‘J -
< Bl ) At -
:
i ]
All b

artifscial joint applied
(N0 ssdesway)

Moment Distribution for Frames: SIDESWAY

urtificial posnt removed
(srdesway)
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16 kN

!

B

Sm

No-Sway Solution !

4m

Sm

D

16 KN

B | R B

I
+

{h)

Example : Determine the moment at the joints of the frame shown in the figure.
El iz constant.

(c)

D
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: 16(4)°(1) .
(FEM)y¢ = = ———7— = 1024 kN m
(5)
FEM 1o(1)y |4| 386 kN
| 1\ )l = (5)_' m
Joimt A B C D
Member] AR BA BC CB | €D | DC ‘ ‘
DF Q0 05 0ns S 05 0 ~—a P
FEM —1024 246 1STEEN-m C272KNm
Dist. 5.12 512 -128] —-L
CO | 256 —0.64° 256 ~1.64 ]
st Ln.sz 0.32I 128 -1 im -
co | 0167 ~0.647" (.16 064 ||
Dist. | 032 | 032. 008 008 | L2ssiNem [J12xNm
CO ol =004 16 -8 ‘“-’. -
Dist. [ 0.02 0.02 | 008 —04 A, = 1. 73KN g2, = 081 kN
| =M | 288 | s78|-s78| 272 | —272] 1.3 t t
1y (e)
} | 16 kN
. -
N F O
SISEN-m 2TIkN‘m Br— ~,:'§._ R
=
’ml\ 'm || 132KkN'm
—
'A.- e . U —
283 KNm 132KNm
- ~
73KN 4D, = 081 kN
5.78 + 2.88 t“ e  diae
= e == .73 kN
o iz;;‘-_:’z:o.g, kN SF,=0; R=1T3kN — 081 kN = 092kN
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6ETA

Sway Solution : We will arbitrarily assume the FEM to be 100 kN.m

J‘rf B (FE.\‘“AH = (FEM))]; - (FEN”([) — (FEN“()( - —“K)kN'm
1""‘ 7 T A -.-"""1 :
Member] AR | BA sl gy
DE | 0 | 0% « ‘ rz‘\'mw ‘ ‘
FEM 100 100 / “1s o
Di. | L S ! — —
Co | 257 / ! J@OkNm [ 0KN'm
_Dist._| )7_‘?;{’ - Al 'n
O | -625) -
_ Dist. L 3125 -~ ¥ Sm Sm
cO R 100 kN 'm HWOAN m
Dist |  L-078|-078
(.0 03 \:}”l.“ ] JDKN'M
Dist. L0195 A < BAN 2 D, = 28AN
EM | -80.00]—6000] 6000 | 0000 |-60.00|— 8000 | A R
2F, = R’ = 28 + 28 = 56.0 kN

Total / Final Solution = NoSway + Modified Sway Solutions

Map =288 + $5(—80) = 1.57kN-m
Mgs =578 + §5(—60) = 479kN-m
Mpe = —5.78 + 55(60) = —4.79kN+m
Mcg =272 + £5(60) = 3.71 kN -m
Mep = =272 + %5(—60) = =371 kN-m
Mpe = —1.32 + 2%(—-80) = —2.63kN-m

o
Ans.
Ans.
Ans.
Ans.
Ans.

Ans
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Example : Determine the moment at the joints of the frame shown in the figure.
The moment of Inertia iz indicated.

Solution :

2k/M

i,

Joi = 1500 in'

on

1511

lpg = 2500 in'

(a) (b) ()

No-Sway Solution :

wi? 2x 122 wi* 2x 12%
FEMac———l—z-—-T——Z"k.ff FEMCB—TZ-—T—Z“’L,‘
4E(200D 4E(1500 3E(2500
‘Bz(l_o):GOOE K3c= (]2 2=500£ KCD=(1—S)=500I:'
Joint | A B ¢ D
DEg =0 Membert A8 | BA | BC | CB | €D | DC
BO0F DF | O 0615|038 05 | 05 |
P74 5008 +5008 ~ 1% | FEM | N
S00F _._;.51: " W— .70 B0 2 T roat D SR e A RSSO
DPop=—u = 0.385 CO | 738 ~h 4.62
#¢~ BODE + 5008 Dist. | 7 | 369 | 231 )-331 | 231
oo S00E . co | 1847 ~1167 116
PFes = 5508 7 5008~ O Dist. | 0.713] 0447 -0.58 | <058
S00E CO | 3587 0297 0224
Dy = s =S Dist. 048 | 041 [=011 | —0.11
S00E + 500F . o8 15
M | 958 [ 1934 [ -19.34 1500 [-1500 0
DFpr=1 USAL-N
o SF, = R=289-100=180k] == |
L e 4 el 0, = 10k

