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Shear force and bending moment diagram
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| !
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i |
i |
i !
;: ¥
.;'::..
Positive 3. F Positive B.M
< Concenirated loads:
R (12)= 10(10)+ 206 )+ 30(2)- 20(8) = R, = [0KN 10KN okn 0KV
|.i‘rrrr1'm|2r.'r| Am ‘Eml
ZF}. =0=>R,+R. =10+20+30-20 ,LL'L . TE r - 3 F
= R, = 30KN i
secrion x; | }rl' :‘:- 'i !L |
r,-"r'.ln::l'emfng line) R j—‘i; : — e
seclion ¥, [
My =R, ¥-I10{y-2) — ‘ ‘
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trenath OF Materials

. Chapter Th

n Notes:

bending moment of these points.

L. Values of shear force =Slope of bending moment.
2. Area of shear force diagram between two points =value difference between

< Uniformly distributed loads:

YM;=0

i,

W=25 KNim

Ry*12=25+]2%6= R, =I50KN

Y FY=0 .

EERIRNTELRT]
L 4 I

R,+Ry=25%{2= Ry =I30KN R
Section x;
8. FX=1530-25X{decreasing ling}

E-;nm,:miq—wtp% 150X - 125%° L

H
Ry

I 30KN
Convex parabola
To find BeM ¢
M L :
—=0=150-125X=0= X =6m |
(14X
= B¥ M, =450KN.m
/ dM aM ' :
NoteeS*F =0 =130 -125=—=(0=—
b ofe:S(* F, =0, % &) 2
M= 0Qdx
IFO=0= M is minimum or maximum
|
|
1
2
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Strength Of Materials ' . ) , Chapter Th
50 K M
~ Distributed loads of increasing value
W,
> MB=f1=s R4# |2 =M{3gc_}n 4. Rd=120KN
: {2 ' '
F}:ﬁ:}ﬁ;“f-ﬁﬂﬂ:lﬁﬂ'— Mo
y 5= RB= 240KN R s EH g _{}
X H
SECTION X i
.f 50 120 KN |
Oy = Rd—<W,(x)= f.?f}u—[—* r]x 120-25x°%
2 2012 .
(Convex parabola)
== X =448 -2410
‘I % 2 | 560 KN,
My= R4+ X - (E{J‘X],J[']? = 120X - E.ri

(Convex third dﬁgre.ej |
M atOxy = atx = /458
Mo = IEEF(JE}I— g{Jﬁ}J = SE0KN mi Efg L Hﬁm‘
s g_yﬂﬂ—-—-@"—%

! l
< Couples:
LMB=0=RA*10=10=> Ro = IKN Y
x =-Rd=-] v ;
Mx=-RA X=_X H "f-*-':l"l" f
e 2Kvm |

Nate: point of inflexion oceur at (M=0)
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Example-1- |

ZME:EJ.—_:- RA*8+40*2
08247 +20%6 o 20+ 3+ 10(1)+ 20(3X1.5)

— RA=42.5KN
S FY=0=RA=RE= 10(2)+20+20+10+ 20(3)+40 = RE = 127.5KN

OB =42.5-10(2)-20= 25KN _ proer
OD=22.5-20- 20 - 20(2)- 10 = 67.5KN ;:,f.'m , ; 40KN
& £ X0 i ‘ Lok
MY = 423X - 10X —J \
L Z A
i 2-3‘“. ]

MB =42.5(2)- mLFJ = 26 KNm z,
MY = RA(Y)- 10+ 2(Y- 1)-20(Y-2)- |

r-
20(y-5)-20(Y- 5{—2—}: _9p+825Y-10Y" T

MY =0=> 10Y?-82.5Y+90=10
— ¥ = 6.96 ory = . 5(neglect)

MC = —90+ 82 5(5)- 10(5) =72.5 KNM
| ME=-90+825(8)- 10(8) - 10(1)=—80KN .M

~SOKN.m

i

k i = —= # — i
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trev :‘HL}' Materials I ' ; ' Chapter Thre

Example 2 5
C=80KN.M
I

> MB=0= Rel6)+10%3+ I.5+SE}=E*-‘;*#S*E:>R-::=E?M o
ZF}'=¢']:_=R¢+RH=1{]*3+£=JH#5::-RB=H?.‘f_."'n’ 10K N l\mh\.\

! I : X basd '
OX =—Re+—wx. x=27.2+ '-'{43}—-I="3?-3+4-‘-’1 | c I'| R
‘ 2 2 i 5 Ry &

" (Concave parabala) ’

Ox=0=4X?=27.2=0=>x=26Im

I 3
M = E?.Ex—%1-.'..5:%:.??.Ex—E{SIIIfI*§E?.Ex- E.r*
(Convex third degree)
M s 2?.2:[?.6!]—%[2.5!]3 =47.3KN.m

M:ﬂ:;ixj—i’?..?.t:ﬂ:}x:#.jm

Me = 27.2(6)- %[ﬁ}} =—125KN.m

&

12
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trength OFf Materials

Example: A simply supported beam (ABC) has length of (6m) and loaded as shown below.
The weight of the beam 100N/, find.
(1) The reactions at A and B

2)Draw shear force diagrams and from it find the value and position of maximum
dending moment
Solution:

