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Chapter One

Vectors




1.1 introduction

Some physical quantities describe only with there values such as temperature, area, length, mass,
etc., theses quantitiesare called scalars.

other physical quantities are not enough to mention only their values, they need to mention also their
direction, for example, force, velocity, acceleration, etc. these quantities are called vectors.

The vector usually represents by a directed line segment ( arrow). The length is the magnitude of it
and the direction of the arrow representsthe direction of the vector.

Thevector can be denoted by symbol

a b C AB




1.2 Some definitions of vectors

1.2.1 Magnitude of vector
The magnitude of a vector 5~ writter || isthelength of its
representative directed line segment.

1.2.2 Unit vector
A unit vector > isavector of unit length, that is|>| =1.

1.2.3 Equal vectors % v
Two vectorsu and v, which have the same length and same

direction, are said to be equal vectorseven though they have

different initial points and different terminal points. If u and

v are equal vectorswewriteu = v.

1.2.4 Zexro vector

The zero vector, denoted O, isthe vector whose length is 0. Since
a vector of length 0 does have any direction associated with it
wasshall agreethat itsdirection isarbitrary; that isto say it can
be assigned any direction we choose. The zero vector satisfiesthe
property: v+0=0+v=vfor every vector v



1.2.5 Negative vector

If u isa nonzero vector, we define the negative of u, denoted —u, to be the
vector whose magnitude (or length) is the same as the magnitude (or
length) of the vector u, but whose direction is oppositeto that of u.

/’:/I'A/I_H//d

1.2.6 Orthogonal vector
Two vectors a_and 5 are said to be orthogonal when the angle between
them is90 degree or one of then isa zero vector .
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1. 3Vectorsalgebra
1. 3.1 Equality

—= a4; +az;j and —= b,y; + by;

a b
ﬂl — bl 8& ﬂz — bz

These aretwo vectorsare equal only if

Then 7 = 3

1.3.2 Addition and Subtraction

;}: oy —+ sz and ;}: bli -+ sz

:f+? = (a; + byi+ (a, + b,)j

e (a; — by)i+ (a, — b,)j




1.3.3 Multiplication by a scalar N

o If —= a,y; + ay; and Sisthe scalar , _, _
s—>= (sa,); + (saz); -

o |f (s) Ispositive, thedirection of vector $ — at the samedirection of
vector

» |f (s)isnegative, thedirection of vector —at the opposite direction of
vector

Examplell if - = 5;+2; and —> = 1; + 4;
. u v
Find u+v

Solution
i+
: A= - i ‘ =
—wn® - 3 ;‘:- ) b —_ "
“* .‘4_:":'_;. L} :ﬁ o
f ]
! a
e e o 3 or ,n"“ P ]
."I il == - A .'II i
i I.IIIII : e S 1 Iu"|l e
r'l o i f
P -~




1.4 unit vectors(i.], &K)

Leti,] and k are unit vectors

Where

(i) Isa unit vector in the positive x-axis direction.
(j) Isaunit vector in the positive y-axis direction
(k) Isaunit vector in the positive z-axis direction
That wlE|=1Fl=1k]=1

And
I, ], and k are orthogonal

Tofind theunit vector for any Let 7> = 3i+ 4

it ¢ . ﬂ_ 3£+4'} _3L+4'j_3.+4'.
unit vector of a = @l Varraz = = 5: 5}




1.5 Vector in plane

| f K)is a vector from theorigin (0) to the point P(a, b).

—):—):ai—|—bi
orP

A
| 2] = Vaz + b2

w o
oC +ﬁ f— E -.-.-___.-'
- aj+b a . b -l g
Unitvector=§>=ﬁ= _,'ZmlﬂLml e ~
A A A A e 2
?zcosoc1+cosﬁj i e
Where
cos x— @ _ b
, cos B
2] 2]
Example 1.2 _ _
Find the direction and thelength of 7= 4t + 3J
Solution = |_,| = J(@2+(3)2 = 5
L ength of T a4 s
=
. —
Unit vector of ,44 A
cosa= ¢ — a::cos_l(g) — a = 36.8°



1.6 vector in space
» SupposeThat A isavector from theorigin toapoint P(a, b, c)

—=—=ai+ bj+ ck then |—>| :\/a2+b2+c2
A oP a

unit vector = 1—: =

L L
S
_|_
g
.|_
&

|A|

a b C
i + Jj + k
|2l

p— —I
A A

— — co0s X i+ cospf + cosy

|?.-.’| =1 = (cos x)? + (cos B)? + (cosy ) ?

Example 1.3
Find the unit vector of vector —— 4i + 3j + 12k
Solution 4 5 12k
ol = \/(4)2"‘(3)2+(12)2 = 13 W -] 13" 7137 T3
and v
Example 1.4

Find a vector 6 unitslongin the direction of vector 7= 2t +2J — Kk

: A 2i+2j—k a4 .
Solution  —= i 6~ Yt — 2k

vector = 6 -= 41 + 45 — 2k
1




Example 1.5
Find a vector of length 2 unitsthat makes angle 60 degree with x-axisand 30 degreewith

y-axis.
| a=60°, 6=30,° y=?
Solution
(cos x)? + (cos B)? + (cosy )% =1
0.25 +0.75 + (cosy )?2 =1
(cosy )2 =0, cosy = 0, y—= 90°

—= cosai+ cospfj+ cosyk = 0.51 + 0.86])

uw

?=2|?>|. —>= 2(0.5i + 0.86j) = i+ 1.72j 4 ErE
[ H =

1.7 vector between two points :B/,ﬁ

Let A(a,y, a3, a3) and B(b,., bz, b3) A(ﬁy

ltspossibleto find a vector between A& B

e (by —ay)i+ (bz —az)j+ (b —az)k

H

Example 1.6
Find a vector and its unit vector from P1(1,0,1) to P2(3,2,0)
Solution

m=[3—1)i—|—[2—ﬂ]j—l—[ﬂ—1]k

—
2 2 1
PqPo> . -
=i+ Zj— <k
3 3/ T 3

—
PqP;

=J@?2+ @2+ (DZ=3 and >=

SN
PqP3




1.8 Mid point of line segments

The coordinates of the mid point M of the line segment joining two points
P1(X1,Y1) and P2 (X2,y2) and found by avpramnn the coordinates of P1

and P2. That is, P1(x1,y1)
M:(xl +x2’y1 +J’2) “H
2 2
Py(x2,¥2)
M — (3+7 —2+4)
2 ’ 2 o X

P,(3,—2) and P,(7,4)

Example 1.7
Find the midpoint of the segment joining A(2,—1), B(—3,2)
Solution

2—3—1+2) —1 1
2 ’ 2

2 2

C —

Example 1.8
Find the vector 52 where C isthe midpoint between

1 o) i 1 o) i 1 1
e (<20t (Amo)im—tirk




Note: The coordinates of a point which dividesthelinein theratio™ /== as
shown in the Fig. v 1 P1(X1,¥1)

M — (m1x2 +maxqy Mmyy; + m2y1)
my +m; ° my +my Py(x2,Y2)

b4

Example 1.9
Find the vector omwhere M isa point dividestheline between

P,(4,—2) and P,(—8,9) With aratio 3/ .
Solution
ml/mz - 3/2
(3(—8) +2(4) 3(9) + 2(—2))
M= ,
5 5
o (—16 23 —16 23
o 5 '5/)omMm 5 7’ 5




1.9 The Dot Product (Scalar Product)

A product of two vectorsA and B can be formed in such away that theresult isa scalar.
Theresultiswritten a - b and called the dot product of a and b. The names scalar
product and inner product arealso used in place of theterm dot product.

As shown in the Fig. where dot or scalar product 0 < 0 < z. Then the dot product of a and
b isdefined asthe number.

A -
B b,; + by; + b3y H‘EL .
—-.—-s>=qa.b; +a-b>, + a.b, =||— —>cos€‘ B
A B 104 202 303 P =

1.9.1 Properties of the dot product
A-B=B-A

A -uB=pA - AB=AA - B
A-B+C)=A-B+A-C
A-(AB+uC)=2A-B+pA-C



« Tofind the angle between two vectors

A.B
Al B|

cos 8 = 0 =8 =

* |f thetwo vectorsare parallel
AB = |A||B| andA.A=|A|?%2
e if thetwo vectorsare orthogonal

A B =0
Li=jj=kk=1
Also i.j=j.i=iLk=ki=jk=kj=0
Example 1.10

Find A - B and the angle between the vectorsa and b, given that
A=i+2j+3kand B=2i-j-2k.

