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3.5- Step response of RL circuit
3.6- First-order Op. Amp. circuit
3.7- Examples
4
Second-Order Circuits
4.1- Introduction
4.2- Source-free series RLC circuit. 3
4.3- Source-free parallel RLC circuit.
4.4- Step response of series RLC circuit.
4.5- Step response of parallel RLC circuit.
4.6- Second-order Op. Amp. circuit.
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5.3- Balanced Wye-Wye connection. 3
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Chapter One

Revision for DC Circuits

1.1- Basic concepts.

1.2- Basic Laws.

1.3- Methods of Analysis.
1.4- Circuit theorems.
1.5- Examples.

1.6- Capacitors and inductors.
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1.1- Basic concepts:
e In electrical engineering, we are often interested in communicating or
transferring energy from one point to another.
e To do this, an interconnection of electrical devices is required.
e Such interconnection is referred to as an electric circuit, and each
component of the circuit is known as an element.

1.1.1: An electric circuit is an interconnection of electrical
elements.

A simple electric circuit is shown in Fig. 1.1. It consists of three basic
elements: a battery, a lamp, and connecting wires.

{Curremt

H.v.l'.t.‘(} Lamp

Figure 1.1: A simple electric circuit

A complicated real circuit is displayed in Fig. 1.2, representing the
schematic diagram for a radio receiver. This circuit can be analyzed
using different techniques for describing the behavior of a circuit like
this.

5|Page Dr. Mushtag Najeeb




University of Anbar Electric Circuit I/15" Sem.

College of Engineering Second Class

Dept. of Electrical Engineering 2021-2022
OV IDC
® Antenni
\ /
- > - - - \\ /
C ' \ "’
= | - - I‘I \vl
L S B {
- " < 4
{ iy
~ - - ] 0
| N o— L 2 — :‘ &
£ ’ > Vi
Elcctret | =
Iln:sll'].‘f e I I K o ;
¥
- .

Figure 1.2: Electric circuit of a radio transmitter
As electrical engineers, we deal with measurable quantities. Our
measurement, must be communicated in a standard measurement
language such as the international system of units (SI) as shown in
table 1.1.

TABLE 1.1

Six basic Sl units and one derived unit relevant to this text,

Quantity Basic unit Symbol
Length metet m
Mass kilogram kg
Time second S
Electric current ampere A
Charge coulomb C

Table 1.2 shows the SI prefixes and their symbols.

TABLE 1.2

The S| prefixes.

Multiplier Prefix Svmbol
10! tera I'
107 giga G
10® mega M
107 kilo k
102 centi ¢
[0~ milli m
o* micro I
10" nano n
10 ' pico p
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1.1.2: Electric current is the time rate of change of charge
measured in amperes (A). Mathematically, the relationship between
current i, charge g, and time t is:

de
Rt (1.1)

The charge transferred between time t, and t is obtained by
integrating both sides of Eq. (1.1). We obtain

N } i dt (1.2)

A direct current (DC) is a current that remains constant with time.

Ta

L]

An alternating current (AC) is a current that varies sinusoidally with
time.

1.1.3: Voltage (potential difference) is the energy required to move a
unit charge through an element, measured in volts (V). The voltage
between two points a and b in an electric circuit is the energy (or
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work) needed to move a unit charge from a to b as shown in fig. 1.3;
mathematically,

Figure 1.3: voltage across a and b

A voltage drop from a to b is equivalent to a voltage rise from b to a
as shown in fig. 1.4.

(1.4)

Figure 1.4: (a) Point ais 9 V above point b; (b) point b is -9 V above
point a

1.1.4: Power is the time rate of expending or absorbing energy,
measured in watts (W), mathematically:

\ dw
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Where p is power in watts (W), w is energy in joules (J), and t is time
in seconds (s). From Egs. (1.1), (1.3), and (1.5), it follows that

(1.6)

In the case, p = +vi or vi > 0 implies that the element is absorbing
power as shown in fig. 1.5 (a). However, if p = —vi or vi < 0 as shown in
fig. 1.5 (b), the element is releasing or suppling power.

1) = 4N
(a) (h

Figure 1.5: (a) absorbing power (b) supplying power

Energy is the capacity to do work, measured in joules (J). From Eq.
(1.6), the energy absorbed or supplied by an element from time t, to
time ¢ is:

(1.7)

The electric power utility companies measure energy in watt-hours
(Wh), where

Y 1600 )
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1.1.5 Circuit Elements:
e There are two types of elements found in electric circuits:
passive elements and active elements.
e An active element is capable of generating energy while a passive
element is not. Examples of passive element are:
1. Resistors.
2. Capacitors.
3. Inductors.

Typical active elements include:

1. Generators.
2. Batteries.
3. Operational amplifiers.

e The most important active elements are voltage or current
sources that generally deliver power to the circuit connected to
them.

e There are two kinds of sources: independent and dependent
sources.

An ideal independent source is an active element that provides a
specified voltage or current that is completely independent of other
circuit elements as shown in figure (1.6).

(a) (b) (c)

Fig. 1.6: independent sources (a) and (b) voltage, (c) current
10|Page Dr. Mushtag Najeeb




University of Anbar Electric Circuit I/15" Sem.

Second Class
2021-2022

College of Engineering
Dept. of Electrical Engineering

An ideal dependent (or controlled) source is an active element in

which the source quantity is controlled by another voltage or current
as shown in figure 1.7,

(a) (b)

Fig. 1.7: (a) dependent voltage source and (b) dependent current
source

1.2- Basic Laws

e A branch represents a single element such as a voltage source or
a resistor as shown in figure 1.8.

a 5Q b

IOV(T

e —

¢
¢

&

Fig. 1.8: Branches

e Figure 1.8 has 5 branches, namely, the 10-V voltage source, the
2-A current source, and the three resistors.

e A node is the point of connection between two or more branches
as shown in figure 1.9.
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10\ T

Fig. 1.9: Nodes

e Fig. 1.9 has 3 nodes a, b, and c.
e A loop is any closed path in a circuit.
e How many branches and nodes does the circuit in Fig. 1.10 have?

Fig. 1.10: Branches and nodes

1.2.1- Kirchhoff's current law (KCL) states that the algebraic sum of
currents entering a node (or a closed boundary) is zero as shown in
figure 1.11.

= L 4,
1
Fig. 1.11: KCL
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e Mathematically, KCL in fig. 1.11 implies that;
N
>i,=0
n=I|

e Applying KCL gives;

1.2.2- Kirchhoff's voltage law (KVL) states that the algebraic sum of
all voltages around a closed path (or loop) is zero as shown in

figure 1.12.
= 8 - . U5 -
—_
Fig. 1.12: KVL

e Mathematically, KVL states that;

M
D Un=0

m=1

o Applying KVL gives;
—Vy Tt Uy T U3 — Vg +05=0

e For the circuit in Fig. 2.21(a), find voltages v; and v,.
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Fig. 2.21: Example 1
Solution:

To find v, and v,, we apply Ohm’s law and Kirchhoff’s voltage law.

From Ohm’s law,
vy, = 2i, v, = —3i
Applying KVL around the loop gives
-204+ v, — v, =0

Substituting Eq. (2.5.1) into Eq. (2.5.2), we obtain

-20+4+2i+3i=0 or 5i=20 = i=4A

Substituting i in Eq. (2.5.1) finally gives

Uy = (\)\/r. Ur = _]2 Vv

e Determine v, and i in the circuit shown in Fig. 2.23(a).

12 vV &) 4V (L) 12V D ¥ 4\

T
6 Q) 1 ‘ 62
+ . - + . —
(a) (b)

Fig. 2.23: Example 2
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Solution:
We apply KVL around the loop as shown in Fig. 2.23(b). The result is
—-12+ 4+ 2v, — 4 + 6i 0 (2.6.1)

Applying Ohm'’s law to the 6-{) resistor gives

v, = —6¢f (2.6.2)

Substituting Eq. (2.6.2) into Eq. (2.6.1) yields

16 + 10¢ 12¢=10 = I = —8 A
and v, = 48 V.

e Find currents and voltages in the circuit shown in Fig. 2.27(a).