15| Page Unit-8-B: Moment-Distribution Method Dr. Zaid Al-Azzawi



Sway Solution :

ik
(FEM)¢p = —'-!l—l;ﬁ

(FF.M),,n - (FE.\”;M ~

6EIA _ _ GEQN0)X
L’ (10y
 3E(2500)X
(15)°

Azzuming the FEM for AB iz <100 k.ft, the correzponding
FEM at C, caucing the zame A iz found by comparizon, i.e.,

~2778 k-1t
(=100)(10) (FEM ) p( 15
6E(2000) JE(2500)
(FEM)¢cp = <2778k -1 ST 0 K-

Joint A B ( D ‘
Mcmber, A8 | BA | BC | CB | €D | DC_ 4000 k-1 A 231K

DF O |0615] 0385 05 | 05 1 "
b e

FEM —100 | =100 2778

Dist. 61.5] 3RS L1389 | 1389

CO | 3075 6,947 19.25 101t bisn

Dist. ~4.27] =2.67 [-9.625] —9.625 B

CO =214 ~4817-1,34

Dist. b 2961 L8SS 067 . 067 : S A0 k-1

CO | 148 L 0337 092 i Dl b v

Dist. —0.20, ~11.13 |-11.46 | ~1.46 D, =155%

SM 6991 -4001] 4001 | 2331 [-2331] 0

_ 1393 2F, =0 R' =110 + 1.55 = 1255k
Mg =958 + (\%)(-6991) = <048k -fit
Maq = 1934 + (55)(—4001) = 133k N
Mpe = —1934 + (55 )(4001) = =133 k-1t
Meg = 1500 + ([N%5)(2331) = 185k ft
Mep = —1500 + {(55)(=2331) = =185kt
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Solution :

Example : Determine the moment at the joints of the frame zhown in the figure.
£l is constant,

Thus, for the entire frame,

SF, =0 R=375-375+20 = 20k

R FE

8 ( H C
20 \-—fﬂ l R
S 4 & sn = 23
Z n| g
A A
I-—Aﬂ--*&i!l ﬁn--mn-{'
() (b) fe)
No-Sway Solution :
S(10) S(10)
(FE;\‘)D( = == -k fi ‘FE‘\')[';- —;\:— = 0kfr
Joint | A i ' C n
Member| AR BA BC CB | CD DC
DF 1 A2 | 0578 | 0571 | 0429 1
FEM -0 iy 4n 6K 4n
D.N 429 S71L -5T71| -4 SUT Ky 0k < ‘ R 597K+
co -2861 256 -V —_— L — 1
[)33! 123 l_h.“l -:!!‘i;“ ’_—J‘:} i \'“~ ". -— [
O “nRT X2 4. S9TK-N + %
Dit 035 | 0471 -047] ~035 U S L\ W
(8 8] -0H247T 024 I,
List, 040 | 0yl 013 <010 D,
p < 0 $97 | ~597| 8597 | -597| 0O -0
4k
(+ XMy = 507 « A(K) - 4(6) =0 A, = 375k
L+EMe = (0 ST - D(S) +4(6) =0 D, =375k
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Sway Solution :

(FEM)gq = (FEM)cp = —3EIA'/(10),

6EN1.28")/(10),

If we arbitrarily assign a value of (FEM)gz, = (FEM)p =

(FEM)ge = (FEM)p =

<10 k+ft. then equating &' in the above formulas vields
(FEM)gc = (FEM)cg = 240 k- fi.
[ Jont | A [ ¢ [}
Member| AB | BA | BC | ¢n | €0 | DC

DF | 1 Joaw | o] asn|eee] |

FEM =100 (240 290 1

Dist. 5006~ 7904~ 0.4 | 606

[X8) ~WG7 13957

Dist. 17485 2wl 2| 1748

co HAIT 141

Dist, -39 —h32 ~032| -4 ’

o -JJ«, ~328 a6d

st 140 18! 1m| 1@ t

(48] IW?F' B Una

Dist. 40| 053] ~053| -0 |

M |0 Frans 1aasn] 1480 [-40a8 o

lon %Nnmk n
& 13680 k-1t ‘h.‘h)ﬂk"
' .Mk 20K
A" I‘ D'.
r L B
-t -
2036k 2036k
HEMy =0, <AL8) + 2936(6) « 14680 = 0 A, = 37K
L+EMe =0 =D(8) + 2936(6) + 146,80 = 0 D, = 4037k
Thus for the entire frame.
IF, =0 R' = 4037 = 3037 = 80.74 k
Mps =597 + (3%)(—146.80) = 304 k-fi
Mpe = =597 + [,,ml( 146.80) = 304k f
Mep =597 + (5%)(146.80) = 423 kN
Mep = =597 + (g5 )(~146.80) = —423k+f1
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