Solution

cos8 =

A.B
Al B ’

Al = /(D2 + (22 + 32 =+14and |B|= /(2)2+ (—1)2 +(—2)2 =3

AB=(1.2)+ 2. (—1)+@B.(—2)) = —6 g — cos1 (Eg) _ 122.3°




1.9.1 Theprojection of a vector onto the line of another vector

The projection of vector a onto the line of vector b is a scalar, and it is the
projecting a vector onto a line signed length of the geometrical projection
of vector a onto a line parallel to b, with the sign positive for 0 < 0 < /2
and negative for n/2 < 0 < n. This is illustrated in Fig below.

A

= AB
——= Proj A4 — : —>
c J 5 |B|%? B

B '
==

¥

1.11 Example

Find the vector projectionof —— i+ j+k on —=2i+2; andthenfind
the scalar component of vector A in the direction of vector B.
Solution
Let Cisthevector projection
A. B

— F A — =
o= Proi & — {5

B 2
> > =2+2+0=4 Izl =1zl 1z =4+2=8
?=§(2i+2j)=i+j
AB 4
Scalar component 2l = - N A V2



« Example 1.12
Given a triangle A ABC whose vertices are A(1,-1,0), B(-2,3,1) and

C(0,1,-2), Find 1- the projection of vector AB onto Vector AC.
2- Theanglea = »ABC

B
Solution /\
1- —=((—2—-—1i+ B3 +1)j+ (1 —0)k=—-3i+4]+ k

AB A -
v =0 —1i+(A1+1)j+(—2—0k=—i+2j — 2k
2O (DD @@+ D2 =3 +8—-2=9

|=|=VEDr+ @2 + (27 =3

5 _ AB AC 9
j AB — AB AC ~ (- _ —_ _
PT{]}_} IABIEE ( i+ 2j —2k) =i+ 2j — 2k
——
—| || |cn5ﬂ: — cos a = —B4-BC
BA.BC Bal lpc | ||
H—Ez—ﬂtj—kaﬂdH—ZL—Zj—Ek ——=6+8+3 =17
BA. BA.BC

| \f(3)2+( DI+ ((DZ=vZ6 |z2|=V@?Z+ (2 + (=32 =V17

17
V2617

a = cns‘l( ) = 36°



1.10 Cross product (vector product)

A product of two vectors A and B can be defined in such a way that theresult is a vector.
The result iswritten AxB and called the cross product of A and A. The name vector
product isalso used in place of the term cross product.

L et N‘i‘

;): ali —l— azj + agk E:,: bli _I_ sz + bSk

— X = |%| |—>|Siﬂﬂ—} A
A B A B N

Where N isa unit vector perpendicular on both vectorsA and B. L/

1.10.1 Properties

—S X = — — X —
., A B B A
S>X(=2+2) =2 X >+ > X =
A B C A B A C
. 5 w — — {HA and B vectorsareparallel
A B
* IXi=jxj=kxk=0 K K
. i s ; . . . A Y] S _
]Xl:—k, [}{k:—], k}(]:_[ |\.__'JJ . "JE_J

(s j) P (t F} = (st) (?x?) , s&t are scalar



1.10.1 Deter minants

1.10.1.1 2 X 2 determinat
a a
bi bz‘ = ai;b; —azb,

3 -2
For example ‘4 = ‘=(3><5)—(—2><4)=23

= aq(bzcz — bzcz) —az(bycz — bzcy) + az(bycas — bao;

1.10.1.2 3 x 3 determinat

I;or eﬁampilie
1 Z 3

b, b b, b b, b
by bz b3z|=a,|. Pl-a:|. _ltas| l _Z
c C c z 3 1 3 1 z
1 Z 3

3 —_2 _5
1 4 —4|= 3|; _;|—(—2) |3 _;|+(—5)|3 ;
0 3

—3(4x2—(—4)%x3)+2(1%x2—-0)—5(1x3—0)=49



Assume —= Qq; + az; + azy and

7= DP1i + bz + b3y
Then .
s ﬂl i’: a.| — az ﬁali_ a, ﬂ3|._|_|111 ﬂzlk
a B bl bz b3 ~ by bs b, b3l " Ib; b,
1 p 3

= (azbs —azb)i — (a;bz — azb,)j + (a;b; — azb,)k
Example 1.13

Let ;= 1+2/ -2k gnd p=3i+k find 2 =% & 7572

B A
Solution
A | k B B

?"{E":; ﬁ ] :E 12|"_|1 12|f+|; {]|k=2i—7j—ﬁk
_}x_}z;; é k |“ 1| —|3 | | D|k=—2i+'?j+ﬁk
B A 1 2 _2 2 1

—X—> = — —=xX— Proved

A B

B A



Example 1.14

If —=2i-3j+kand —=-i+2j—-3k  findavector of length 2 units
perpendicular on both — and —

Solution

Assume vector C isthe perpendicular vector on both vectorsA& B.

i j 2

—3 1 . 2 1 |. s —3 . .
—= W = —_ = — + = 7L+ +
c AKB 2 3 1 2 —:3|I |—1 _3|_.i' |—1 2 |k t 57 k
—1 2 —3
7Ji+ 5j+ k

Unit vector of — = (7i + 55 + k)=1 unit length

¢ J(DZ+ (5)Z+ (W2 5V3
The new vector is 2 unitslength

7Ji+ 5+ k

~JZ+ ()2 + (12 5V3

(7i +5j + k)

1.10.2 Area of Parallelogram

| f |;>| = Area of parallogram

Then : _1
Areaof triangle = > (Area of parallogram)



Example 1.15

Find the area of a triangle A ABC whose vertices are A(1,-1,3), B(2,0,1)
and C(-1,2,-3) by using vector methods

o

Solution e
A tri [ 1| <
rea o TriLan e = —|— —>
f g 21AB AC
B -y
—— i+ j— 2k and —— —2i + 3j — 6k C
AB AC
x
i j k
. B - R i B L I I S N
|t 1 2ol il Tl Sleeoreaies

—>x—| =+/102 + 52 = 5/5

— %(SV’E) — g 5 unit area

Area of the triangle A ABC



1.11 Equation of linein space

Suppose L isa straight linein space and parallel to

vector V, L passesthrough the points Po & P1
?= ai—l—bj—l—c’k Pﬂ(xﬂfyﬂ-'zﬂ)f Pl(x:yrzj

—— is parallel to —
PPy v

—s —t— tisascalar
P,Pq vV

—— = (ta)i + (tb)j + (tOk

PgoPq

—— = (x —x)i+ (¥ —¥o)j + (z—2zg)k

P, Py

By equating the two equations

x — x,
ta=x—x,, t=

a
tb=y_y01 t=y_yo

b

z— zZ,

tc =z — z,, r =

C
And then

x = at + x, These equations are called the parametric

y=bt+y, equations of the line and t is called the
z=ct+ z, parameter.



Example 1.16

Find the parametric equations of a line that passes through the points
A(1,2,-1) and B(-1,0,1).

Solution

e (—11—1D)i+ O —-2)j+ (1 +1VDk=—-2i—2j + 2k

The parametric equations of thelineare

x=x,tat=1— 2t
y=y,+bt=2—2t
z=z,+tct=—1+2¢t

Example 1.17

Find the parametric equationsfor theline that passes through the point
(1,2,-3) and parallel to ;= 4i + 5j — 7k

Solution
a=4, b=5, c=-7

x =1+ 4t y=2+5t 7= —3 —7¢



1.12 Equation of planein space

Suppose that a plane passing a through a point Po(xo YO, Z0), and

perpendicular tothevector N.  ~— @t+ b7+

P(Xx, Yy, z) isany point in the plane.

Now ;2= X —x)i+ (y—y.)j+ (z—z,)k !

/ P v
5 and —~ are orthogonal S /
o .-_.-'
and then i 0 =alx—x,) + b(y —y,) +c(z— zﬂ) ,-/ _
#

Thisisthe equation of plane, and can be

ax + by +cz=d
d =ax, + by, + cz,

xample 1.18
Find an equation of the plane passing through the point (3,-1,7) and
perpendicular tothevector —— 4i + 2j — 5k
N

Solution

a(x—x,)+bly—y,) +c(z—z,) =0
4(x—3)+2y+1)+B)(=z—7)

4x — 1242y —2—5z+35=0

4x + 2y — 52z = —25 The equation of plane



Example 1.19

Find the equation of the plane that passes through the point Po(1, -1, 3)
and isparallel totheplane3x +y + z=7.