§0 - S B8 ol

b | ‘/j v ‘I

. + + ol N, Pl
v () v S 3Q 132 6Q v (1 Loopl) » =3Q Loop2) u326Q
- = -
(a) (b)
Fig. 2.27: Example 3
Solution:
We apply Ohm’s law and Kirchhoff’s laws. By Ohm’s law,
U, = HI| Uy = 31.2. Uy = ()i; (2.8.])
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Since the voltage and current of each resistor are related by Ohm’s
law as shown, we are really looking for three things: (v, v, v3) or
(iy, I, i3). At node a, KCL gives

i| - i_s - i( — () (2.8.2)

—-30+v, +tv,=0
We express this in terms of i, and /> as in Eq. (2.8.1) to obtain
—30 + 8i; +3i, =0

or

o

(30 — 3i,)

= (2.8.3)

i
Applying KVL to loop 2,

-v> + U3 =0 = V3 = Vs (2.8.4)

as expected since the two resistors are in parallel. We express v, and
v, in terms of i, and i, as in Eq. (2.8.1). Equation (2.8.4) becomes

~,
=

()iz — 313 = 1.71 — (2.8.5)

9 |,

Substituting Egs. (2.8.3) and (2.8.5) into (2.8.2) gives

30 -3, i
-
8 = 19

-~

=0

or i» = 2 A. From the value of />, we now use Egs. (2.8.1) to (2.8.5)
to obtain

il ;3.‘5\. i*‘— lA. U —'24\/. l.'g;ﬁ\", l';—()\/
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1.2.3- Series Resistors and Voltage Division:

e Figure 2.29 shows a single-loop circuit with two resistors in
series.

i R, R,

O ANAAN-
@, VVVYV

{ | +}

b
Fig. 2.29: Two resistors in series

e To determine the voltage across each resistor in Fig. 2.29, we

use,
R, R,

UV = v, Uy = ' v
R, + R- R, + R,
1.2.4- Parallel Resistors and Current Division:

e Figure 2.31 shows the fwo resistors which are connected in
parallel.

Node a

Node b
Fig. 2.31: Two resistors in parallel
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e To determine the current in each resistor in Fig. 2.29, we use;

R, i , R, i
1> -

i e
2 Ry + Ry

Ry + R

1.2.5- Delta to Wye Conversion:

e Each resistor in the wye network is the product of the resistors
in the fwo adjacent delta branches, divided by the sum of the
three delta resistors.

R
a = > b
e R R, ~—
e
R 3
R,R,
Rl =
R, + Ry + R,
R.R,
l\)z -
l\)z/ + R/) 23 R«'
R, — R
R(, 73 R/, 5 R‘.
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1.2.6- Wye to Delta Conversion:

e Each resistor in the delta network is the sum of all possible
products of Y resistors taken two at time, divided by the

opposite Y resistor.

) lelRl i R:R; 1 I{;Rl

R, = -
R,
I\)|R3 = I(wl\)g T /\’;R,
I(/, —
R,
R,R> + RyR; + RyR,
R.=

( R 3

e Convert the delta network in Fig. 2.50(a) to an equivalent Y
network.

! R b a b

o

| R, ™ R,

Z 10Q 15Q < :
Ry Z > R,
R- 5;'1_‘\ Q

(b)

Fig. 2.50: Example 4
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Solution:
Using Eqgs. (2.49) 1o (2.51), we obtain
R,R, 10 X 25 250
R, = = — - =—— = 5()
R, + R;, + R, 15+ 10 + 25 50
R.R, 25 X 15 )
R, = = . = 7.50Q)
Ko T Ko~ K. 50
R.R, 15 % 10
dy = = — = 3 ()
> R.+R;+ R, 50

The equivalent Y network is shown in Fig. 2.50(b).

1.3- Methods of Analysis

1.3.1- Nodal Analysis:

e Current flows from a higher potential to a lower potential in a
resistor.

We can express this principle as

Uhigher Ulower

R

(3.3)

e Calculate the node voltages in the circuit shown in Fig. 3.3(a).

- >
e
> I

9

20 2 6Q= (4)10A

(a)

Fig. 3.3(a): Example 5
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At node 1, applying KCL and Ohm’s law gives
vy —vy v —90
i} =i+ I3 = 5 = +
4 2
Multiplying each term in the last equation by 4, we obtain
20 = vy — v, + 2v,
or
vy —va=20 (3.1.1)
At node 2, we do the same thing and get
. . . . Uy — U3 <, =0
l_\+/4;:I]+I< = ——‘+|():D+ﬁ_
6
Multiplying each term by 12 results in
3-1‘, - 31.‘3 + |2() v ()() T 21'2
or
-3t | Sl‘: = 60 (3.1.2)
5A
_; 4 .(.l VA il
v 'v'“‘/A. 3
I .
‘ i 2 i l
203 6Q (4) 10A
|
(b)
Fig. 3.3(b):
21| Page
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Now we have two simultaneous Egs. (3.1.1) and (3.1.2). We can solve
the equations using any method and obtain the values of v, and v,.

B METHOD 1 Using the elimination technique, we add Egs. (3.1.1)
and (3.1.2).

Substituting v, = 20 in Eq. (3.1.1) gives

40
3vu-20=20 = u = 5 13333V

B METHOD 2 To use Cramer’s rule, we need to put Egs. (3.1.1)
and (3.1.2) in matrix form as

3 —1]|v 20 _
= 3.1.3
[—3 5} [UJ [60] ( ‘
The determinant of the matrix is

3

A=
&

-1
|=15—3=12
5

We now obtain v, and v, as

20 -1

A, 160 5| 100 + 60
== - — 13333V
“1TA A 12

320

A, |-3 '
_ A _|-3 60l _180+60_
2= A A 12

giving us the same result as did the elimination method.

If we need the currents, we can easily calculate them from the
values of the nodal voltages.

A 5 : Uy — Uz : Uy ;
i\ =5A, ip= = —1.6668 A, iy =—=6.666A
4 2
Us
iy = 10 A, is = g’ = 3333 A

The fact that i5 is negative shows that the current flows in the direction
opposite to the one assumed.
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e Nodal Analysis with Voltage Sources:
A supernode is formed by enclosing a (dependent or independent)
voltage source connected between two nonreference nodes and
any elements connected in parallel with it as shown in figure. 3.7.

4Q
MW /Supcmode
..... /| his
o Bk M\ A
vy ANA— ¢ vy

Fig. 3.7: A circuit with a supernode

vy = 10V (3.10)
i + iy =13 + Is (3.11a)
Wy— 02 Uy—=Us Ua—0 ¥3—=0

5 + y g e g (3.11b)
Do+ 5 +v3=10 =3 U — U3 =35 (3.12)

5V

__________________ o

4 / +
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................

S {7A A B
A R YL
r - ( b) """""""""
Fig. 3.9: Example 6
Solution:

The supernode contains the 2-V source, nodes | and 2, and the 10-£2
resistor. Applying KCL to the supernode as shown in Fig. 3.10(a) gives

2=dy+iy+ T

Expressing i; and i; in terms of the node voltages

v, — 0 vs — 0
l,) + u4 _L7 => 8.:20"%'”3'*'28

-

or
v, = =20 - 2u, (3.3.1)

To get the relationship between v, and v,, we apply KVL to the circuit
in Fig. 3.10(b). Going around the loop, we obtain

-0 —=24v,=0 =% Us =y + 2 (3.3.2)

From Egs. (3.3.1) and (3.3.2), we write

v, =up + 2= -20 - 2u,
or
ju, = —-22 = v, = —7333V
and v; = v, + 2 = —5.333 V. Note that the 10-{) resistor does not

make any difference because it is connected across the supernode.
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1.3.2- Mesh Analysis:

e A mesh is a loop which does not contain any other loops within it.
e For the circuit in Fig. 3.18, find the branch currents and using
mesh analysis.

I

15V i) @ i 4Q

Fig. 3.18: Example 7
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Solution:
We first obtain the mesh currents using KVL. For mesh 1,
=15 + 5i, + 10(G, — i) + 10=0
or
3i; — 2i; =1 (3.5.1)
For mesh 2,
6i, + 4i, + 10(i, — i) — 10 =0
or
i) = 2ip — 1 (3.5.2)

B METHOD 1 Using the substitution method, we substitute

Eq. (3.5.2) into Eq. (3.5.1), and write
6i, —3—2i,b=1 => ih=1A

-

From Eq. (3.5.2), iy, =2i, — 1 =2 — 1 = 1 A. Thus,

Il=i|=lA, I‘)=i2=lA, I';=l|h=()

- -

B METHOD 2 To use Cramer’s rule, we cast Egs. (3.5.1) and
(3.5.2) in matrix form as

3 =2
—1 2

We obtain the determinants

3 =2
A= =6-2=4
]
-2
z_\.,»—| | =2+2=4 _\,_|_ |=3+1-—4
Thus,
I A ) i
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e Mesh Analysis with Current Sources:
e A supermesh results when two meshes have a (dependent or
independent) current source in common as shown below.