EMB={}':>Rd*_'5—fﬂﬁﬂj*2.5+fﬂﬂ*f*ﬂ..’5=H

W= { ) Niim f
= R4 = 240N

Rl / ?E,,
ZF]*'=E]':} RA4+ RB=100+6 = RB = 360N - Am i ! g
X 3 i ik
Mr= R+ x— Iﬂ{]‘x*;:l’cﬂ'}x—ﬁﬂx i
240KN |
Rx=RA-100x= Rx=240-100x= e
M_ atR=0=>240-100x=0=x=24m
M, =240(2.4)*50{2.4)° = 288N.M | |
E From (S.F.D) |
40 _260 . s |
x f—x -260KN;

BM, = areaaj'[s.F_ﬂ}=£:zm +24=288N.M

/3
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Defleciion y)

R R = ]

M

[

Slope and deflection of beams

+ ‘

Selations between (loading .shear force bending moment slope and deflection)

e
8 =—L=slope Since: 6is small thus d, =d, but d; =Rd@ = Rdfl = dx = & R

dy 1 M Ldty M
i B = H —— ﬂf:_&_;—r If = |
& R ET —5 amd{ T
dQ d’y
Finally: O = [wdr = w=—2= W= El| —=
v O o Lir y

Macaulays method (dirvect integration)

: diy  d'y ,

M= El —m = —— =— M [ntegratin
&’ del El GrEE

— = M, + A

de EIT©

!
y=—I[M, +dx+B
El®
conditions

Tvpe of loading:
(1) Cantilever with concentrated load:

Ely'=M=—wx

Ef_}-":—éuw‘u A - (/)

Ely =—§iw_1-*" +Ax+B  —(2)

Boundary conditions

¥

Where A and B constants to be found from boundary |

+0
SF Loading
|
ag 1
d 'E_:L' |
dx’
i -l.::,
SR e ‘
— |
= |
Pk |
iy
= T

e
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.E'. Atx=0=M=0=8=10

3. Arx=1L =:=;:'=e’,.l‘::.£'=£
4
2
—-lw:’_"'

| 4. Atx=L=y=0=D=
120

|
| »= —‘r—[_ we! _we’ whx 2,4
E| " 24 oL 4 120 e
Simply supported bean with concentrated loads.
20KN
JORN ‘}’
I

| <
“
|
| ) '__.;m l Sm
” S M, =0=> Ry =15KN J’{L m | o™
S Fy=0=> Ry = 25KN Ry _______ﬂﬂ.‘i*’-——~—'( R
" &
{x—j}+!ﬂ{x-—ﬁ]-—jﬂ{x—fﬂ}

|
| Epr=M=15x-20
| E]fn"‘_ij 2 |':|| z 1
| b —J‘I —f(1*5f+5fx-t‘i} _15(x=10) +4 (1)
3 10 S .
|||| Hf"_j-rj ""3_{3‘-"'3]'3 +E(I'5J2 *J{x—fﬂ‘]j +Ax+B —(2)
Boundary conditions
| 1. == y=0=B=0
||| N Note: (x-3) = g forx=J
(x-6) =0 for x<6
| (x-10) =0 for X= 10
| 2, Atx _ 2= y=0=0= %[!2}3 —%E{P]jgﬂﬁ}j _s(a) +124=> 4= _184.2
| Efy:ngm{g{x—j}j+§[:x«—§}j-—.i{.x—fﬂ]jrf.’j’cif.f;r
Note - Unit used are ( KN,m)
The deflection &t the center X=6m = (x—6)="0
(x-10)=0

Ely= éfﬁ}j - .‘;3{3)* _184.2(6) =653 IKN.m’
Fm'EE. 208 GPa and 1= 3"‘1’{3'"5::14
y=384" 107 m = 38.4 mnm




TRENGTH OF MATERIL CHAPTER FI
n -"“.-'l."=L:}_!'r:f}::iﬂ=_T'l1-’L:+ﬂ=:‘..-"I='E'I+'L-J

= ST =1
2, .*!tt=£.:#-_ji=f?:‘-ﬂ=?wL +EwL -L+E::>E—-—}~W-L

SoEly=— j— T } i 'u.'.[..‘1I r— i WI.J ‘
] 2 3

! 3 wi?
Ax=0=y=y___ =% Ef =——wl =y ==
r}ll ALEY -}III‘"E‘ 3 JJ jEr
i“{ cantilever beam with uniformly distributed load (U.D.L):
Eby" =M ==-wx.X
2 ‘
y Ef}"=—éw,l:j+d L L

WiNim

!
Ely==—mwx' + Ax+ B

24 |. ‘
Bowmdary conditions =

I Am:L:’ﬁ-J":{]:}—éwLJ+A=bA:di r’ ”

2 A.I'x'—-L::-y:ﬂ:;—iwL"+iw.[.'].L+E=:-B=—-{wL”r H
24 6 8

.|"
o |
4
Aﬁ:ﬂ:ﬁ',}"=_}"m-=-£ _'J-"J 'I1--'L‘1 |‘
SEf e 5F I
< cantilever beam with increasing (1/.D.1): ‘

. o 2w
vx = Ely (w + e x] W

Ely" = eyp =X opd o 4
1 wx JE:a: +A=0 ->(1)

!
Ely' =_Zye? W 3
e YA tAx+B=M (2)

E{F' = - i “-':'i'j W { f |

[

J’EII +Ea‘f.x?+ﬂx+[:'=|5' —(3)

; ||
24 ::?EI'LI +ﬁ’4x ""Eﬂx +Cx+D (4 H

Boundary conditipns
Atx=0 = 0=0= 4 =0

E— |
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< Simply supported beam with (U D L}

wiNdm) S
Y Mz=0 ¥ Fy=0 | (TEIHTEL
R4 and Ry are found
nEN'=M=R _Jr—'w{_'r:—u'}M RT‘:L 2 ( R
# 2 ; 5 a 1. h |
= Rd.x—gw{x—n]!