Solution
ax+ by +cz=d 3x+y+z=7 i jl‘l‘lnl
Because both vectorsare paralle, Vector N isnormal f.f’f ot 3 /
on both planes. —=3i+j +k -
a(x—x,)+b(y—y,) +tc(z—2,) =0
3(x—1VD+WYy+1H)+(=Z—3)=0 lp. 3

3x+y+z=5 The equation of plane
Example 1.20

Find the equation of the plane that passes through the pointsA(1,1,-1),
B(2,0,2),and C (0, -2, 1).

Solution
3—1_314‘3}( o= —i—3j+ 2k

Now both vectorsAB and AC are on the plane.
From cross vector, we got the normal vector

X = —>
AB AC N



i i k
1 -1 3
—1 -3 2

vector N isnormal on the plane

— =X —=
N AB AC

=(—2+9i—(2+3)j+(—3 -1k
= 7i — 5j — 4k

The equation of the plane & %o

ﬂ(x_xﬂ)+b(y_yﬂ)+c(z_zﬂ) — 0

7(x—1)—5(y—1)—4(z+1) =0

7x — 5y —4z =6 The equation of plane



Example 1.21

Find the distance from the point P1(1, 1, 3) to the plane 3x+2v+67 5
Solution
Let asto take a point on the plane e
Xx=0,z=0 and then 2y =6 \,“
Thepoint isPo (0, 3, 0) Pa
j:;—1—ZJr+3;“:4:1?1::.", —>= ug+6k
Distance = d = Projp oP1 — Pola N
T
_ G+ (D@2 + (3)(6) 17
= = unit length
V32 + 22 + 62 7
Example 1.22
Find the point of intersection of theline X —2 _ ¥+ 1 _ z withthe
3 2 4

plane x+2y+z=11.

3 2 e

x=2+3t y=—-1+2t z=4t 71;
Then Sub the parametric equations in the equation of the plane /

(2+2¢t) +2(—1+2¢) +(4¢) = 11
11t = 11 thent=1
x=2+4+3=5, v=—1+2 =1, zZ =4




Example 1.23

Find the parametric equations of the line of the inter section of the two
planes x -y +z =3 and x+y+2z=9 .

Solution

Nz

g
b

Plame 2 Fuﬁ'

i j k i
S W — = 1 _1 1 K Plana I
W N1 N2 1 1 > /
= —3i—j + 2k )
w
z—y=3————(1)
y+2z=9————(2)

To find a point in the intersection line
Let x=0, and sub it in both planes
x=x,+at =0+ (—3)t = —3t

y=y,+bt=1+((—1D)t=1—1¢
z=Z,+ct=4+ (2)t =4+ 2t

Z=4& y=1 and thepoint (0, 1, 4) lieson the inter section line of both planes
The parametric equationsof thelineare



2 (gx2) =

1.13 Triple Product
1.13.1 Scalar triple product

Thenumber —-(2>=)iscalled the scalar tripleproduct of 2% & 2
a, 4az; das
b, b, bs
€14 €2 C3

b, bj
Cq C3

b, b,
cq1 C2

b, bs
Cy, C3

B C = a4 — as + as

a;(bycz — bzcy) —az(bycz — bzcy) +az(byca; — bycy)

Notethat = (3>2) =2 (2x%) =5-(2x%)
Example 1.24

Find the scalar tripleproduct - (x> )of thevectors U= 3i-2j-5k, V=
+4j-4k and W:3j +2K.

Solution _ 2 _=
(ﬁx—}} 4 —4|=3(8+12)+2(2—0)—5(3—0)
3 2

—4—9



1.13.2 vector triple product
| f

;}: ali -+ azj -+ a3k
E}= bli -+ sz -+ b3k
== c,i +cyj+ c3k
Then (—>><—>) X2>= (—>—> - —\z-2) 7 thiscalled vector triple product
Example 1.25 5 X
—>=2i+ j + — i S ;
|f—>—l—j+2k J and ?—1+2; k find (?x?) x?
Solution
(—)X—)) X% (—>—> —>—(E>.? E)
(e — ) = —3 and (%ﬂ‘*) =3
B C
(;}x?) xo=(=3) (2i+j+k) —(3) (G —j+ 2k) = —9i — 9k
OR i j k
2>xXp=(1 —1 2|=-3i+3j+3k
2 1 1
i j k
(Zxz)xe=|3 3 3|=-9-9%
1 2 —1




1.13.3 volume of parallelepiped

a;i + a,j + azk

byi+ byj + bk
c,i +cyj+ c3k

SRR
I

Thevolume of the parallelepiped is
Volume:|j- (;X?N = (area of parallelogram) . (height)

Example 1.26

Find the volume of the box (parallelepiped) that deter mined by
—>=i+2j—k —=—2i+3kand — =7j —4k

A
Solution
volume is equal the absolute of - (E)X?
i J k
?.(E‘»x?)=(i+2j—k). —2 0 3
0 7 —4
= (i+2j—k).(—21i—8j —14k) = —21 — 16 + 14 = —23

volume = |—23| = 23 unit volume



Assignment 1 (Vectors)

1- GivenA=2i—3j—3k,B=i+j + 2k,and C = 3i — 2j — k,
find the angles between the following pair s of vectors:
(@ A+B, B—-2C. (b)2A-C, A+B-C. (¢)B+3C, A-2C.

2- Find the vector AB from the following of pairs of points
@ A(l,2,5&B(2-3,9 (b) A-3,0,7)& B (4,-8,0)

3- Find theinitial point of thevectorfz 5i + 4j — 6lf theterminal point is
@ (541 (b)(4173

4- Find unit vector that hasthe samedirection of the vector fromA (5,1,3) to b(3,7,6)

5- By using dot product, find the angle between the following pairsof vectors
(@) 2= i+ Zj—SIcE): —i+j+5k(b) == 4i — 2j B 7i + 45 + 2k

6- Find the cross product of the following pairs of vectors

(@—p=2i—j+3k  —=i—4j+5k (b) 7= ¢~ 2 t4k —=—i+2k

7-Giventhat A=1+ 2] + 2k and B = 2i — 3j + k, find (a) the projection of A onto theline of B,
and (b) the projection of B onto theline of A.



8- By using vectorsrules, Find the area of the triangle that hasvertices A(2, 5,
3) B(4, 2,4) and C(2,1,4).

9- Find the parametric equations of the linethat passesthrough the point
Po(3, 4, 5) and parallel to the vector A=2i+5j-6k.

10- Find an equation of the plane that passesthrough the point Po(2, 2, 2) and
parallel to the plane 2x+5y+7z=5.

11- Find the distance between two parallel planes4x-2y+7z=-12 and
4x-2y+7z=0.

12- Show that thelinesL1 and L2 are parallel and also find the distance
between them.

L1: x=2-t, y=2t, z=1+t L2: 1+2t, y=3-4t, z=5-2t

13- Find an equation of planethat passesthrough the point (-1, 4, 2) and
containstheline of intersection of the planes4x-y+z=2 and 2x+y-2z =3.

14- Find the volume of the parallelepiped that determined by
?:i—2j+4k, F:—i+2kand?:2i+3j—4k



Chapter Two

Partial derivatives

Email: abd.mohammed@uoanbar.edu.iq



2.1 Limitsand continues of function with two variables

Recall that for a function of onevariable, the mathematical statement
Li_l}lg f(x) =L
means that for x close enough to c, the difference between f(x) and L is
"small". Very similar ileflnltl()}.’lcs eX|st foi functions of two or more

variables; (x,¥) = (x0,¥0)
|f(x,y) —L| <e

(X0, ¥0)
(X0, ¥0)
A fundtion f of Gvvariablesis continuous at a point if
ey f(x,y) = (X0, ¥o)
x,¥) —(Xg,¥0)
1- Isdefined
3. [fl(x) = ﬂli_}o e
_MUJJ Hariv Aifger A%, y) — f(x, ) m _ lum fxy+Ay) — fxy)
y Ay — 0 Ay

&y—}()



2.2First and higher order partial derivatives.