6Q 10Q
AN — AMA————
6Q 10Q
202 DA
20v (F ; > “ -
© & s 1 § = 20v(®) | G) q 240
6A ' '
L/ . ;
g a0 | e
i 0. i N
T Exclude these (b)
(a) elements
—20 + 6i; + 10i, + 4i, = 0
6iy + 14i, = 20 (3.18)
i =10 +6 (3.19)
iy = =32A, is = 2.8 A (3.20)

1.4- Circuit Theorems
1.4.1- Superposition Theorem:
e The superposition principle states that the voltage across (or
current through) an element in a linear circuit is the algebraic

sum of the voltages across (or currents through) that element
due to each independent source acting alone.
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e Use the superposition theorem to find v in the circuit of Fig. 4.6.

8 Q

ANNN

6v () 4Q 3 v

‘ |
!

Fig. 4.6: Example 8

Solution:
Since there are two sources, let

v=uv + v,

where v; and v, are the contributions due to the 6-V voltage source
and the 3-A current source, respectively. To obtain v, we set the current
source to zero, as shown in Fig. 4.7(a). Applying KVL to the loop in
Fig. 4.7(a) gives

8Q Thus,
AN O
L L v, =4i, =2V
6v (* i) 4Q3 i . .
%) @ T_l ' We may also use voltage division to get v, by writing
> g 6) =2V
) = = A
@ =g
8Q 4, To get v,, we set the voltage source to zero, as in Fig. 4.7(b). Using
bl iy current division,
+ A ]
S ¢ 8
405_"3 \D 3A 13—4+8(3)—2A
Hence,
(b) Ur = 4[; =8 V
Figure 4.7 And we find
For Example 4.3: (a) calculating v,
(b) calculating v,. v=0v,+0,=2+8=10V
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1.4.2- Thevenin's Theorem:

e Thevenin's theorem states that a linear two-terminal circuit
can be replaced by an equivalent circuit consisting of a voltage
source Vy, in series with a resistor Ry, , where Vi, is the
open-circuit voltage at the terminals and Ry, is the input or
equivalent resistance at the terminals when the independent
sources are turned off.

e Find the Thevenin equivalent circuit of the circuit shown in Fig.
427, to the left of the terminals a-b. Then find the current
through R, = 6,16,and 36 (.

b

Fig. 4.27: Example 9

Solution:
We find Ry, by turning off the 32-V voltage source (replacing it
with a short circuit) and the 2-A current source (replacing it with an

open circuit). The circuit becomes what is shown in Fig. 4.28(a).
Thus,

4 X 12
Rp=4|12+1= T + 1 =40
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40 1Q 40Q Vin 1Q
AW AMWW—0 @ AWV AWW—0 a
+
12Q § v v @ 2Q § i) (4)2a Vi
ob 0 b
(a) (b)

Figure 4.28
For Example 4.8: (a) finding Ry, (b) finding Vi,

To find Vi, consider the circuit in Fig. 4.28(b). Applying mesh
analysis to the two loops, we obtain

=32 + 4i; + 12(i; — ip) = 0, i —2A

%)
I

Solving for i}, we get i; = 0.5 A. Thus,
Vin = 12(i; — i) = 12(0.5 + 2.0) =30V
Alternatively, it is even easier to use nodal analysis. We ignore the

1-Q) resistor since no current flows through it. At the top node, KCL
gives

or
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96 — 3Vqy, + 24 = Voy = Vi =30V

as obtained before. We could also use source transformation to find Vi,
The Thevenin equivalent circuit is shown in Fig. 4.29. The current
through R; is

7= Viw 30
" Rm+R. 4+R,
When R, = 6,
30
I[' =—=3A
10
When R; = 16,
/ & 1.5A
E0 0 T
When R; = 36,
30
I =—=075A
£ 40
40 4
A AAVAY O
* I;
30V (ﬁ) 2’ Ry
b

Figure 4.29
The Thevenin equivalent circuit for
Example 4.8.
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1.4_.3- Norton's Theorem:

e Norton's theorem states that a linear ftwo-terminal circuit can
be replaced by an equivalent circuit consisting of a current
source Iy in parallel with a resistor Ry, where Iy is the short-
circuit current through the terminals and Ry is the input or
equivalent resistance at the terminals when the independent
sources are turned off.

Ry = Ry, (4.9)

[;\" = I‘\'l' (4-1())
Vi

Iy L (4.11)

e Find the Norton equivalent circuit of the circuit in Fig. 4.39 at
terminals a-b.

8Q
ANV < a
40
2A CD g 5Q
)12V
AATAAY O b
80

Fig. 4.39: Example 10
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Solution:
We find Ry in the same way we find Ry, in the Thevenin equivalent
circuit. Set the independent sources equal to zero. This leads to the
circuit in Fig. 4.40(a), from which we find Ry. Thus,
\ 20X 5

Ry=5|8+4+8)=5|20= 55 =4 ()
To find I, we short-circuit terminals a and b, as shown in Fig. 4.40(b).
We ignore the 5-) resistor because it has been short-circuited.
Applying mesh analysis, we obtain

i,=2A, 2012—4”_]2:0
From these equations, we obtain

hb=1A=i

@ 12v SQ
8Q 8Q
(o} AAAA O b AN O
b
(a)
(b)
8 Q
AN o a
+

8Q

(c)

Figure 4.40

For Example 4.11; finding: (2) Ry, (b) Iy = i, (€) Viin = U,
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Alternatively, we may determine /y from Vqy/Ry,. We obtain Vi,
as the open-circuit voltage across terminals a and b in Fig. 4.40(c).
Using mesh analysis, we obtain

11:2A
25is —4iz—12=0 = is = 08A

and
Voe = V=54, =4V
Hence,
Iy = L I NN
Ry, 4

as obtained previously. This also serves to confirm Eq. (4.12c) that
Ry = v, /ise = 4/1 = 4 £). Thus, the Norton equivalent circuit is as
shown in Fig. 4.41.

1a(d) 40

O b
Figure 4.41

Norton equivalent of the circuit in Fig. 4.39.
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1.5- Examples:
Example 2.15:

Obtain the equivalent resistance R, for the circuit in Fig. 2.52

O

a

12.5Q 10 Q

R|=IOQ, R2=2OQ. R3=SQ
Thus from Egs. (2.53) to (2.55) we have
_ RRy + RR3 + R3Ry 10 X20+20 X5+ 5 X 10

R =
? R, 10
350
= = 35()
10
R\R, + RyR; + R:R 350
2 - 723 0 L 1750
R, 20
RiR>» + R-R: + R;:R 350
R‘. — oo/ ey Sy R | —_— ——— 70 Q
R, 5
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ac
45450
ao
é y
1259 1750 a0 2273Q % 1.8182Q § 200
§ 700 § 300 Sl & %
350 g 210
15Q 4, : 15Q 200
T % 105 Q
b o b o b o
(a) (b) (c)

Figure 2.53

Equivalent circuits to Fig. 2.52, with the voltage source removed.

With the Y converted to A, the equivalent circuit (with the
voltage source removed for now) is shown in Fig. 2.53(a).
Combining the three pairs of resistors in parallel, we obtain

70”30—m—910
70+30
12.5 X 17.5
125|175 =—7—"7==17292Q)
125+ 175
15 X 35
15|35 =—"—"7">-=1050Q
15 + 35
so that the equivalent circuit is shown in Fig. 2.53(b). Hence, we
find
17.792 X 21
R, = (7.292 + 10.5) || 21 = = 9.632 Q)
= 121 = 1770 + 21
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Example 3.4:
Find the node voltages in the circuit of Fig. 3.12.
3Q
MWW
......... ok s
4777 20V Tl -
77 = " 6Q i 3 ' =S
I’ /) \\ I’ N A > \\
1\ \l U ) ’: W v \ V 4”’1
20 § 104 (}) § 49 § 10
B

Figure 3.12
For Example 3.4.