Eh' =£RJ1_1;‘1 —%w{x- al + 4

% -Ir j jl' 4
| Elhv=—R x» —=—wlx—-a) + Ax+ 5

Boundary conditions:

! Atx=0=y=0=8B=0
]
2 mx=a+b=L::-_1::ﬂ:;£=ﬂ:~é—ﬁﬂﬁ—Ew{x—a]"+.ﬂ=~A:

< Simply supported with (U D.L) over a part of the beam:

(0], ) =) .k

Eh'=M=RAx- wl[x .:11—--—+

= R,,..r—éw[:— a}z +%H{J[-‘-b]

I
Ely' = %RJ.,:E —éw{x— a)’ +Ew[x—b]|j' + 4

! ! 4 ‘
Ef}’=ERAIj —Ewlix—u}r +Ew{x—b} +Ax+ B

Boundary conditions:
Atx=o0=y=10
Atx=L = y=10
From these equation A and B are found L b |1 S

IHHHHHH e

I th
- : |

78
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" MATERIALS CHAPTER FIVE
< Simply supported beam with a couple :
Zl‘fﬂ- =-|'j
Y Fy=0 | a '| v &
R4 and Ry are found . vl : ‘l
Eh"™=M=R,x—-My(x—a) _,?,_ S & j%L |
LT x
Ely’ =iR.lxj _é'wnf.xnﬂ}+f4 Rk . le |
| "
I 1
Elv= ER $X —%Muﬂr—af+ﬁx+3 |
Boundary conditions : |
q\ Atx=0=y=0=8=0
!
2 Arx=L=y=0 :H'.i'=§RJLJ—EM“[L—51:I+AL:A:
Example (1): Find y. for the beam shown in the figure?
Solution: {OEN |
E{},":M="‘fﬂ{x—!} |_. im ks :} im ||
Elv' ==20(x=1) +A—={1) C 7
y' =-20(x~1) = ;
E}'y--—{; 1Y + dx+B—>(2) }——A |
N 7 z
Boundary conditions: El= 65 MN/m |
> Arx=4= )= —0=-2003Y + 4 |
= A =180 |
2 Adtx=4=y= ﬂ:ﬂh——[jf 180(4)+ B = B=-540 ; |
] - 540 ] %
= 040340 = _|=-831*107m
Arpn b= M[ 654100
|
|
|
|
|
|
17 -
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Example: (2) find yyand Ve SOKN] ...
| Jor the beam shown in the fieure 20K r”'ri - {}ﬂthTHr
if E= 200GN/m’ and 1=83*107" m’ ? : = D 7 Iz
Solution: flll"}_ (
K C - Ry
ZM =0 = R4 =60KN L_dm | Jm I 2m |
Y Fy=01= RB=130KN
! :
 EN"'=M=60x-20(x-1)-50(x —3]—3 G0(x—3)
|
| Eh'= M =30x" = 10(x - 1) = 25(x- 3} - m{x 3Y + 4
® Ely=M = 10x’ ——{T f}’-— 3) - { -3y + Ax+ B
 Boundary mmfmuns
1 Atx=5=y=0=0=10(50) -= {e:}j {2} s5Ad= A=—186

i @ﬂfx ﬂ' =0 |
| 2 Arx-j:-ﬂyd—fﬂlfj-‘ ——-1:3’ —135*3:}",:—!9"!.-” y £ -a ‘

|  Enp =303 -10(2) -186 =44
. Ely-=30(1) -186 =-156 |
y max occurs between C and D {3 wabte 3 ‘

El' =30x210(x=1) —186 =0 = x=2.67m
321.8

| . T E - =—[9.4dmm
9 'E'Ir.-!"mm _jszKNm :}.F.l.w.rr. Eﬂﬂ*fﬂﬁ *.ﬂ.’j""“}"’ ‘
|
| Example (3): Find yrand Ve 20KN
ifp=0 and El= 20 MN/m® 2m__) 2m
S v ayunawi|
x , : '
Efy':M=-Eﬂx—?ﬂx.5=—3m*mx {5f —IL
ety =102 -2 ¢ 4 br ‘
y=- 3
ET =..££I3 —E_-:*' +Ax+ B
. o 10, 4
- F i i=3733
Boundary conditions : (1) Atx = gm = y'=0= m[‘ﬂ 3 {d} +A= 4
(2) At x =4m
= = ﬂ___.{qrf { :I +4%373 3= BE=-1066.0

— 11 I————
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ENGTIH OF MATERIALS CHAPTER FIVE

yeax =0= 373.3)=18.667* 10~
Soe g 373:3)=18.667% 10" rad

-1
Yeate == 1066.6)=-53%107
A zmmﬂ{ J=—33% 10 m
ZORN

2y | 2m

2R N )|

=
r

Example: (3B): Find the value of the i
Jforce P 1o reduce the deflection of |
point ¢ ta the half ?