2.2.1 First order partial derivatives

|n mathematics, a partial derivative of a function of several variablesisits
derivativewith respect to one of those variable with the other held
constant.

The partial derivative of a function f(x,Yy, ....) with respect to the
variableisvarioudy denoted by of

o
fxlfxlafoDfole!aflﬂra

f(x,¥) =2x%2 +5y3 — 2xy + ysinx + xcosy
Example 2.1

Fing the fixst pagtiah@es ivatiaehthe
SOI'ylrtJ!QQ 15y? — 2x + sinx — xsiny

f(x,y) = x*sin(xy3?)

g"xampi@%lfos(xy:;) + 4x3sin(xy?)
Find theflrst partial derivative of the
éﬂﬁtlx cos xy )Bxy = 3x°y? cos(xy )



2.2.2Higher order partial derivativesf(x , y)

2.2.2.1 second-order partial derivatives
|t cab be denoted by

A2f a (df
e dx2’ or O0x 6x)

A2f o (Of
fyy 552 °7 55 (ﬂ_y)
o2 f

A2 f d ,Af= 9 (of
fx 'y R a0 —— | —— fyx’f) % ’orﬂ' (6
Examfds’ 9y = S A

Find the second order partial derivatives of
Solution

fx — 5y3 _Zyandfxx= 0

f(x,y) = 5xy> — 2xy

fy = 15xy* — 2x and f,, = 30xy
frxy = 15y% — 2
— 2 _
deamplery” ~ 2
if f(x ,t)=sin(x-ct), show that
Solution 02f _ 292/

ez~ © axz

o2
= (—c) cos(x — ct) then f = —c?sin(x — ct)

of
T T
f 2

= cos(x — ct) then 322 —sin(x — ct)

o2f _ ,02f
at2 Jx2




2.2.3 Third order partial derivativesf(x, y)

62f B (62f

B 92 f 92 f
fxxx - JOx \Ox fyyy - 6}"

xyy = 6y(6y6x) Fyee = 5x\axay

Find f 2}2,3,3,,j"x},;,,r and f .. of f(x,y) = sinxy?

Examﬁ’l’é
f.=v'cosxy®,then f,, = —y*sinxy® then f,_ 2 = —y®cosxy”
)‘§0|=blfiﬁﬂr cos xy¥° ,then oy = —4x*yIsinxy® + 2Zxcosxy® then Foyy =
f. =y cosxy® ,then Fay = —Z2xyv?sinxy® + 2Zyvcosxy? then Fayy =
F, = 2xycos xy> . then Fyox = —Z2xyisinxy® + 2Zyvcosxy® then Fyex =
B I3f
fxxxx - a(ax;;
a3f
Fyyyy =
2.2.4 Four’t order partial derivativesf(x, y)
Frxyy = 35 (ayaxZ)
@/ a3f
Fyyex = 3% (6x6y2)



2.3 Chain rule of composite functionsand total
differential.

2.3.1 Chain rule (Function of function)

If zisafunctiontox and y, and x isa functiontom and n, then z\ n
tom and n indirectly. "

Itsmbl%ﬁofmathagera;atlveofzr@ectbgmagpd bz ay §m7

om OJx 6"1 oy om on 9dx 6n+6y on n
and

= x%+ y=2, x =rcoss ,yvy —e® —sinr find f,and [.

Exampgee2. -
7o x| o SY — 2x)(cos ) + (@) (—cosT)

b X
Ry #7
=2XCOSS— 2y COST \‘

fo = gi .g;“ 4 gi .gf: — (2x)(—rsin s) + (2y)(e%)

= —2rx sins— 2y e’®



Example 2é6 >t I
Z=e*?Y , x =u+ v, = —, ind z,and z, X x
It Y v s H‘§|ﬂ7
&
Solugion 2
dx 0z Jdy 2 2 2 2 2x )
z, Ix “9u + 3y "9u (nye )(1) + (x e )(v) e ( xy -

. 22w Z p + = zu® 2 41e”
= g+ (u}(2[u+u](—u)+ (ut v) )=e p v ”""( = —|—Bu—|—2ﬁ)
ir

17 (",

_9dz Jdx dz Jdy 2 o x2 2u 22x2
% = 3x “ov * ady ov (nye y)(l) + (x € y) (_F): e~y (Zx}’ — )

172

E
= e':"'+"3'z[2u_u} (2 (22 + 27) (—Eu) L 1;:]2) — e%“‘"”“h’z“” (Eu — EHS)
i

1-"'2 't;.l2



2.3.2 Total differential
If Zisafunctionof xs Z = f(x1,x2,...,%x5,)

Xq1,X2, ..., X, are functionof y then Z\‘
o
de — 0z d o0z d oz d X2 X1
7z — axl. xl _l_ axz. xz _l_ e _I_ a‘:‘:‘nr. xn
dz is called total dif ferential of z
Y
dz 0z dx, dz dx, dz dx,
= . - . + o
dy dx, dy dx, dy dx,, dy
Also
w = x> +y?% + z2, where x = efsin t,y = e'cost, z — et
i dw
find —? W
Examgite 2.7 IS
Given l
dw Jdw dx ow dy Jdw dz
T

dt  o9x dt a9y dt a9z dt

—— = (2x)(elfsint + efcost) + (2y)(efcost — elsint) + (2z)(e?l)

gﬂutlon

—— = (2e'sint)(efsint + et cost) + (2etcost)(efcost — e’sint) + (2et)(e?)

dlw ZEf a2 : 2 : 2t
de Ze~"(sin~t + sintcost + cos~t — sintcost + 1) = 4e



2.4 Directional derivatives

Thedirectional derivativesof a function (w = f(x,3)) isdefined as

df
—< =Vf.=>=D,f = |Vfl|>|cos 6 = |Vf|cos 6
Wik, —
ds 7

Vf st¥esirectWnd derVatvids ¥wlcin the direction of

— Is unit vectoe
e

=thegradient of W
f(x,y,z) — x3 - xyZ — Z
—=2i— 3j + 6k
A
Examplg>28 2 3 . 6k
Fird tr|eé|er|v3t|ve(ﬁ at Po(1,1,0) in the direction of
f\){&_t@l’x — 2! thenfleo =2
S#Qt@&ny, then fi?lpo = —2
fz=—1thenf,|p, =1



Vilpo = Fxlp, i+ fyl, J+folp k=2i—2j—k

df
L . ge = Vfle,7
Thedirectional derivativeis
df . _ 2 3.6\ 4 6 6_ 4
3_(21_2]_k)'(?1_?]+?k)_7+7 7 =7
f(x,¥,z) = xe¥ + yz
Example 2.9

Find,how;mugh ., L= Pori_ 2will Bhangejf the point P(x,y,2) is
Pefrioved from Po(2,0,0) sttai gipmlvvar?d P1(%,1,-2} a distance of ds=0.1 units.

VPR £ 1p i+ £, J + felp K
fx = e” thenfoPo =1
fy =xe¥ +z, then fl"’lpo =2
fz:y thenlepo:[}
V lpo = Fxlp @ +f3"’|PDj + flp k=10i+2j
1 2 4

df 2 , B
%‘VflPO'?_(1+J)(§I+3J 3 )_3

ds = (0.1). (g) —0.13



2.5 Linear Approximation of Functlon

Thelinear approximation Of function

f(x,y) near the point Po( Xo, yo) IS
L(x,y) = Flx.¥) 2 fx,.¥,) + (x — x,) 2|

1
fx,y) = — .
Example 2.10 1+x—y "
Show that y
Can be approximation near tlag-Po(0,0) b
f[:x ¥) mpe:-[:x J Vo) Hx—x, j@r:) ( [:.;' y.}"ﬂ- af|
_X+y .
=1
ay 1+ x— y)z

f(0,0) =1
fGe,y) =1+ (x—-—0OCCD+@P-—0O@M=1—x+Yy



2.6 Tangent plane and normal lines

If the equation of a surfaceisdefined by f(Xx, y ,z)=c and passes through the
point Po(Xo, Yo, Zo) aSShOWN.  f(x,y,2z) = C

Vi=f i+ f,j+fk=—

Xhenar mad [finel o thee surface at
lnt Poiis
B’o_ 5& ﬁ_ fy Pﬂ' t

Z:Zﬂ_l_fzpﬂ.t

X=Xy YV—Vo Z£—2Z,

f~  fy  f.