Solution:

Nodes 1 and 2 form a supernode; so do nodes 3 and 4. We apply KCL

to the two supernodes as in Fig. 3.13(a). At supernode 1-2,
i3+ ]O:l]+lz
Expressing this in terms of the node voltages,

U3 — U Uy — V. v
2 10="—"4+
6 3 2

or

Sv, + vy — vz — 204 = 60

At supernode 3-4,

. . " ’ Uy — Uy U3 — U3 Uy
h=i3+ig+is = —_— i :
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or
4U| + 2U2 = 5U3 = ]60.; =0 (3.4.2)
30
30
AMA
AV + p -
+ ll' - o
?'1 "' @
Z2E T 6Q T T 20V i
'\”l """" % '\/W\r % Gimmamanet 1'4,' m -—
. [N P s e e’ { U M ANV . '
"’ L5 I *lq ‘il l+ +: ()Q v + +:
m§ () 10a §4Q §|Q 5, @ il oy o
_L ................... e mr s e m - et
= (a (b)

)
Figure 3.13
Applying: (a) KCL to the two supernodes, (b) KVL to the loops

We now apply KVL to the branches involving the voltage sources as
shown in Fig. 3.13(b). For loop 1,

-0, +20+ v, =0 = v, — Uy =20 (3.4.3)
For loop 2,
—v3 + 3v, +vy3 =0
But v, = v, — v4 so that
3v, — vy — 203 =0 (3.4.4)
For loop 3,
v, — 3v,+6i3—20=0
But 6i3 = vy — v, and v, = v; — v4. Hence,
—2v; — Uy + v3 + 204 = 20 (3.4.5)

We need four node voltages, v, v,, U3, and vy, and it requires only
four out of the five Egs. (3.4.1) to (3.4.5) to find them. Although the fifth
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equation is redundant, it can be used to check results. We can solve
Egs. (3.4.1) to (3.4.4) directly using MATLAB. We can eliminate one
node voltage so that we solve three simultaneous equations instead of
four. From Eq. (3.4.3), v, = v; — 20. Substituting this into Egs. (3.4.1)
and (3.4.2), respectively, gives

6U| =0y 204 = 80 (3.4.6)
and
6v, — Sv; — 16v, = 40 (3.4.7)

Equations (3.4.4), (3.4.6), and (3.4.7) can be cast in matrix form as

3 -1 -=2|]v 0

6 -1 —-2||vy3|=180

6 —5 —16] Luv, 40

Using Cramer’s rule gives
3 =1 =2 0 =1 =32
A=1|6 -1 =2|=-—18, A, =180 —1 —2|= —480,
6 -5 —16 40 -5 —16
3 0 =2 3 -1 0
A, =6 80 —2|= —-3120, A, =16 —1 80| =840

6 40 —16 6 —5 40

Thus, we arrive at the node voltages as

A, —480 Ay _ =3120
=—-=_=26. 7v‘ =;= - I7 -3 VQ
W= g WK T —Ig e
A, 840
IS e TS ee— —4 N 7V
M=K T —iR 06

and v, = v, — 20 = 6.667 V. We have not used Eq. (3.4.5); it can be
used to cross check results.
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Example 3.7:

For the circuit in Fig. 3.24, find i, to iy using mesh analysis

3

Figure 3.24
For Example 3.7.

Solution:

Note that meshes 1 and 2 form a supermesh since they have an
independent current source in common. Also, meshes 2 and 3 form
another supermesh because they have a dependent current source in
common. The two supermeshes intersect and form a larger supermesh
as shown. Applying KVL to the larger supermesh,

2iy +4i5 + 8(i3 —iy) + 6i,, =0
or
i, + 3ip + 6i5 — 4iy, =0 (3.7.1)
For the independent current source, we apply KCL to node P:
i =10 +5 (3.7.2)

For the dependent current source, we apply KCL to node Q:
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i» = i3 + 31,
But /, = —i4, hence,
i = i3 — 3i4 (3.7.3)
Applying KVL in mesh 4,
2iy + 8(iy —i3) +10=0
or
Siy — 4i; = —5 (3.7.4)
From Egs. (3.7.1) to (3.7.4),
i = =175 A, i, = —25 A, iz = 3.93 A, iy = 2.143 A

Example 4.12:

Using Norton’s theorem, find Ry and 7y of the circuit in Fig. 4.43 at
terminals a-b.

O b

Figure 4.43
For Example 4.12.
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Solution:

To find Ry, we set the independent voltage source equal to zero and
connect a voltage source of v, = 1 V (or any unspecified voltage v,)
to the terminals. We obtain the circuit in Fig. 4.44(a). We ignore the
4-() resistor because it is short-circuited. Also due to the short circuit,
the 5-) resistor, the voltage source, and the dependent current source

are all in parallel. Hence, i, = 0. At node a, i, = s—'f; = 0.2 A, and

To find I, we short-circuit terminals @ and b and find the current
is, as indicated in Fig. 4.44(b). Note from this figure that the 4-()
resistor, the 10-V voltage source, the 5-£) resistor, and the dependent
current source are all in parallel. Hence,

_ 10 _

25 A
4

i\

At node a, KCL gives

a

b

10
e = =+ 26, =2+225) =TA
Thus,
In=TA
2i, 2i,
S &
50 i 50
Iy l MW\ ?, 8 l AN
4Q (i) y,=1V 49% (i 10V e = Iy
b
(a) (b)

Figure 4.44
For Example 4.12: (a) finding Ry, (b) finding /.
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1.6- Capacitors and Inductors
e A capacitor is a passive element designed to store energy in its

electric field.
e The amount of charge stored, represented by g, is directly pro-

portional o the applied voltage v as shown in figure 6.2.

‘ qg = Cv (6.1)

|5
+q | & | —{
.‘_
._\ + &
[
+’___
G
\__/
Figure 6.2

A capacitor with applied voltage v.

e To obtain the current-voltage relationship of the capacitor, we

take the derivative of both sides of Eq. (6.1). Since

- dg ,
| = — (6.3)
dt
differentiating both sides of Eq. (6.1) gives
1
i=CcS (6.4)
di
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(6.9)

e A capacitor is an open circuit to dc.
e The equivalent capacitance of N parallel-connected capacitors is

the sum of the individual capacitances.

CC‘I = C| < o Cg + C‘g n U LION o C.-\" (6.13)

174 fz‘ f3¢ i;V* +
G =

= G2 63 == Gy == ¥

' ®

(a)
e The equivalent capacitance of series-connected capacitors is the
reciprocal of the sum of the reciprocals of the individual

capacitances.

C.. = GGy (6.17)
T+ G :
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—l
|| || ]
§ fl | _Hi
+ V) — 4+ Uy — + V3 — + UN —

(a)

e An inductor is a passive element designed to store energy in its
magnetic field.
e The voltage across the inductor is directly proportional to the

time rate of change of the current.

v=L- (6.18)

e The energy stored in the inductor is

(S}

(6.24)

e The equivalent inductance of a series-connected is:

L. = L] . LZ + L_‘; R o LN (6.27)

eq

45| Page Dr. Mushtag Najeeb




University of Anbar Electric Circuit I/15" Sem.

College of Engineering Second Class

Dept. of Electrical Engineering 2021-2022
i L, L, L Ly

—_—

PPN - — T

¥ % v ¥ vy + vy UN

v

O

(a)

e The equivalent inductance of a parallel-connected is:

L.L,
Leg=—— (6.31)
Ly+-Is
[
L —d
O ______
+ ll l l:* lq* ’N¢
3 L, L, Ly Ly
o
(a)
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e The summary is given in Table 6.1.

TABLE 6.1

Important characteristics of the basic elements.”

Relation Resistor (R) Capacitor (C) Inductor (L)
: iR : J-’ i(7)dr + vlto) dl
U= V=1 v=— 1 i7)dTr + U v=L—
cd, ¢ dt
v ] if*
i‘U: | S U/R = ‘(_ == J U(T)dT -+ l(f())
di L ,
; _an O u Loz = Lo
p orw: p—:R—R w—2Cv w—2L1
Series: Req=R,+R C. =& Lo=1L, +L
SErIes: eq ] 2 eq — Cl T C: eq — &1 2
RiR; Ll
Parallel: “= R+ R, Coa =Ci'+ €3 Leg = I 45,
At dc: Same Open circuit Short circuit
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2.1-
2.2-
2.3-
2.4-
2.5-
2.6-
2.7-
2.8-
2.9-

2.10-
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Chapter Two
Operational Amplifiers (Op Amp)

Introduction to Op. Amp.
Tdeal Op. Amp.
Inverting Op. Amp.
Non-inverting Op. Amp.
Summing Op. Amp.
Subtracting Op. Amp.
Cascaded Op. Amp.
Integrator Op. Amp.
Differentiator Op. Amp.
Examples.
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2.1- Introduction to Op. Amp.

e An op amp is an active circuit element designed to perform
mathematical operations of addition, subtraction, multiplication,

division, differentiation, and integration.

e A typical Op amp is the eight-pin dual in-line package (or DIP),
shown in Fig. 2.1(a). Pin or terminal 8 is unused, and terminals 1
and 5 are of little concern to us. The five important terminals are:
1- The inverting input, pin 2.