Salution -

§) Eb"=M =-20x- Eﬂ.r.% =—20x - 10x + Px - 2)

m . 1
El =102 -3 s Zp(x -2V + 4
j " EE )

Hi'JJ'EJ.,

Ely=-—x —P 2 + Ax+B
o R R

Boundary conditions:
Atx=0=yp=265*10"m=B==20*10"*265%10"" =-530

Atx=4m=y= {:r_—-— 4}*——{4}*+ P(2) +44-530 (1)

Atx=dm =y =0==10(4) - {4]3 { y+a=(2)
From (1) and {2) P= 80 KN
Example (4): Find y at the mid-point if

d= 450 mnt Gy = 100 MN/m’
and E= 210 GN/w’
43x

Solution ; Ely"" =Ws=~15-=7= 15KN/m [

GORN/m

“ 45x%7
Ely =—J’5r~—E+rI Ox \

jrj +Ax+ B =Mz

i Ax? + Bx+C
2

i,.q.tj +iﬁ‘x3 +Cx+ D
& 2

II-G'L
Boundary conditions:
Atx=0=y=0=D=0

+q
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. M,
m= M =)= -.-._i{f- ¥ -_—‘{r}‘ +7d= A=105

120*%7

Tim = ) (7Y %{mﬂ{r? +7C=C=-514.5

13 15 A
NEpm——x' - -j-rﬂ-—r —514.5x

24 J0L 6

" = 4-# g
Eh"==]ix=—x" + 105
4

-

Atx=35m Ely=-1172.35
o "I'I'H.'.'i '.r

- TELSL
E=ES !

Mo Occurat 0, = 0 = —;5I—§%r-‘ +105=0

= x" £ L6673~ 30667 = 0= x, =—8.5m| Neglecr)
vs =3.8m

5:15'-.-=rfmrfmr this value in L:jHr.IH'm'I of M,

M, ——-——l;.r 84) -{-i—-—lL L84Y +105(3.84) = 232KN m

=

232%10°* “,” 107

100*10° = ; - = I=552*10"m’
S32*J07° 2210 10° v = -1172.36 = v =-10.67mm
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E-FT?EENG 1 OF MATERIALS

CIAPTER SIX |

DHEHINTTIONS They are heams with extra supports, The reacrions af these supports
can not be determined using the equations of equilibrivm only, rather the deflection il
slope af beams must he concerned.

I

o

I,
2,

3.

4 Arx=F = yp=0 =-3M,. L“”+éR_¢E—%H’I[L—a}3 — (4}

bl

2 Simply supported beam with concentrared loads:

INDETERMINATE BEAMS

Built — in beams with concentrated loads ; "
EF-'='H =S Ry+Ry = (1) W :
IM,=0 =-M +RL-WbsM, =0 —(2) _”4(‘;%_ B P Y ] b'f’i)”"
Eh'=M = -M x"+R s=W(x-a) g ¥ ¥ i,

)

s ! I s
Ely'= =M x+ > s - EH (x=ay +4

/ ! i
Ely= 4__;1,;:‘4.1.“‘+—R1..r" —a-J*J’I:J:--ﬂl]lJ + Ax+ B
- S g ]

Bowndary conditions.
At x=0 = y=0 = B={
At x=0 =y'=0 = d=0

Ax=L =y'=0=-M,L+2R, = W(L-af ()

Four equations with Four unknown (R Ry M, Myl

Y F=0 =R +R +R =W - (1)
YM.=0 =R L-Wa+R b=0 —(2) W IR u i
Efy*=M=R x-W(x—c)+ R, [x-d) .

Y

Eﬁ-":—éﬁ_lf = l [-J’l:_r—['}! J.-%Hn{.\'—d]: + A Rﬁ: if Hﬁ: .h(n? l
- y ",I
.

2

E{l:%ﬁlﬂ,‘:—éul[i'L‘}t'l'éﬂﬁt.i'—iﬂlr b Ax + B L 4

Boundary conditions:
At x=0 = y=l = B=0

At x=d =y=0 —[lﬂ d’ - i:[-'r"{ﬂ' —¢) +4d  =3)
]

Yoy o o .
At x=L ::._r:u:EH,.{:-Efr{L—cl+ER,,[L-M+.4L —»(4)
¥

Four eguations with Four unknewn { Ry, Rg Re A)

30
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CHAPTER SIX )

STHENGTH OF MATENRTALS

3. Buwilt — in begms with movement of support:

YFe=0 =R, =R, —(I)
YMB=0 =M,+M;=R,.L —=(2)
ER"=M=-M "+ R x

; ! 3
E == M x+ = R+ 4

i )
Ehy=——M x* +—R rJ':J + Ax + B
2 g

Boundary conditions:
-’13. At x=00 = y=0 = =0
2. At x=0 = y'=0 = A=0

3 Arx=L ::1]!:{5ﬁEI£F=—£M_,,L'1+—;HrIL‘* —(3)

4. Adrx=L ::»_v':e'}:hr}=qu,L+éR__rf_1 —(4)

Four equations with Four unknown ¢ R Ry M M)

Evample (1): 1=42+10%m® v, =100mm R R

Find o M, T hal. TlUn ,‘)”
| Selution: R SR i
oy 1 b5

S Fy=0 =R, +Ry+20=40+30*3 - (/)
Y MB=0 = RA*3-MA+20%1.8—40+1.2-30+3%1.5+ MB=0 —(2)

]
e ——

Ey'=M=-M x" + R x+20(x—1.2)-40{x — 1.8)- jnx*E

ER' == M x+ éﬁ' X+ 10(x = 1.2 - El'?{x —18Y =5zt 4

! ! 3 fl'f-' &
Ely===M x° +—R X —_ T-IE - r—Hi! ——x + Ax+ B
2 (3 3 }3 3 }] ]