@J!;pﬂ(x_xﬂ) +fypﬂ(y_yﬂ) +fZPﬂ(Z_Zﬂ) =0

Thetangent plane of surface at point Pois



Example 2.11

Find the equation of tagtangent planegnd normallige of the surface that
has thefunction at point Po(1,2,3)

;olutl@i? — %)+ [y, O —Vo) + [, (z—27,) =0
Vf=f i+ f,j+ f,k=2xi+2yj+k
Fflpﬂ —_ 2i+4j+k

2(x—x)+4(yv—y )+ (z—2,)=0

%ﬁ’ectanégnikpfa%’é_ 2) +(z—3)=0

2x —2+4y—8+z—-3=0
2x +4y +z =13

x =1+ 2t
y =2+ 4t
z=3 4+t

Thenormal lineis



Example 2.12
_ _ x2+y2+2z2=9 _
Find thepoint on thesurface x —72y + 2 = 4 at which thetangent palne
that isparallel to the plane

_S0lWtop; 4
N1

—=gradf =Vf=fi+f,j+ [,k

N2 vt
2= 2x,0i+ 2y,j+ 2z, k
— //— then —XxX—=0
N2 N1~ N2

i Jj k
—xX—=| 1 —2 1 |1=0
N1 N2z 2x, 2y, 2z,
(—4z, — 2y, )i+ 22z, —2x,)j + 2y, + 4x,)k =0
—4z, — 2y, = 0theny, = —2z, ... (1)

2z, —2x, = 0thenx, =z, ... (2)
2+y2+22— X2+ Y, +2z,2=9 ..(3)

z,2 +4z,°
6z —chenz—+f —+’ andyc,:if

Sub. Po(xo, Yo, zo) in equ. To get



2.7. Maximum and minimum values

One of the main uses of ordinary derivatives is finding maximum and
minimum values. In this section we are going to see how the partial
derivatives are used to find the local maximum and minimum values of the

function for two or more variables.
fx=0and f, =0 at a point(a,b)

Thispoint called critical point
Whether absolute point or local point

s sl Breto thyy bive il denol

thecritical point from this equation

(a) D> 0and fxx at (a.b) > 0then f(a,b) is
local minimum

(b) D >0and fxx at (a.b) <Othenf(ab)is
local maximum

L ocal Absolute

e t \ ,,.‘ ‘\

LOW
minimum
Absolute

minimum




Example 2.13
f(x,y) =x?+y? —2x— 6y + 14

L et find the critical point
Solution £
[fr=2x—2 ;

(x.y)

= ome N7

if f, =0thenx=1

if f, =0theny=3 /

Zl13y =1 +32—-—2—-18+14 =4 X

— 2 _ 2
Thecritical point is(l,é,%’y) -y

fx=—2xand f, =2y
Example 2.14 flx,y) = —x2 <0

Find thecritical point
For points on theyl?axis(x:O) f(x,y) =y% >0
FONOOR- 0

Thecritical point is(0,0)
For pointson the x-axis (y=0)



Example 2.15

Eind t elocal maX| um and mlnlmum valuesa *© " © gt
Fie Yy 205y 2%, :
Solution., )
To find thecrticg points 7> . >~ ** =0
In riti n
Jofind thgcriticg) points "~
J’=x3 and x = y3 @ N :

x? —x=0=x(x*— 1 =xxF —1Dx*+1) =x(x*—1D(x*+ D+ 1)

1), (-1,-1
oflndlwgm&ls_)lgy ) P

D(x6)1 fxxfyy (fxy) = 144x2y2 — 16

= 144x*y%2 — 16 = —16 =< 0 :ts saddle point
v 1 ecrltlc gomts o
(1.1) = 144— — 16 = 128 =0 .1:.1:.:1 15 = = 0itis alocal minimum

Dy 433, =144 —16 =128>0 f__ g1y 12 = 0 it is a local minimum



2.8Absolute maximum and minimum values

To find the absolute maximum and minimum values of continuous function
f (X,y) on a closed bounded set D.

1- Find thevalueof f at the critical point of fin D

2- Find the extreme values of f

3- Thelargest of the valuesfrom steps 1 and 2 is the absolute maximum and
e e smallest,of thess values is the absolute minjmum value,

< x < 3, 0<y=<2]
Example 2.16

Find the absolute maximum and minimum value: 1
[ = 2x — 2y =0 andf@n—-thé%aécﬂaﬁgaé} (0. 2) [.3 (3.2)
=1, y=1 L4 | I
Solution -
To find thecritical points (0. 0) L1 (3.0)
v =20, x=0—-3
f(x,0) = x2 =

Thecritical pointis(1,1)

To find the pointson the boundary A
u (0. 2. 4 '._:_. ‘_'\ =, -

(o, o, o) "’#’{‘f w |




L2

x =3, y=0-—>2
f3,y)=9—-4y

Maximum value isf(3,0)=9
Minimum valueisf(3,2)=1

y =2, x=0-3
f%%z)=x2—4x+4=(x—2)2

Maximum value isf(0,2)=4
Minimum valueisf(2,2)=0

f(O,y) =2y

Maximum value isf(0,2)=4
nimum value isf(0,0)=0

LI Y 4 Sy _ Y oy



2.9 Lagrange M ultipliers M ethod

Thismethod isused to find the stationary points (maximum and minimum)

of the function w=f(x,y,z) with constraint g(x,y,z)=k asshown in Figure
below.

Thefigure showsa g(x,y) curvetogether with several curves of f(x,y). To
maximize f(X,y) subject to g(x,y)=k to find largest value of C such that
thelevel curvef(x,y)=c intersect g(x,y)=K. itsappear from the figurethat
thishappens when these curvesjust touch each other.

This mean the normal lines at inter section point (Xo,yo) a

i grétient Vet &8 paraffél® <"

For 3D (threévariables)

A Vf(lx,y,z) =AVg(x,y,z)

Thj'er number in the equatlon Iscalled afLagrange Multiplier
Tofind the maxmurﬁ’and Minimum valiiés of fs(x v.Z) subject to the



Example 2.17

A rectangular box with out cover isto be made from
find the maximum value of such box.
Sglugo:gyz
glx,v,z) =2xz+ 2yz+xy =12
Vf=AVg
v, =Ag, v, = }i.gy v, =Ag,
vz = A2z +Vy) (1)
xz = A2z + x) (2)
xy = A(2x + 2y) (3)
2xz+2yz+xy =12 (4)
Multiply eq. 1 by X, eq. 2by yand eq. 3by z

12m
2

of cardboard,

xyz = A(2xz + xy) (5)
xyz = AQL2yz + xy) (6)
xyz = A2xz+ 2yz) (7)

From Eqs.(5)and (6) 2xz+ yx = 2yz +xythen y=x

From Eqgs.(6)and (7) 2yZ + yx = 2xz + 2yzthen y=x = 2z
Sub.ineq.(4) 4z? + 4z? + 4z? = 12

z?=1thenz=1 x=2y=2

V=2%x2x%1=4m?



Example2.18
Find the extremevalues of the function

x? + y% =
Solution
glx,y) =x*+y* =

2x = A2x (1)

4y = A2y (2)

x*+y*=1 (3)
Fromeq.(1) x =0 o0or A=1
if x=0 y="1 fromEq.3

ifA=1 y=0 fromEq.2
Thereforethe possible extremevaluesat the points (0,1), (0,-1) (1,0) and (-1,0)

f(0,1) =2
f(1,0)=1

e haQihitntvalue of f isf(0,1) = f(0,-1) =2
The minimum value of f isf(1,0) =f(-1,0) =1



Assignment 2(Partial Derivatives)

(1) Findthefirst partial derivatives of the following functions
(@) f(x,») =y°> —3xy (b) f(x,y) =e ‘cosmy) f(x,y,2)=xyZ?tan(yz

(2) Find the second partial derivatives of the functions

(@) F(x») = x3y® + 2x)p) f(x¥) = sin?(mx + n) flx,y) = xx—yy

(3) Show that *=» — *»xfor thefollowing

(a) u = xsin(x+ 2y) (b) u = xty? — ny?C) u = xye”

(4) Eind theindicated paytial derivagives _x 33w 33w
(a) flpx, JB = gxy ﬂ XY, %rxxﬁ yyy (b) w = Y+ 2z ; 920y0% , 6_1-263;