2- The noninverting input, pin 3.

3- The output, pin 6.

4- The positive power supply V*, pin 7.
5- The negative power supply V~, pin 4.

e The circuit symbol for the op amp is the triangle in Fig. 2.1(b). as
shown, the op amp has two inputs and one output. The inputs are
marked with minus (-) and plus (+) to specify inverting and
noninverting inputs, respectively. An input applied to the
noninverting terminal will appear with the same polarity at the
output, while an input applied to the inverting terminal will appear

inverted at the output.
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Vv*
¥ Tt
Balance 1 8 P No connection Inverting input 2 O
) o 6 Output
Inverting input ¢ 2 7h vt Noninverting input 3 O—;/
Noninverting input ¢f 3 6 p Output lo
415
V'd 4 5 [ Balance \,r—l“
Offset Null
(a) (b)

Figure 2.1: A typical op amp: (a) pin configuration, (b) circuit symbol

e As an active element, the op amp must be powered by a voltage
supply as typically shown in Fig. 2.2. The power supply currents must
not be overlooked. By KCL:

o =13 +iyp+1i, +i (2.1)
+
i =t TF
. C(
20 B
30— |
—_— + S
iz T Vd_

Figure 2.2: Powering the op amp
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e The equivalent circuit model of an op amp is shown in Fig. 2.3.

e The output section consists of a voltage-controlled source in series
with the output resistance R,.

e It is evident from Fig. 2.3 that the input resistance R; is the
Thevenin equivalent resistance seen at the input terminals, while the
output resistance R, is the Thevenin equivalent resistance seen at
the output.

e The differential input voltage V, is given by:

Vg = Vy — Vg (2.2)

v ©

O %

Figure 2.3: The equivalent circuit of the nonideal op amp.

e Where v, is the voltage between the inverting terminal and ground,

and v, is the voltage between the noninverting terminal and ground.
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The op amp senses the difference between the two inputs,
multiplies it by the gain A, and causes the resulting voltage to

appear at the output. Thus, the output v, is given by

v, = Avg = A(v, — ;) (2.3)

A is called the open-loop voltage gain because it is the gain of the op
amp without any external feedback from output to input. Table 2.1
shows typical values of voltage gain A, input resistance R;, output

resistance R,, and supply voltage V..

Table 2.1

Typical ranges for op amp parameters.

Paramecier Typical range [deal values
Cpen-loop gain, A I to IU"_ o

Input resistance, K, 1 to 10" 0 eed)
Output resistance, R, 1 to 1001} 04l
Supply voltage, Ve 324V

A practical limitation of the op amp is that the magnitude of its
output voltage cannot exceed |V|.

In other words, the output voltage is dependent on and is limited by
the power supply voltage.

Figure 2.4 illustrates that the op amp can operate in three modes,

depending on the differential input voltage v,:
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1- Positive saturation, v, = V..
2- Linear region, =V, < v, = Avy < V..

3- Negative saturation, v, = =V,

Posiive saluration

=V

hn PERL 1T
‘((

Negatve saturation

Figure 2.4: Op amp output voltage v, as a function of the differential input
voltage v,

Example 5.1:

A 741 op amp has an open-loop voltage gain of 2 X 10°, input resis-
tance of 2 M), and output resistance of 50 £). The op amp is used in
the circuit of Fig. 5.6(a). Find the closed-loop gain v,/v,. Determine
current i when v, = 2 V.

20 kQ

10kQ |

(a)
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Solution: 20 kQ
Using the op amp model in Fig. 5.4, we obtain the equivalent circuit VMWW .
of Fig. 5.6(a) as shown in Fig. 5.6(b). We now solve the circuit in p i "
Fig, 5.6(b) by using nodal analysis. At node 1, KCL gives 10kQ ¥ R, =50Q [
ANV WW———0
v, — Uy v, Uy — U, * e @
—~gfa o ~ - I
* J . W - 2 4 - - &
A0S (SRIWIY  SRE0 5 (&) w2 R=2M2 O Ay
- . -
Multiplying through by 2000 X 107, we obtain +7
2000, = 301v; — 1000, 0
or -
(b)
U, +v, _
v, =3u; = v, = v, = : (5.1.1)
At node 0, Figure 5.6
For Example 5.1: (a) original circuit, (b) the equivalent circuit
Uy — U, U, — Aby 20 kQ
20 % 10° 50 AW * .
i
But v, = —uv; and A = 200,000, Then 10kQ _ v R,=50% u,
: —o0
vy = v, = 400(v, + 200.0000,) (5.1.2) * - 0
s i
Substituting v from Eq. (5.1.1) into Eq. (5.1.2) gives
S ing v, fro q o Eq. ( gives ” vy § R;=2MQ Ay
v,
0=26667.067u, + 533333330, =  —°= —1.9999699 ¥
* o

This is closed-loop gain, because the 20-k€) feedback resistor closes

the loop between the output and input terminals. When v, =2V, v, =
—3.9999398 V. From Eq. (5.1.1), we obtain v; = 20.066667 V. Thus,
Uy

v, .
i = ———2 =0,19999 mA
20 X 10

(b)
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20 kQ
i
10 kQ = 4 Ru =50 Q U,
—VWW\ —O
1 * - .0
e I
Y @) ” § R; =2 MQ Avy

-+

o)

(b)
Figure 5.6

For Example 5.1: (a) original circuit, (b) the equivalent circuit

Solution:

Using the op amp model in Fig. 5.4, we obtain the equivalent circuit
of Fig. 5.6(a) as shown in Fig. 5.6(b). We now solve the circuit in
Fig. 5.6(b) by using nodal analysis. At node 1, KCL gives

Uy — U Uy Uy — U,
3 3 T 3
10 X 10 2000 X 10 20 X 10

Multiplying through by 2000 X 10°, we obtain
200v, = 301lv, — 100v,
or

2v + v,
v, =3V, —v, = U= g - (5.1.1)

At node O,
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Uy — U, . Vo — AU(/
20 X 10° 50
But v, = —v; and A = 200,000. Then
v, — v, = 400(v, + 200,000v,) (5.1.2)

Substituting v, from Eq. (5.1.1) into Eq. (5.1.2) gives

Vo
0 = 26,667,067v, + 53,333,333v, = — = —1.9999699

Ay

This is closed-loop gain, because the 20-k{) feedback resistor closes
the loop between the output and input terminals. When vy, =2 V, v, =
—3.9999398 V. From Eq. (5.1.1), we obtain v, = 20.066667 wV. Thus,

. Uy — U,
i = ———0 =),19999 mA
20 X 10

2.2- Ideal Op. Amp.

e An ideal op amp is an amplifier with infinite open-loop gain, infinite input
resistance, and zero output resistance.
1- Infinite open-loop gain, A = oo
2- Infinite input resistance, R; = o

3- Zero output resistance, R, = 0

e For circuit analysis, the ideal op amp is illustrated in Fig. 5.8.
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O —
4 =
iy=0 fd
——- oL +
o +
Ul +
v,
Uy =7
o O
L

Figure 5.8
Ideal op amp model.

e Two important characteristics of the ideal op amp are:

1- The currents into both input terminals are zero:

=0 i=0 (

:Jl
n
S

2- The voltage across the input terminals is equal to zero; i.e.,

Vg=U,—0; =0 (5.6)

or

v, = U, (5.7)

Example 5.2:
Rework Practice Prob. 5.1 using the ideal op amp model.