Bowundary conditions:

l. dix=0 = y=0 = B=10
2 Atx=0 =y=l = A=

3 Arx=3m =y =0==M [3]+ER (3) +10(1.8Y = 20(1.2Y = 3(3) = (4)

-

3l
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STRENGTIT OF MATERIALS — CHAPTER S1X]
4 Atx=3m = y=0==—M (3} + —8,(3) + —(18) -~ (] 28) “(3)" o (4)

P, f i K A
From equations (3) and (4) = M =254 KNy R,o=d6.1 KN
Substituting R, =461 KN ineqg.fl) R, =039 KN
Substituting R and My in ¢q.(2) My =349 KN.m

Depending on shear force diagram the maximum bending moment ocenr at one of three
pofns (A B.at x=1.8m)

Atx=18m = M =244+ 46.1(1.8)+ 20(0.6 )= 15(1.8) =20.04 KN.m

M =34KNm a B

TLEE

"V

LY

- Moy Ve 34107+ frm: i _gre 0t N
1 47 % | m-

Examplef2): Ei=14MNw”

Find RA, RB, MA, MB and ye

Soi:
Y Fv=0 =R +R,=40+24(30) —(I)
S MB=0

=M, + R (4)—40(2.4)- 3&[3.4}34:' +My=0 =(2)

Ely'=M=-M_,x"+R, x==40(x —].ﬁ}—%lﬁﬂlx ~1.6)

; BV : .,
Ely'=-M,x+_R, 5" ==20(x-1.6) —5(x-1.6)"+

] ETE O .5 :
By= EM'J' +ER""' T x~1.6) ‘E{-\"I.ﬁ]‘ +Ax+ 8

I Atx=0 ==l = R={)
2. dtx=sl =¥=l = A=}

3oarx=am =)' =0=-M (4)+ %R (4 +20(2.4) -5(24)" - (3)

4. Arx=3m :H-'=ﬂ'=—EEM,.{'“]':*%RJ‘*}]"'E—lﬂ'{l‘lr—il[l"f}l —(4)
4

From equarions (3) and (4} = RA=44. 1 KN MA=42,12 KN.m
Substituting these values in equation (1) = RB=679KN
Substituting these valnes in equation (2) = MB=4812 KN m

32
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CHAPTENR 51X

STRENGTH OF MATERIALS

< Ef Fo=- -{4"1 12)1.6) +- 44 o)

- 2375
14* 10

M=

=—[.7* 10 mi==1.Tmm

Example : 3: E=210GN /m" 1=90010 " m' find R R, M, andM

YNFe=ll =R =R, (]
_YMB=0 =M, +M,=RE (2
Eh"=M =-M x"+R x

) ;
Eh'=—M x +ERJ1.1-‘ + A

s I
Efy=- ; M x* + ﬁ—ﬁ'_r.r‘a +Ax+ B

Banndary conditians:
I drx=0 =y'=0 = A=0

2. Atx=0 = y=12mm = 00107 * 210" 10" *0.012=8B=226.8

3. Atx=8m = =0 =—1RI{R}:—M|[_E]| =5 R, =i4f —+(3)

4 Atx=8m = y=0) =;n_—ﬁ (B -—w RY +226.8

= 8533k, —32M , +226.8- ) )
From equations (3) a.vm' (4) = R, =53156 KN M, =21.26 KN.m

Substititing these values in (1) and (2) to get |
R,=5.3156 KN M, =21.26 KN.m

i3
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Meachanical Engineering Depl. Mechanics OF Matenals

Thin Cylinders and spheres

When the thickness of the wall of the cylinderis less than(1/20)of the diameter of
cylinder then the cylinder is considered as thin eylinder, Otherwise it is termed as thick

cylinder.

Equilibrium of half of the cylinder Pdl=2oy T.L

L=Length of the cylinder d= Diameter of cylinder t = thickness of cylinder P= Internal

Pressure due to fluid. Circumferential Stress or Hoop Stress (0n). Longitudinal Stress

(o)
g
T — i_r -
: . %]
Longitudinal stress: Consider now the cylinder as Eb b o] l
shown. Total force on the end of the cylinder owing 1o = r_ _J-
: = .
i re: essure x area = p x d/ 4 = -
internal pressu pf :
ﬂ{.“.D.l '!r
P.d
A=

()
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Meachanics OF Matarials

Mechanical Engineering Dept.
|

Change in Length:

The change in length of the cylinder may be determined from the longitudinal strain, i.e.

neglecting the radial stress.