_ _ Z = In(e* + e”) _ _
(5) Verify that 1&%mfu@m_)nl Isa solution of the deferential

equation 3x Tay —

: P = bL*KF :
(6}‘3’;“"1’&@2‘}’2%%,: satisfies the equation
a ok
dz dw
at °" Tar ¥

(7) Usetbesinain Bygiotimdt y = et w=xez,x=t’,y=1—tz=1+ 2z
() (b)



60
(8) Thetemperatureat a point (x,y) on aflat plateis given by T(x,y) = A+ 22+ 57

WhereT ismeasured in  am@Px,y in meters. Find the rate of change of temperaturewith
respect to distanceat the point (2.1) in
(@) Thex-direction (b) they-direction
0z 0z

d —_—
(9) Usethechain Ruletofind aS as MY 5t
(@) z=sin@cos®, 6 = st?, (Sf)) Z=e"cosB, r=st0 =52+ t2

(10) Find the directional derivativeof f at the given point in the direction indicated by the

| 9

(1) F(nd tpe dlrectlonJ_da|vat|veof)thefunct|on)

(a)
(b)

f(x,y,z) =xe¥ +ye* +ze*, P =(2,3,1), V=04 —-2,1)

(12) Find equation of the tangent plane and the normal line to the given surfaceat the
Z%egfﬁ%q &OI(Q;[— 1)%2 + (z — 3)2 =10,(3,3,5) z+1=xeYcosz,(1,0,0)

(a) (b)

(13) Find the local maximum and minimum values and saddle point of the following
N&%&@r\é x3y + 12x% — 8y f(x,y) = eYcosy

(a) (b)



(14) Find the absolute maximum and minimum values of f on the set D.
(a) f(x,_}’) =3 +xy—x—2y

D igtlaeye! oseet trighgutay region Wil ersi ¢ £1,0)»(5:0x1and (1,4)

(b)

(15) By Lagrange multipliers
(@) Fin.d thethreg positive number.s whose their sumjés+4§, and sugh that
ther product isalarge aspossible

(b) Find the maximum volume of box with three facesin the coordinate
planesand vertex in thefirst octant of the plane



Chapter Three

leferentlal Equations

|nstructor: Dr. Abdulrahman M. Al Rawi
Email: abd.mohammed@uoanbar.edu.iq



3.1 Introduction

A differential equation isan equation that contains unknown factors and one
or moreof itsderivative. The order of differential equation isthe order of
the highest derivative that occursin the equation.

3.2 order and degree of differential equation

Differential equation Order Degree
dy x 1 1
dx 3x + e
dy > d2y 3 d3y 2 .

(ﬂ) N (dxz) + (dx3) - smx 3 >

3.3 First order Differential Equations

That equations which can be classified to the following types
1- 1% order differential equation ( Separable Type)

2- 1% order differential equation ( Homogenous Type)

3- 18 order differential equation (Exact Type)

4- 1% order differential equation ( Linear Type)

5- 18 order differential equation ( Bernoulli's Type)



3.3.1 1% order differential equation ( Separable Type)

A separableequation isafirst-order differential equation in which the expression for
dx/dy can be factored as a function of x timesa function of y. In other wordsit can
writtenin theform

dy .
= = gf)

The name of separable comesfrom the fact that expression on theright side can be
separ ableand can put the equation 1

h(y)dy = g(x)dx h(y) = I7eD)

Thesolutionis f h(y)dy = f gx)dx + c

dy x*Z

Example 3.1 4 = =
Solvethe differential equation and’find the solution of thisequation satisfiesthe
initial cond(iiion y((J)gEZ
Solution Y _ — y?dy = x?dx
dx 2 y-ay

1
fyzdy+cl=fx2dx+c2 §y3=—x2+c c=cy; —Cq

_ V23 + 3¢ let k = 3c
Y=3x+k x—-0y—2 —»2-3Y0+k -k—28

y=3x3+8



Example 3.2 dy 6x2
Solvethe differential equation  gGx = 25 cosy

Solution
(2y + cosy)dy = 6x?dx

f(Zy + cosy)dy = f 6x*dx + c

yZ +siny = 2x3+c¢

3.3.2 1% order dlfferentlal equation ( Homogenous Type)

Thegeneral formis H = f(—)
v=2>
Put x

< . . L . . .
1 %r(%edrit(:ilg;erentlal igﬂﬁgr’\ R%d t=ob;.?0£c§’e51ou5|f it satisfy the following

sometime 15 order daffecephiakequetiiemertmbeve itten asfollowing

dy _ _ (x3)  Mxy) _M@axiy)
dx  N(x,y) N(x,y) N(Ax,Ay)

The general solution 1 — f dav 4+
nx — FOV) —V C



Example 3.3
x?ydx = (x* —y3)dy y(1) =1

Solve
Solution dy= x*y = f(x,y) V=Z f(x )=x2—y
dx x3_y3 ‘y x Jy x3_y3
ﬂ, 241 113 = =
F(Ax, Ay) = (Ax)"Ay = Y = f(x,y)
(Ax)3 — (Ay)3  A3(x® —y3) (x3 —y3)
xzy
d | 74
. . _y:F(V):x3x3y3:1_V3
The equation is H&fogenous =% — %
- X
dV
1nx=f + C
F(V)—V
d dVv (1—]-"3]1:!1-"
]nx=f 74 _F—l—r:= F—F—I—F“_FC_}IHIZJ, i +
General satutidin’ . 1—-vs
lnx:f(V_4—F)dV+c—>lnx:—3V3—an+c
x3 y
lnx:—3y3—ln;+c atx—1 y—1
()3 _ 1 _1
ln(1)——3(1)3—ln(1)+c—> D——§—D+c—> €=z
3
1
lnx=—x —an+—

3y3 x 3



Example 3.4
Solve(** — ¥?)dx + xydy = 0

SO|Ut|On(x +y ) B _(xz _|_y2)
dx xy  fey) = xy
[(A02+ (2] a2 (x? +y?) (x* +¥?%)
F(Ax,Ay) = — Ax Ay =~z xy = — xy = f(x,y)
v
dy Fv (xz Tz . (r+v?)
Thedguation IS homogeﬁf@s B v
In x = f FV) — + C
al[- —Vadv 4+ ¢ = f v + C
Befher Seitienv) T ) =G 2ve
174
In x — J-%chalnx: —%ln|1+21«"'2| +c

1 — 1l
nx=—_In



3.3.3 1% order differential equation (Exact Type)

MEESAINE ay =0 LD gy S EN

f(x.y) MEF 8t thig gareras %m% ofY 6% shoveatien

OM(x,y) _ON(x,y)

ay dx
1% order dlfferentlal equation issaid to be exact if it satisfy the following

COPAING = [ Mx 3rdx + 0 )

of (x,y)
The gené@xl sthW@é? (B’é{l)ndxe? goes(i’ﬁe following routes as below
1- ()  o(y) = f;a(y)f 4 C eeennns (*)
fey) = [ NGy + g
aff:x’y) = o (fN(x,y)dy) + g(x)"f + c
Toflnd sub. In eq. (*) to get the G.S.

g(x) —fg(x)f+c

D- (**)



3- f(x,y) =fM(x,y)dx+fN(x,y)dy+c

(regardless all terms containing variable x)
fx,y) = fN(x,y)dy+fM(x,y)dx+c

4-
(regardless all terms containing variabley)
(2xy + e?)dx + (x* + xe¥)dy = 0
Example 3.5 M(x,y)dx + N(x,y)dy = 0
Sﬁlﬁ@y)=2xy+ey=m N(x,y) = x2+xey=m
8010 6}\?3\: ) oy
Ify}=2;!n:+f31"" ﬂx’y — 2x + &Y

Cofdpare it with
OM(x,vy) . ON(x,vy)

ay dx

f(x,y) = 2xy + e¥)dx + O(y)

f(x,yv) = | M(x,y)dx + O(y)
(
fGR) = x2y + xe¥ + o(y)  Itisexact



af(x,y)
ady

;a(y)=fm(y)f+c H=c
f(lx,yv) = x*y+xe”+c

= N(x,¥y) =x*+ xe¥ + 0 () =x* +xe¥ - O(y¥) =0

?thoﬂj 2 T%‘ﬂcef?dXQ—uf N(x,y)dy + c
M ethod 3 /
(regardless all terms containing variable x)

f(x,y) —f(ny+ey)dx+f0+c
f(x,y) = x?y+xe¥+c

(2xy + x?2)dx + (x2 +y?)dy = 0O
Method 4 practicefor you

Other practices



3.3.4 1% order differential equation ( Linear Type)

Thegeneral formis ? + P(x)y = Q(x)
X

The general solutyor{shaH ﬁer(x) Q(x)dx+c

I(x) is an integrating factor = el P(dx

dx
dy +Py)x=Q()

Or the general form can be written as

xI(y) = ff(y) Q(y) dy+ c 1(y) = el POVay

The gengy a| splutian capogwritten as
dy _ dy _
a+ytanx—secx a+,[:'(;;|;;)y_ Q(x)

Exargpied b [ 10 @@ dx+c  g(x) = ef Peoax

8@%= eftanxdx — elnsecx — cocx

Sokei¢on= f secxsecxdx + c
ysecx = fsecxz dx + c Comgéfgq,ﬁtﬁ tanx dx + ¢
G S



3.3.51% order differential equation ( Bernoulli'sEq.)