If the same 741 op amp in Example 5.1 is used in the circuit of Fig. 5.7,
calculate the closed-loop gain v,/v,. Find i, when v, = 1 V.
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Solution:

We may replace the op amp in Fig. 5.7 by its equivalent model in
Fig. 5.9 as we did in Example 5.1. But we do not really need to do
this. We just need to keep Eqgs. (5.5) and (5.7) in mind as we analyze
the circuit in Fig. 5.7. Thus, the Fig. 5.7 circuit is presented as in
Fig. 5.9. Notice that

Vs =, (5.2.1)

Since i, = 0, the 40-kf) and 5-k{) resistors are in series; the same
current flows through them. v, is the voltage across the 5-k{2 resistor.
Hence, using the vollage division principle,

. ®

5 U,
v v, 522 v
"5 +40 9 s % S 20kQ
According to Eq. (5.7), i: =0
Vg ——bp
Us = Uy (5.2.3) +
v
Substituting Egs. (5.2.1) and (5.2.2) into Eq. (5.2.3) yiclds the closed- ! 1 ‘ i
loop gain. iy= 0 0
v, v, -
v, = ry = L- =9 (5.24) -
! MWy
which is very close to the value of 9.00041 obtained with the nonideal Ve (i) 40 kQ 0 ‘
model in Practice Prob. 5.1. This shows that negligibly small error
results from assuming ideal op amp characteristics. § 5kQ +
At node O
: % S 20kQ
o -

v, Uy ==
i, =—2— +—2mA (5.2.5)
40 + 5 20

From Eq. (5.2.4), when v, = I V, v, = 9 V. Substituting forv, = 9V
in Eq. (5.2.5) produces

i, =02+ 045 = 0.65mA

This, again, is close to the value of (L657 mA obtained in Praclice
Prob. 5.1 with the nonideal model.

12 =0
Uy —p
I:’]

S
o
-®)
+Qf
-

% S 20kQ
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vy " | * is

—

.
—/\/VV\%

Vs @) 40 kQ 0|y

5 kQ i

Y % 20 kQ
L
Figure 5.9

For Example 5.2.

Solution:

We may replace the op amp in Fig. 5.7 by its equivalent model in
Fig. 5.9 as we did in Example 5.1. But we do not really need to do
this. We just need to keep Egs. (5.5) and (5.7) in mind as we analyze
the circuit in Fig. 5.7. Thus, the Fig. 5.7 circuit is presented as in
Fig. 5.9. Notice that

Us = Uy (5.2.1)

Since i, = 0, the 40-k{) and 5-k{) resistors are in series; the same
current flows through them. v, is the voltage across the 5-k{) resistor.
Hence, using the voltage division principle,

5 Vo

W B 522
1T 51 40% T 9 (P
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According to Eq. (5.7),
Vs = Uy (5.2.3)
Substituting Eqs. (5.2.1) and (5.2.2) into Eq. (5.2.3) yields the closed-
loop gain,
U{) v()
U, = — = — =9 (5.2.4)
9 Us

which is very close to the value of 9.00041 obtained with the nonideal
model in Practice Prob. 5.1. This shows that negligibly small error
results from assuming ideal op amp characteristics.

At node O,

v, v

= —2— + —2mA (5.2.5)
40+5 20

I()

From Eq. (5.2.4), when v, = 1 V, v, = 9 V. Substituting forv, = 9V
in Eq. (5.2.5) produces

i, = 0.2+ 045 = 0.65 mA

This, again, is close to the value of 0.657 mA obtained in Practice
Prob. 5.1 with the nonideal model.

2.3- Inverting Op. Amp.

e The first of op amp circuits is the inverting amplifier shown in

Fig. 5.10.
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e In this circuit, the noninverting input is grounded, v; is

connected to the inverting input through R,, and the feedback

resistor Ry is connected between the inverting input and

output.

e Our goal is to obtain the relationship between the input

voltage v; and the output voltage v,.

e Applying KCL at node 1,

=iy 5 ——t=—1——2 (5.8)

But v, = v, = 0 for an ideal op amp, since the noninverting terminal
is grounded. Hence,

vi U,
R, R,
or
Ry "
UV, = ——U; (5.9)
Rl :
The voltage gain is A, = v,/v; = —R,/R,. The designation of the cir-

cuit in Fig. 5.10 as an inverter arises from the negative sign.
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—
@
o
Figure 5.10
The inverting amplifier.
e Applying KCL at node 1,
. : Ui — U Uy — Uy
I = I» — — (5.8)
R, Ry

But v, = v, = 0 for an ideal op amp, since the noninverting terminal
is grounded. Hence,

U; . Vo
R, R;
or
i 5.9)
Uy = ——1 (3.
R,
The voltage gain is A, = v,/v; = —R;/R,. The designation of the cir-

cuit in Fig. 5.10 as an inverter arises from the negative sign.
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e Notice that the gain is the feedback resistance divided by the
input resistance which means that the gain depends only on the

external elements connected to the op amp as shown in Eq.

(5.9) and figure 5.11.

|

AWV
=
&
\ 4
|
:Q

O
O |

Figure 5.11
An equivalent circuit for the inverter in
Fig. 5.10.

Example 5.3:

Refer to the op amp in Fig. 5.12. If v; = 0.5V, calculate: (a) the output
voltage v,, and (b) the current in the 10-k{) resistor.

25 kQ
——AMWW——

10 kQ
AN B 5
= +

Figure 5.12

For Example 5.3.
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Solution:
(a) Using Eq. (5.9),
Vo Ry 25
—_—= —— = —— = —2'5
U; Rl 10

UV, = —2.5v; = —2.5(0.5) = —1.25V

(b) The current through the 10-k{) resistor is

3
R, 10 X 10°
Solution: 25kQ
(a) Using Eq. (5.9), AAA",
R
Yo _ sz _%z 95 10 kQ
Vi ! NWY = o
Vv, = —2.5v; = —2.5(0.5) = —1.25V +: +
(b) The current through the 10-k{) resistor is Y <t> )
0
v;—0 05—-0 3
TR, 10 X 10° ) ©
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Example 5.4:

Determine v, in the op amp circuit shown in Fig. 5.14.

40 kQ
AMA—

Figure 5.14
For Example 5.4.

Solution:
Applying KCL at node a,
U(,_U(,_()_Ua

40 k() 20 k€
V,—V,=12-2v, = v,=3v,—12

But v, = v, = 2 V for an ideal op amp, because of the zero voltage
drop across the input terminals of the op amp. Hence,

v,=6—12=-6V

Notice that if v, = 0 = v,, then v, = —12, as expected from Eq. (5.9).
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Solution:
Applying KCL at node a, 40 kQ
U‘,—v(,z()—v(, _W\/\l'_
40 kQ 20 k€2 20 1
VU, — VU, =12 — 2u, = v, =3v, — 12 20 ]\f)
MW

But v, = v, = 2V for an ideal op amp, because of the zero voltage
drop across the input terminals of the op amp. Hence,

v,=6-12=—-6V

Notice that if v, = 0 = v, then v, = —12, as expected from Eq. (5.9).

a
n -

b >
+

2.4- Non-inverting Op. Amp.

e Another important application of the op amp is the

noninverting amplifier shown in Fig. 5.16.

— R/ :
AL,
i
R & |
AW

0
Vs +
16 2
O

Fig. 5.16: The noninverting amplifier
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e In this case, the input voltage v; is applied directly at the
noninverting input terminal, and resistor R; is connected
between the ground and the inverting terminal.

e Application of KCL at the inverting terminal gives:

: 0-v, v —u, 16 o
t =2l =S = 5, 2 ;
nen R, R, ’ e SO .+
But v, = v, = v,. Equation (5.10) becomes . VWWv
I
1 t [ Rl I v

‘f = " ) ",, [
R R, AN =
>

or +
Vs +
R, v. (T v

"""(' = )’ (5.11) I\
\ Ry,

The voltage gain is A, = v,/v; = 1 + Ry/R,, which does not have a
negative sign. Thus, the output has the same polarity as the input. —

0 s 0-v; v —-v,
I =i, = : = — (5.10)

But v, = vy = v;. Equation (5.10) becomes

R
R, Ry
or
Ry
v,=|1+—Ju (5.11)
R,

The voltage gain is A, = v,/v; = | + R¢/R,, which does not have a
negative sign. Thus, the output has the same polarity as the input.
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e A noninverting amplifier is an op amp circuit designed tfo
provide a positive voltage gain.

e Notice that,

Notice that if feedback resistor R, = 0 (short circuit) or Ry = =
(open circuit) or both, the gain becomes 1. Under these conditions
(Rf = 0 and R, = =), the circuit in Fig. 5.16 becomes that shown
in Fig. 5.17, which is called a voltage follower (or unity gain
amplifier) because the output follows the input. Thus, for a voltage
follower

UU = vi (5.]2)

Figure 5.17

The voltage follower.

e Such a circuit has a very high input impedance and is therefore
useful as an intermediate-stage (or buffer) amplifier to isolate

one circuit from another, as portrayed in Fig. 5.18.
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+
First + / + Second

stage 9 % stage

Figqure 5.18
A voltage follower used to isolate two
cascaded stages of a circuit.