Longitudinal strain = %[ﬂ'; —voy)
change in length = longitudinal strain x original length

and

1
=E[EL"WH]L

pd
=G - 2IL

Change in Diameter:
Gy ( J
=—=(oy —vo
H E H L

n(D+AD) 1 PD  PD

D E"‘2t 4t
AD L 2 —v)
=—(2=v
d-tE{

Change in Internal volume:

T w
V==DL = AV =—£|[DE.-!'.L + L.D.AD)

4

AD

A =2 :ﬁm&ﬂ—
T4 L o’

Page No. O
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Mechanical Engineering Dept. Mechanics OF Materials
ﬂ

AV = u[:wu zv}+HE(z v}l

PD
v =¥ [z~ )]
Thin shperes under internal pressure:

Equilibrium of half of the sphere:

Total force on the end of the cylinder owing to

internal pressura: pressure x area = p x el
4 =oumDt

P.a
N =Tt

1
= —(ay — va
Ex E{ H L)

n(D+AD) 1 PD PD

a0 E‘a4t ' at
pp2
AD = fiise
gAY

—EI =E ﬂ:ﬂﬂ
V=2D® — AV =2(3DAD)

AD 3PD
M’:u.(a ﬂ) AD =S (1-V)

Fage Mo O
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Mechanical Enginearing Dept. Mechanics Of Malerials
—_— S

Vessels subjected to fluid pressure :

If a fluid is used as the pressurisation medium the fluid itself will change in volume as
pressure is increased and this must be taken into account when calculating the amount
of fluid which must be pumped into the cylinder in order (o raise the pressure by a
specified amount, the cylinder being initially full of fluid at atmospheric pressure. Now
the bulk modulus of a fluid is defined as follows:

volumetric stress
yolumetric strain

bulk modulus K =

where, in this case, volumetnc siress = pressure p

change in volume &V

and volumetric strain = —— -
original volume ¥
¥
K=t _=E"
VIV 8V
: ° A pV
ie. change in volome of fluid under pressure = K

The extra fluid required to raise the pressure must, therefore, take up this volume together
with the increase in internal volume of the cylinder itself.

extra Auid required 1o raise cylinder pressure by p

i
4tE
Similarly, for spheres, the extra fluid required 15

. pr.
[§—dv]F + X

Page No. O
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Mechanical Engineering Dept.

Mechanics OF Malarials

%—:—_—m

Example: (a) A sphere, 1m Internal diameter and mm wall thickness, is to be
pressure-tested for safety purposes with water as the pressure medium, Assuming that

the sphere is initially filled with water at almospheric pressure, what extra volume of
water is required to be pumped in to produce a pressure of 3 MN/m® gauge? For water.
K.=21 GN/m®. {b) The sphere is now placed in service and filled with gas until there is
a volume change of 72 x10° m”. Determine the pressure exerted by the gas on the

walls of the sphere. (c) To what value can the gas pressure be increased before failure

occurs according lo the maximum principal stress theory of elastic failure? For the
material of the sphere E = 200 GN/m®, v = 0.3 and the yield stress gy, in simple

tension = 280 MMN/m®,

Solution

a) Bulk modulus K = —

MNow

and

Le.

volumetric stress

volumetric strain
volumetric stress = pressure p = 3 MN/m?

volumetric strain = change in volume + oniginal volume

P
R=sviv
, _p¥ 3Ix10® d4n
change in volume of water =K —wx 3 (0.5)°

= 0.748 x 10" m*

(b) From eqn. (9.9) the change in volume is given by

'Ph,g'e‘.’-'r'nO
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Mechanical Engineering Depl. Mechanics Of Materials

Cylindrical vessel with hemispherical ends:

Consider now the vessel as shown in

which the wall thickness of the *

cylindrical and hemispherical portions : f T ! I

may be different (thiz is somelimes . : d P
necessary since the hoop stress in the | * l I J

cylinder is twice that in a sphere of the

same radius and wall thickness). For the purpose of the calculation the internal diameter
of both pertions is assumed equal. From the preceding sections the following formulas

are known to apply.

(a) For the cylindrical portion:

hoop or circumferential stress = Ty, = Y

[

longitudinal stress = @ ol vy

i : : 1 pd
hoop or circumferential strain = = [oy —ve, ] = H[l -v]

(b) For the hemispherical ends:

pd
hoop stress = oy = -1_!,
: 1 . pd
hoop strain = E [oy,—voy, = E!,TEU —v]

Thus equating the two strains in order that there shall be no distortion of the junction

-

pd . J— : s _(1—v)
ﬂ[z_v]-ﬂh,ﬁ[l v] Le Z‘[E—F

b

Fage Vo, O
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Mechanical Enginesring Dapl. Mechanics Of Materlals
_— e ————_—_

Ipd
- (l—W)¥
o 4tE{1 v}

3px 1 x$r(057(1-03)
T 4xfx 107 % 200107

T2 % 1075 x4 2 6 x 200 = 105 =3
i 3% an{0.5)° % 0.7

— 114 % 10° N/m?® = 314 kN/m?

T2 1078

f¢) The maximum stress sct up in the sphere will be the hoop stress,

pd

ie #LHHH=E

1o the maximum principal stress theory failure will occur when the

Mow, according
ected

maximum principal stress equals fhe value of the yield stress of a specimen subj

ta simple tension,

iLe. when g, =0, =280 MN/m?*

Thus 280 = 10° =§

280 x 10° x4 % 6 x 10~
g

= 672 x 10° N/m*® = 6.7 MN/m?

The sphere would therefore yield at a pressure of 6,7 MN/m*.

Page No. O
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Mechanical Engineering Dept. Mechanics OF Malerials
“—

With the normally accepted value of Poisson's ratio for general steel work of 0.3, the
thickness ratic becomes !

t,, 07

_— e —

is L

I.e. the thickness of the cylinder walls must be approximately 2.4 times that of the
hemispherical ends for no distortion of the junction to occcur.