Thegeneral formis % + P(x)y = Q(x)y™

} cag,beur@m%t&ﬁneeﬁfm m)gyrcﬂé"s dering the following transfor mation

dx + P(y)x = . “n wh dz_(l )_ndx
dy x=Q(y)x" z = x1 where dy n)x dy
Or yf+§= In xy?
d
Example 3.7 d_i’ + P(x)y = Q(x)y"
i v iy Zdz':y_ld
. % v —1 dz dz
ﬁU:tl@nl) 2 _}dx:y_z ol —yZ Ix sub in above Eq.
Corp@arewlth , dz 1 __ itsBernoulli'@2quation it can be reduce
+==Inxy* »>———vy " =—Inx > ———z=—Inx
Y talinear dx x dx x
zI(x) = ff(x) Q(x)dx + c
1 1 1
I(x) =e Jx=emx=¢e"x = =
x
Z( )——f—lnxdx+c
* y ¥
1 2 / - —_— =
(In x) i HW y/ +— +—

%’.‘s._ 2



3.4 Second order differential equations

Those equation which can be classified to the following types

3.4.1 24 order diffaqtiaLeguatiog,Ainear, homogenous with
constant coefficiedts ™ *> T 9 =

Thegsneral fgrm is a2 d
WhaeP il gare @radhe (gez *Pax + 1) =©

d
Or (Dz + PD + 9)3" =0 D = v Differential operator
v/ +5y/ + 6y =0

To get where

Likewise 2 _
m+Pm+g=0.... (*)
the above equation can be solved by introducing a certain equation that is
ifikhad % dinractehbetih eqpatidmi reonsadaongthe coefficient of y in
differ ential B& atof fEOM thafhzg)ifating to zero after replacing each D

idortaimr Wm@t@n‘ﬁhlmland msare real roots
y(x) =C,e™ + Cr,xe™*

if m,and m, are both imagenary and they are of form m,, = a+ ib

Theequation tajee}he Eh o RGEBAES ¢, sin bx)
1-



Example 3.8
Solve Y/ +5y/ +6y =0

ggl utlon

Sd—+6y—0 (D> +5D+6)y =0

2+5m+6=[} > (m+3)(m+2)=0 7T m=-3m=-—2

G.S. y(x) =C,e 3* + Cr,e %*

d2Zy dy

Example%f@
é&@e—zn+1)y=0
Z—_2m+1=0 - (m—-—1DD(m—-1)=0 M=

ao.h'mﬁ}lﬂx) = C,e*+ Crxe*

d2y dy
—2—+5y=0 0) =vy(0) =1
a2 2L >y y(@0) = y(0)

(D2 —2D +5)y =0

Example 3,10 _ —}m12—2+\'£2;;1;{1](5] 224‘.—1¢2i a=1b=2

QE%Q}{x]—-EmTfﬁcnsbur+{&5ﬂntuﬂ-—£ﬁ[C1c052x—FCE5u12x]
Selptior- 0,y = 1 — e°(C4 cos 2(0) + €2 sin2(0)) »> €4, = 1
atx =0,y =1 — *(—2C, sin2x+ 2C, cos2x) + e*(C, cos2x + C, sin 2x)
1=e%(0+2C>)+e%(C;+0) 21=2C>+C4y > C> =20
y(x) = e*cos2x




3.4.2 2" order differential equation, non, homogenous, linear with
constant coefficients
bhegepenahjormis)

d2Z2y dy . > .
dx2+Pa+qy—f(x) (D2 +PD + q)y = f(x)

Or

y(x) = yh + yP
The general solution of above equation shall be

yh : Transient solution (¥// + Py’ +qy = 0)
yP . Steady state solution

yh can be| f® Suggested solution that discussed
. ' constant E: constant
previofea Ke™
xmn ap + a1 x + a>x? + --- + a,xm ) .
yP can be[sinax ki cos ax + ky sin ax on f(x) whereif f(x) isof a
standa sin ax + cos ax following table
sinh ax k43 cosh ax + k> sinh ax
cosh ax
sinh ax + cosh ax




Note

Each solution taken from the previoustable shall be compared with yh.
If thereiscertain similarities between them suggested solution shall be
multiplied by (X).

If f(x) is nowy pf theseimeniioned before, then yP shall be evaluated using
(variation parameters)

y1 and y2 shall be evaluated from yh regardless their constant while ul and
w&ShmH:mev:llﬁfatetffy‘ usipgy5? techmygue
Where w(x) ilsa:.wrorb%gifin function. Grammgay-wrcaskian

_ [If&x) yo/ _ [y )
U, —f w(x)z dx u, —f 1w(x) dx

v/ +y = tanx + 4e3* + x? + sinx+ 5
y(x) =yh+yP

%%rrrpbeaﬂ* (P2 +1)y=0

%DJ?/EL:l =0 »m*=—1—-m=FV—-1=07Fi comparewitha=¥ib
CAliitiAan



yh = e™™(cqcos bx + c5 sinbx) - yh = €% (¢4, cos x + ¢ sin x)

yvyh = c;cosx + c,sinx

yP =yP; +yP, +yP3; + yP, + yPs

Tofind yP
Py fimdyPranx F(x) = tanx
yr1 = Yiuq +you, Y1 = COSXx Yy, = sinx
Y1 Y2
w(x) = Det ‘
) v ¥y
w(x) = Det | €23 % snlxl = cos?x + sin’x =1

—sinx cCcosXx

sinx
| x | —sin®ax
_J-Hj s dx=fm"-”" ':ﬂﬂdx=f—sim:mm:dx=f—dx
W x) 1 COSX
(1 — cos?x) )
= — dx = — | (secx —cosx)dx = sinx — In(secx + tan x)
COS X
; | COSX 0 |
= J- yi' F(x) dx = —sinx tanx! ;. _ J-cﬂsxtamdx = J-simdx = conx
w ) 1

Ypq = YUy + YoU; = yp, = cosx[sinx — In(secx + tanx)] — sin xcos x

yp, = cosxsinx — cosxIn(secx + tanx) — sinxcosx
yp,1 = COS x

In(secx + tan x)



To find yP2

yP,' = 3ke3* yP,'/ = 9ke3* sub in eq. ()

2
9ke3* + ke3* = 4e3* - 10ke3* = 4e3* - k = =
yp?:éag b3 = ag + a;x + a,x?

v/ +y=x%..(x%) — let yp3 = ag + a;x + a,x?

fﬁﬁ’ﬁd %?34— 2a,x
yp3'/ = 2a, sub.in (x)

2a, + ag + a;x + ax? = x?

a2:1, a1=0
2a, +ag =0 —-ag = —2
yps = —2 + x?

v/ +y =sinx...(x)

yps = kycosx + k; sinx not OK

yp4 = x(kqycosx + k, sinx) OK

yps' = x(—k,sinx + k, cosx) + (k4 cosx + k, sin x)
ypgiiaceph, cosx — k, sinx) + (—k,sinx + k, cosx) + (—k,sinx + k, cos x)
ypu,/'' = —x(kycosx + k, sinx) + 2(—kysinx + k, cos x)



—x(k,cosx + k, sinx) + 2(—k;sinx + k,cosx) + x(k,cosx+ k, sinx) = sinx
1

—2k,sinx — 2Zk,cosx = sinx — —2k;, =1 —k; = —Z k, =0 sub.in (*)
VP4 — x(—%cosx + Dsinx) = —%xcasx
‘T’oflnd 5 o () 7 teryPs = K
yps' = Xr% /' =0 sub.in (x)
O+ k=5
yps — 5
_ B 1 .. , 1
¥P =¥pP, T ¥P; +¥P3; T ¥Py T ¥p: =In SECItEIleEﬂsx —|—EE +x —Excﬂsx +5
y(x) =yh + yp X , )
yi(x) = c,cosx + cxsinx + In cosx + —e3* + x% — 5 Xcosx + 5

secx tan x 5

(D? —16)y = e**

1
1 4+ cosx

v/ +y=

Practices
1_



3.5 Higher Order Differential Equations

3.5.1 Third order differential equations, Linear with constant
coefficient

gﬁmﬁﬁ?miﬁu + 5)y = 0 homogenous

y(x) = yh : homogenous solution

m? +Pm?*+qgqm+s=0
Homogenous solution can be achieved by considering

if m; # m, ¥ my Real roots

TR R areXfi i and mdrsots witls sife following ar rangements.