Example 5.5:

For the op amp circuit in Fig. 5.19, calculate the output voltage v,,.

10 kQ
VMWW
4 kQ p
— A, B
+ I
b / +
r (St
o) <~> 4V Q oA
O
Figure 5.19
For Example 5.5
Solution:
We may solve this in two ways: using superposition and using nodal
analysis.

B METHOD 1 Using superposition, we let

Vo = Uy T Uo2
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where v, is due to the 6-V voltage source, and v,, is due to the 4-V
input. To get v,,, we set the 4-V source equal to zero. Under this
condition, the circuit becomes an inverter. Hence Eq. (5.9) gives

10
Vit == (0) =—15

To get v,;, we set the 6-V source equal to zero. The circuit becomes
a noninverting amplifier so that Eq. (5.11) applies.

Von =(1 + E)Af =14V
4

Thus,
Up =Uy Tt U,=-15+14=—-1V
B METHOD 2 Applying KCL at node a,
6—0”_00—00
4 10
But v, = v, = 4, and so
6—-4 4-uv,
= # 5 = 4 - v()
4 10
orv, = —1V, as before.
Solution:
We may solve this in two ways: using superposition and using nodal
analysis. 10 kQ
B METHOD 1 Using superposition, we let VWWy
= 4 5 4 k
U, Ui Uo2 4 }\Q (I
—AMA B
where v, is due to the 6-V voltage source, and v,, is due to the 4-V ; g} —O0
input. To get v,;, we set the 4-V source equal to zero. Under this 2 : +
condition, the circuit becomes an inverter. Hence Eq. (5.9) gives £
N E
10 — + y
Upl = —_(6) ==15V 4 V = z()
4
To get v,,, we set the 6-V source equal to zero. The circuit becomes 5

a noninverting amplifier so that Eq. (5.11) applies.
10 -
Vo2 = (1 + ——)4 =14V
4

Thus,

Vo =Ugt + Uz =—15+14=—1V
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10 kQ
B METHOD 2 Applying KCL at node a, AN

a
S o}
-
b > 0

4V i“) )

Ol

() - U“ — U!l - U,, 4 kQ
4 10 —\ WY
But v, = v, = 4, and so
6—-4 4-v, ) 6V D
= = 5=4-v,
4 10
or v, = —1 V., as before.
2.5- Summing Op. Amp.
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e A summing amplifier is an op amp circuit that combines several

inputs and produces an output that is the weighted sum of the

inputs as shown in figure 5.21.

i i
R, > Ry o
v O—AAA AN
R iz l 0
2 —| — | —
vy O—AW =
a L_0O
13 I +
R3 — —
vy O—ANN—— 0 9,
O O
Figure 5.21
The summing amplifier,
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e Applying KCL at node a give:
| = i] + i:o + 1'3 (5.]3)
But
Uy Va § U2 Ua
TR PR
‘ : (5.14)
. U3z — Uy Uq Uy
l‘ —_— . —_—
‘ R; R,

We note that v, = 0 and substitute Eq. (5.14) into Eq. (5.13). We get

-

(R/' Ry Ry ) -
Uy =) ety = A5
R, I 2U2 Rs 3 ( )

e Applying KCL at node a give:
h .
fed ok ¥R (5.13) Ry — Ry
2+ s 1 O—AMN AN
But
R {2 1 0
,1:91 Va , V2" Va 2 | —p | —
Ry R vy O—MM =
(5.14) o a o
U3 — U v v .
= a — a < l +
ST R T T R Ry, 35 — +
We note that v, = 0 and substitute Eq. (5.14) into Eq. (5.13). We get v3 O MWV 0 y,
O O
Ry Ry Ry
v, = —|—uv + v+ (5.15) e
R, R, R -
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Example 5.6:

Calculate v, and i, in the op amp circuit in Fig. 5.22.

10 kQ

5kQ
AW\

a

2v (@) 2«'5-\/]\\;\52 b

C_’ RY

Figure 5.22

For Example 5.6

This is a summer with two inputs. Using Eq. (5.15) gives

!I()(’?)-i- lO(l)] 4+ 4) 8V
U” = —|—(2 = = — = —
5 2.5
The current i, is the sum of the currents through the 10-k{) and 2-k()
resistors. Both of these resistors have voltage v, = —8 V across them,
since v, = v, = 0. Hence,

v,—0 wv;—0

i, = 0 + 5 mA = —0.8 — 4 = —48 mA

2.6- Subtracting (Difference) Op. Amp.

e A difference amplifier is a device that amplifies the difference

between two inputs.
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R,
AW
R 0
I Uy —-
AW =
R 0 —o0
3 U)y ——t
AV + +
16,
1
Ci) Uy § R 4 to
0

Figure 5.24

Difference amplifier
e Keep in mind that zero currents enter the op amp terminals.

Applying KCL to node q,

UV — U, . Vs — Uy
R, R>
or
R, : R,
U =\=—1 W1 (5.16)
R, R,

Applying KCL to node b,

or

R
- S (5.17)

Upb = ———_Us
R3 + R4
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But v, = v,. Substituting Eq. (5.17) into Eq. (5.16) yields

R- R, R,
UV, = L U U
R| R;; + R_; Rl

or

R5(1 + R,/R,) R,
Uy, = Qi =m0
Ry(1 + R3/Ry) R, '

(5.18)

Since a difference amplifier must reject a signal common to the two
inputs, the amplifier must have the property that v, = 0 when v, = v,.
This property exists when

R, Ry
== (5.19)
R, Ry
Thus, when the op amp circuit is a difference amplifier, Eq. (5.18)
becomes
™2 (0, — ) (5.20)
Vo= —V :
¢ R 2 1

If R, = R, and R; = R,, the difference amplifier becomes a subtractor,

with the output
— Uy (5.2])

Example 5.6:

Design an op amp circuit with inputs v; and v, such that
U, = —5v; + 3v,.
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Solution:
The circuit requires that
v, = 3v, — Sv, (5.7.1)

This circuit can be realized in two ways.

Design 1 If we desire to use only one op amp, we can use the op
amp circuit of Fig. 5.24. Comparing Eq. (5.7.1) with Eq. (5.18), we see

R,
—= =35 = R> = 5R, (5.7.2)
R,
Also,
(1 + R,/R> $ 3
1/R>) 3 - e
(l -+ R;/R_;) 1 + R3/R4 5
or
R
2=14+—= =  Ry=R, (5.7.3)
R,
If we choose R; = 10 k) and R; = 20 k{2, then R, = 50 k{) and
R, = 20 kQ.

Design 2 If we desire to use more than one op amp, we may cascade
an inverting amplifier and a two-input inverting summer, as shown in
Fig. 5.25. For the summer,

v, = —U, — Su, (5.7.4)
and for the inverter,
UV, = —30; (5.7.5)
Combining Egs. (5.7.4) and (5.7.5) gives
v, = 3v, — Su,

which is the desired result. In Fig. 5.25, we may select R; = 10 k()
and R} = 20 k() or Rl — R3 = 10 kQ.
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Figure 5.25
For Example 5.7
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2.6- Cascaded Op Amp:

e A cascade connection is a head-to-tail arrangement of two or
more op amp circuits such that the output of one is the input
of the next.

e Figure 5.28 displays a block diagram representation of three
op amp circuits in cascade.

e The output of one stage is the input fo the next stage, the
overall gain of the cascade connection is the product of the
gains of the individual op amp circuits.

A = Ay AsAs (5.22)

o— o O —o0
o Stage 1 - 4 Stage 2 = A Stage 3 & 4
4 Sy = 1 = ) T — /i
U_l A, 1_2 ] A, is 2F2 As ﬁ, 373
O— O e} ——O

Figure 5.28

A three-stage cascaded connection.
Example 5.9:

Find v, and i, in the circuit in Fig. 5.29.

Solution:

This circuit consists of two noninverting amplifiers cascaded. At the
output of the first op amp,

12
v, = (l + ?)(20) = 100 mV
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At the output of the second op amp,
10
v, =11+ =5 v, = (1 + 2.5)100 = 350 mV

The required current i, is the current through the 10-k{) resistor.