Example: A cylinder has an internal diameter of 230 mm, has walls 5 mm thick and is 1
m long. It is feund to change in internal volume by 12.0 x m® when filled with a liquid at a
pressure p . If E = 200GN/m*® and y= 0.25, and assuming rigid end plates, determine:

{a) the values of hoop and longitudinal stresses:

{c) the necessary change in pressure p lo produce a further increase in internal volume
of (longitudinal) are assumed; 15 %. The liguid may be assumed incompressible.

l?'ﬂlg'rﬂ'fa.o
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der of original volume 65.5 x 10- m3 and
¢ internal pressure 14 bar (1.4 MN/m®),
ans:17.5 x 10-6m’.]

. Determine the change in volume of a thin cylin
length 1.3 m ifits wall thickness is 6 mm and th
For the ylinder material E =210 GN/m®: v =10.3.
ifitisto

. What must be the wall thickness of a thin spherical vessel of diameter 1 m
limited to

withstand an internal pressure of 70 bar (7 MN/ m*) and the hoop stresses are
270 MN/m*

of 150mm internal diameter and plate thickness Smm, is
(7 I'u'IN."mi“,I; the increase in valume owing to the

5 ratio and the modulus of rigidity.

A steel cylinder 1 m long,
subjected to an intemal pressure of 70bar
pressure is 16.8 x m3, Find the values of Poisson'

Aszzume E = 21 OGN/m-.

of 1.7m diameter is made from 12mm thick plate, and it is to be
Determine the additional volume of water which it is
he vessel is initially just filled with water, in
£ 116 bar {1 1.6 MN/m®). The bulk
CE =200 GN/m®, v =0.3.

. A spherical vessel

subject4 to a hydraulic test.
necessary to pump into the vessel, which 1

order to raise the pressure to the proof pressure o
modulus of water is 2.9 GN/m", For the material of the vessel

ans:26.14 x10-6 m’
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Thick cylinders;
Lame theory:

Consider the thick cylinder as shown, The stresses acling
an an element of unit length at radivs rare as shown in Fig.
the radial stress increasing from a, to o, + do, over the

clement thickness dr (all stresses are assumed tensile),

For radial equilibrium of the element:

de

—

LFe= (o, +do)(r+dr)df x| —o, x rdf x | = 20y = dr % | x sin :

For small angles: sin ‘E =ﬁ radian = +da
2" 3 R

Therefore, neglecting second-order small quantitias,

da e
rdo, + g,dr = oyxdr —_— 3
r H g +r = TH ""-k_ 7 /T Uit k=rgih
e/
VL

O ay—a,=r=" (1)
Azsuming now that plane sections remain plane, i.e. the longitudinal strain .zL is constant across
the wall of the cylinder:
1 !
5L=E[ﬂ1-"ﬂ,—"ﬂ'ﬁ =E[cr1—~u~[ﬂ,+u'u}]=cﬂnstani

It is also assumed that the longitudinal stress a; is constant across the cylinder walls at points

remote from the ends

@, + oy = constant = 24 (say) (2)
s 3 do,
Substituting in (1) for o, 2Ad—a,—0, = rT
r
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Multiplying through by r and rearranging, p E —Ar=10

dr
d
o~ Art) =0
_ . 2 2 :
Therefore, integrating, a1 — Ar* = constant = — B [Eﬂ}'} a, = A= F
And from equation (2 : og=A +£;
r

Thick cylinder - internal pressure only:
Consider now the thick cylinder as shown subjected to an internal
pressure P, the external pressure being zero:

The internal pressure is considered as a negative radial siress since it &

will produce a radial compression (i.e. thinning) of the eylinder
walls and the normal stress convention takes compression as w
negative.

Substituting the above conditions in radial stress equation:

B
B =
—P=A-— & And =4 T
PR} PRIR3
=—— and B=——"—
T (RE-RD)
B PR} R}
1 N o . . SO .
radial stress @, 7 T R-RY [1 3 ]
where k is the diameter ratio D,/D, = R, /R,
L PR[LR
and hoop stress oy, = RI-R) 5

PR} [r-‘- +R1'J =P[[R,,I’r}‘+1]

TR-RL P k-1
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Longitudinal stress: Consider now the cross=section of a thick
cvlinder with closed ends subjected to an internal pressure P and
an external pressure P,

For horizontal equilibrium: % 1
P, xnRI—P,xnR}=0g,% n(R1-R7) Clased ends
where & is the longitudinal stress set up in the cylinder walls,

PR} —P3R;

longitudinal siress o, = —H?ITE}_

1'.!"_=.rf

Change of eylinder dimensions: (a) change in diameter

1
Eg= E[ﬂ’u—'-’ﬂ'f-"'ﬂr.]

r
AD = —E[ar;.-— va, —ve)

(b) Change of length:

L
AL = E[#L—ﬂr"'ﬂﬁ!]
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Compound cylinders:

Onginal 0.0, of
inner cylinder

___Fina! comman rodius
i

Original T.0. of
puter cylinder

(2) shrinkage-internal cylinder:
Atr=R,, o,=0
Atr=R., @ = —p (compressive since it tends to reduce the wall thickness)
condition (b) shrinkage— external cylinder:
Atr=R,;, o,=0
Atr = RL g, = —p
condition (c) internal pressure —compound cylinder:
Atr=R; o,=0
Atr=R, e=-F
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Shrinkage or interference allowance:

simce aircumferential sirain = diametral strain
25, 8,

arcumferential strain at radius r on outer cylinder = -lr—" o £y

. . : , . : 25, o
circumferential strain at radius r on inner cylinder= 5‘ =?r = —En

{negative since it is a decrease in diameter).
Total interference or shrinkage = §,+ 48, = FEy, +r(= E,,-[}

= {EH_ —s,']r

Mow assuming open ends, ie. o, =10,

I:FH.I1 L] .
EH“=E] —E—Z[—p] since @, = —p
Ty ¥ g
and fiy=— —X(—p)  sincec, = —p
E, E :

: ; 1
Therefore total interference or shrinkage allowance = [E_ (o, +¥yp)— EL [, + V1P ]r
1 1
Generally, however, the tubes are of the same material.