1- if m;, = m, = m; Real roots
X

(x) = yh = C,e™* + C,xe™* + Cyex?"
y y 1 2 3

if (im; = m, = m) = my Real roots

2- y(x) = yh = C;e™* + Coxe™™ + Cze™s3*

if(m]_’z =a+ib) ¢m3

y(x) = yh = e**(C4y cosbx + C, sin bx) + C;e™3*
3-



While If (P® +PD?+4qD +s)y = f(*) representsthird order-non
ﬁ@xf‘goge}mg% 9,|I§ferent|al equation. It can be solve as

yp glggllzbje; t&ke_p 9uhfr @tgte suggested solution table, if f(x) isof a
sandard forni. But if it ishot, yp shall be
Whereyloy2 ang,y3 shall jpe from yh that is tionegl befope while ul,u2
and [uDshall b’ evaludted by using “Grarr‘:;fgr‘-wrcﬁskian?éf‘h iethod.
/7 !/ // !/
w, = f f(x) vi?x) Y3l 4 w, = f Y1 i((?) Y3l 4
Y Y2 0

y / ¥y ) 0 Y1 Y2 Y3
1 2 _ / / /

w(x) = Det. | Y1 Y2 ¥3
Jﬁ” yzﬁ f(x)

— !/ // v
Uz = ] W) dx Y1 Y2 ¥3

(D> +PD?*+gqD +5)y =0

vvih AhAall hasraliiated by ArANnciAAr i nA



3.5.2 Forth order differential equation, Linear with constant
coefficient.

(qu-lgmpajl—f@ﬁfﬁ I5sD + R)y = 0 homogenous

m*+Pm3+gm?+sm+R=0
It can besolveby

if my; # mz + mg F m4 Real roots

Wﬂ’étg)yfr qts,g Tlexc gg?ar}g% 0155, m3 &ridfa are four roots can be

1- y(x) = yh = Clemx+C xe™* + Cyx%e™ + C,yx3e™™

if (imy =m, =m; =m) # my, Real roots

y(x) = yh = C,e™* + C,xe™™ + C3x%e™ + C,e™+*

if ((im;y =m, =m) # my # my Realroots

y(x) =yh = C;e™ + Coxe™  + Cze™3* + C,e™s*

3- if (my —m,; —m)and (m3z — my — m ) Realroots
y(x) =yh = C,e™ + Coxe™ + Cz3e™ *+ Cyxe™ *
if imm; + my)and mz , — a+ ib

4- yv(x) = yh = C,e™1% + Cre™2* + e (C3 cos bx + C4 sin bx)

if (imy —m, —m)andmsz, — a+ib

5 y(x) = yh = C,e™1* + C,xe™2* + e (3 cos bx + C4 sin bx)
if my, —at+ibandm;, — u + iv
vix) =vyvh = e (Czcosbx+ Cysinbx) + e (C3cosvx + Cysin vx)

6_ if ml,z — m3,4_ = i ib

v(x) = yh = e (Czcosbx+ Cysinbx) + xe™(Czcosbx+ C4 sinbx)



While the equation of form (P* + PD? + qD* +sD + R)y = f(x) jt jg 4t

order differential equation it can be solve by
y(x) =yh+yp

yh : shall be as mentioned before

yp: shall be taken out from suggested solution in the table that mentioned
YBraviody Tt Xridal tHe stahtfétd form. But if it isnot, shall be as

following
0 J’z y3 )’4 Y1 0 Y3 YVa
| O yi/ .0 3/ ya/
y-.}y‘z yB)am y4,:si71allggeffrom yh regardldssther eongarits. Butful,u2,u3
10 14760 alv A fr v lowin _ f O L CO RSNV NN
u; = f A o g = w(x)
Y1 Y2 0 Ya Y1 Y2 ¥3
y1/ y2/ 0 ya/ v/ v2/ y3/ g
v/ ¥y f([) , i/ v/l oyl oy O
y /1y XDy, /1] /1! 117 F(x)
i zf 1 2 S 4 dx a, =f Vi Y2 w(xj)’s dx
Y1 Y2 Y3 Ya



Examplef}:; 12 p , .
vyl —e6y'/l +11y’ — 6y = 4e™*
Solve

Sotrervh + yp

o finG3h dorfdde™ ¥ = ©

(D3—6D2+11D—6)y—0 —-m® —6m*+11m — 6 =0

i, = 1 satisfy the equation, using long divition principle to get m,and m,
(m—1)(m? —-5m+6)=0 m2 —5S5m4+ 6
(m—1D)(m—-—3)(m—2)=0 m_—1 | m3® —6m? +11m — 6
m1:1,m2:3,m3:2 m3 — m?
yh = C,e* + C,e3* + Cye?™ —5m?2 +11m — 6
—5m? + 5m
6m — 6
yp = ke** 6m — 6
yp! = 4ke*™ ,yp// = 16ke*™ ,yp//' = 64ke*™ sub.in the eq. 0O o
6 6ke** + 44ke?* — 6ke?* = 4e**
Afgfx 9_ B4—x — Z — 2 4x
6ke 4e %k—g —>yp—§e

2
y(x) = C,e* + Cr,e3* + Cz;e%* + 58‘”“



Example 3.13
(D*—1)y =0

Solve

Solution

Condided =0 - (m*—1)(mM*+1) =0 - (m— 1D+ V(m*+1) =0
m;=1,m,=—-1,m3, =0+i a=0,b=1

y(x) =C,e*+ Cre * + e®(C;3 cosx + C4sinx)

yv(x) =Cije*+Cre *+Cz3cosx + Cysinx

((D—1)MD—-2)(D—3)(D—4))y = 4e>*
y//!// — 5yl/ + 4y = x* + Be—3*

Practices

1-

2-
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Sheet 3 (Differential Equations)

1% order differential equations
y/ = —2xy
2(xy+x)y/ =y
ye* Vdy = dx
2xdx —dy = x(xdy — 2ydx) y(—3) =1
(x% + y?)dx = 2xydy
(xy+ y?)dx = (x? + xy + y*)dy
x?dy = (xy — y?)dx
(2xy + x%)dx + (x2+y?)dy =0
(siny — ysinxy)dx + (xcosy — xsinxy)dy = 0

(2 =y )y + (2xy+1)=0 1
. (5x% + 1)y’ — (20xy) = 10x y(0) = =
.y +y=e* y(0)=3
(x*+1)dy=(x*—2xy+x)dx y(1)=1
.y +2xy —x = e *
. yy +xy?—x=0 y(0)=-—1
. ydy = (x — y?)dx

2

X



NN A WNR
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2"d order differential equations
(D2 +3D +2)y = —_i + x2
(D? + D)y = cos?’x + sin?xx?
y// —2y/ + 2y = e *cosx
v/ +4y/ +3y=x—1

y// — 5y/ + 6y = coshx
y// +y/ = sinx + 2cos2x

v/ +5y/ + 6y = 3e ** + 4x*
(D? — 2D + 1)y = xlnx

(D +2)(D? +2D + 2)y = x — sinx

(D?® + D)y = 4cos2x

(p*—1e)-Hgher order differential equations
(D®*+D?+3D—5)y =e"

D+ D%y =e*+ 12

(D2 +1)(D*+5)y =€~