Shrinkage allowance = %{a.r —~oy,)
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Mechanical Engineering Dapt, Machanics Of Malorials
e ————————————

Examplet:

A thin cylinder 75 mm internal diameter, 250 mm long with walls 2.5 mm thick is subjected
to an internal pressure of 7MN/m?. Determine the change in internal diameter and the
change in length.

If, in addition to the internal pressure, the cylinder is subjected 10 torgue of 200N m, find
the magnitude and nature of the principal siresses set up in the cylinder. E = 200 GNm”.
vo= 03

e
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Example 1: A thick eylinder of 100 mm intemal radius and 150 mm external radius is
subjected to an internal pressure of 60 MNfm® and an external pressure of 30 MN/m®. Determine
the hoop and radial stresses at the inside and outside of the cylinder together with the
longitudinal stress if the cylinder is assumed to have closed ends.

Solution:
atr=01m, o =—-0MNm atr=015m, o, = =3MN/m’

—60=A—-1008B -3 =A-4458

B=0.54 and A = -

B
ay=A+—= —6+0.54% 100 = 48MN/m?
and at r = 0.15m, gy=m =—6+054xd45= —6+24
= 18MN/m?

From eqn. (10.7) the longitudinal stress is given by
_P\RI-P;R} (60 x0.1"-30x0.15%
%= TRI—RD 015 =017
10360 ~ 30 = 2.25)
TIPS

= —6MN/m? it compressive

Exarple An extemal pressure of 10 MN/m® is applied 1o a thick cylinder of internal diameter
160 mm and external diameter 320 mm. [f the maximum hoop stress permitted on the inside wall
of the cylinder is limited to 30 MN/m®, what maximum internal pressure can be npplied
assuming the eylinder has closed ends? What will be the change in outside diameter when this
pressure is applied? E = 207 GN/m®, v = 0.2%,
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Combined stresses:
The circle used in the preceding section to derive some of the basic formulas relating to the

transformation of plane stress was first introduced by the German engineer Otto Mohr (1835-
1918) and is known as Mohr’s circle for plane stress. This method is based on simple geometric

considerations and does not require the use of specialized formulas. While originaly designed

for graphical solutions.
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Examplel: For the state of plane stress already considered as

shown in figure, (@) Construct Mohr’s circle, (b) Determine the 11 NP | i
e e LU B
principal stresses, (c) Determine the maximum shearing stress and .,,.-.:::. al®l} "
. l 50 MPa '
the corresponding normal stress. o
I
_ T(MPaj ta)
Solution: A
1r_1—5.‘ —
Y f""_"“m\
o [/ \
| [ ¢ C F A o(MPa)
Bl O [
! A !
0 p /40
\ t l
o ___ﬂ,--'* ¥
L)
i T(MPa))
.'II o= Tovn = 20
/ _L
o= 20 MP: o'= 20 MPa |‘TJ
e Ry o L
‘74 7%71; — 50 MPa /}-\’ S
' j—llliﬁ _'ll::l
l?%’ i ope \
' vh H.II \ IJ. 1
PN I 0 © / ! r{MPa)
-'I‘ "‘ - Ill\ / i o
y \ T -. 24 =83.1%
X O = T0 MPa b T X
J,~"“ 45° E p=5p
_—V-‘P ﬁﬁ‘ \U‘ri'l = 30 MPa Ty crriliL‘izT[] —
i oy \ H,, e (P ||
| 0 /* |7 miin
7 l x
A
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Example2: single horizontal force P of magnitude 150 Ib
is applied to end D of lever ABD. Knowing that portion
AB of the lever has a diameter of 1.2 in., determine (a)
the normal and shearing stresses on an element located at
point H and having sides parallel to the x and y axes, (b)
the principal planes and the principal stresses at point H.




Example3: A stress element has 0 x = 80 MPaand 7 xy = 50 MPa
cw, as shown in Figure. Using Mohr’s circle, find the principal
stresses and directions, and show these on a stress element
correctly aligned with respect to the xy coordinates. Draw another
stress element to show 7 1 and 7 2, find the corresponding normal

stresses, and label the drawing completely.

Solution:

i M=

A

o

&0

i |

i |



H.w:
1. Determine the principa stress developed at point A on Ik » :
the cross section of the beam at section a-a. - r.-.rla B ?
= | 15 mm WEN
H o
S mm
Siciinn @
2. Determine the maximum in-plane shear stress developed 1"'”‘

at point A on the cross section of the beam at section a-a, _'_[.__f‘

which is located just to the left of the 60-kN force. Point A 13 |
isjust below the flange.

L ] |
1 K
)

ik re -
ket (i

S Ml -
3. Determine the equivalent state of stress if an element is oriented
25° counterclockwise from the element shown.
550 MPa
200 MPa

4. Determine the principa stress, the maximum in-plane shear

— ¥ = S00MPa

stress, and average normal stress. Specify the orientation of the

element in each case. 350 MPa