. Vo — Up A
i,=———m
10
But v, = v, = 100 mV. Hence,
_ (350 — 100) X 107°

i : = 25 uA
' 10 X 103 =
da
>
i 3
—VW— ¢%
R A
" ,
20 mV _) "
3 kQ §4kQ

Figure 5.29

For Example 5.9.
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2.7- Integrator Op Amp:

e An integrator is an op amp circuit whose output is proportional to
the integral of the input signal.

o If the feedback resistor R; in the familiar inverting amplifier of
Fig. 6.35(a) is replaced by a capacitor, we obtain an ideal

integrator, as shown in Fig. 6.35(b).

iy R;
iRy oA
O-—AANN—— Lt .

R S

0V

+ B
>0
+ g +
Y Vr + o
< ~
r,/' ,"u
O O
(a)
; 6
A
ip R |
O——AAAA _
+ a
o
+
U —f
v,
O O
i
(b)
Figure 6.35
Replacing the feedback resistor in the
inverting amplifier in (a) produces an
integrator in (b).
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e We can obtain a mathematical representation of integration. At

node a in Fig. 6.35(b),
in =ic (6.32)
But

v; ) .dv,

’ lc —
R . dt

Substituting these in Eq. (6.32), we obtain

Uiy g (6.33a)
R dt .
l
dv, = ——v; di (6.33b)
RC
Integrating both sides gives
l 4
Un([) o U::(O) = = , U,’(T)(]T (6.34)
RC ],

To ensure that v,(0) = 0, it is always necessary to discharge the integra-
tor’s capacitor prior to the application of a signal.

(7)dT (6.35)

e Assuming v,(0) = 0 which shows that the circuit in Fig. 6.35(b)
provides an output voltage proportional to the integral of the
input.

e In practice, the op amp integrator requires a feedback resistor

to reduce dc gain and prevent saturation.
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Example 6.13:
If vy = 10 cos 2t mV and v, = 0.5r mV, find v, in the op amp circuit
in Fig. 6.36. Assume that the voltage across the capacitor is initially zero.

;
3IMQ i
v O—AM |

SN 0 7,
+
vy 0—\WWW—
100 kQ L

Figure 6.36

For Example 6.13.

Solution:
This is a summing integrator, and

I 1
v(,=—fJU,(11— ‘Juzdt
R,C R,C

l !
i 10 cos (27)d
3X10°X2X%X107° .[) SRR

I
100 X 10° X 2 X 107 .

{ 0.57dr
0

1 10 I 0.5¢* .
St ey e S S U IR ST ey S A S n %t — Y
62 sin 2¢ 02 2 (0.833 sin 2¢ 1.25t" mV
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2.8- Differentiator Op Amp:

e A differentiator is an op amp circuit whose output is
proportional to the rate of change of the input signal.
e In Fig. 6.35(a), if the input resistor is replaced by a capacitor,

the resulting circuit is a differentiator, shown in Fig. 6.37.

i R
——AAMA——

i. C
O ==
+ a >;—O
v +
vl 1.’()
O O

Figure 6.37
An op amp differentiator.

Applying KCL at node a,

il\’ — l.(" (6.36)
But

_ v, , dv,;

Py > I —

i R ¢ dt

Substituting these in Eq. (6.36) yields

RC dv;
v, = —
‘ di (6.37)

e Above equation shows that the output is the derivative of the

input.
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3.1- Introduction:

e The three passive elements (resistors, capacitors, and inductors) and
one active element (the op amp) have been considered.

e Two types of simple circuits have been considered such as a circuit
which consists of resistor and capacitor called RC, another circuit called
RL which consists of resistor and an inductor.

e RC and RL circuits can be analyzed by applying Kirchhoff's laws.

e Applying the Kirchhoff's laws to RC and RL circuits produces differential
equations.

e The differential equations resulting from analyzing RC and RL circuits
are called first order circuits.

e A first-order circuit is characterized by a first-order differential
equation.

e There are two ways to excite RC and RL circuits.

e The first way is by initial conditions of the storage elements in the
circuits which called source-free circuits. Assume that energy is initially
stored in the capacitive or inductive element. The energy causes current
to flow in the circuit and is gradually dissipated in the resistors.

e The second way of exciting first-order circuits is by independent
sources. the independent sources such as dc sources have been

considered.
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3.2- Source-free RC circuit:

e A source-free RC circuit occurs when its dc source is suddenly

disconnected. The energy already stored in the capacitor is released to

the resistors.

e Consider a series combination of a resistor and an initially charged

capacitor, as shown in Fig. 7.1.

I i
. R
(£ + L

) i== v R

Q

Figure 7.1

A source-free RC circuit.
e The objective is to determine the circuit response.
e Assume that at time t=0, initial voltage across the capacitor is
v(0) = V, (7.1)

with the corresponding value of the energy stored as

I >
w(0) = = CVy (7.2)

Applying KCL at the top node of the circuit in Fig. 7.1 yields
ic+ip=0 (7.3)
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By definition, i = Cdv/dt and i = v/R. Thus,
v
e+ 2 =0 (7.4a)
dt R
or
it
e (7.4b)
dt RC

This is a first-order differential equation, since only the first derivative
of v is involved. To solve it, we rearrange the terms as

v I
= ——ar (1.5)
v RC
Integrating both sides, we get
f
Inv=———x+InA

RC

where In A is the integration constant. Thus,

v I
B i 7.6
“A~ RC (7:6)

Taking powers of ¢ produces
v(f) = Ae”"/RC
But from the initial conditions, v(0) = A = V,,. Hence,

v(t) = Ve /RCE (7.7)

e This shows that the voltage response of the RC circuit is an
exponential decay of the initial voltage. The response is due to the

initial energy stored which is called the natural response of the circuit.
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e The natural response of a circuit refers to the behavior (in ferms of
voltages and currents) of the circuit itself, with no external sources of
excitation.

e The natural response is illustrated graphically in Fig. 7.2. As +

increases, the voltage decreases toward zero.

Figure 7.2
The voltage response of the RC circuit.

e The voltage decreasing is expressed in terms of the time constant,
denoted by t,
e The time constant of a circuit is the time required for the response to

decay to a factor of 1/e or 36.8 percent of its initial value.
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This implies that at r = 7, Eq. (7.7) becomes
Voe RE = Vye™! = 0.368V,
or
r=RC (7.8)
In terms of the time constant, Eq. (7.7) can be written as
v(t) = Voe /" (7.9)

e With a calculator it is easy to show that the value of is as shown in

Table 7.1.

TABLE 7.1

Values of v(t)/Vy = e 47,

{ v(t)/Vy
B 0.36788
27 0.13534
3T 0.04979
47 0.01832
5t 0.00674

e Observe from Eq. (7.8) that the smaller the time constant, the more
rapidly the voltage decreases, that is, the faster the response.
o This is illustrated in Fig. 7.4. A circuit with a small time constant gives

a fast response in that it reaches the steady state (or final state)
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quickly due to quick dissipation of energy stored, whereas a circuit with
a large time constant gives a slow response because it takes longer to

reach steady state.

v

V4

>

1.0

0.75

ange =
0.50 Tangentatr=0

0.37 f--4°
0.25

0 T 27 37 4T 57 t'(_s)

Figure 7.3
Graphical determination of the time
constant 7 from the response curve.

Figure 7.4

Plotof v/V, = e "7 for various values of the time constant
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With the voltage v(7) in Eq. (7.9), we can find the current ig(1),

v(t) Vo .
() = —— = —2 gt/ 7.10
ir(t) R o ( )

The Key to Working with a Source-Free RC Circuit
Is Finding:

1. The initial voltage v(0) = V,, across the capacitor.
2. The time constant 7.

Example 7.1:
In Fig. 7.5, let v(0) = 15 V. Find v, v,, and i, for t > 0.

8 Q

+ +
5Q 01 F == g 129§0

Figure 7.5
For Example 7.1.

e We first need to make the circuit in Fig. 7.5 conform with the
standard RC circuit in Fig. 7.1.

e We find the equivalent resistance or the Thevenin resistance at

the capacitor terminals.
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e The objective is always to first obtain capacitor voltage v.. From

this, we can determine v, and i,.

The 8-) and 12-£1 resistors in series can be combined to give a
20-L) resistor. This 20-£2 resistor in parallel with the 5-£) resistor can
be combined so that the equivalent resistance is

20x5

m_2ﬂ+5_4ﬂ

Hence, the equivalent circuit is as shown in Fig. 7.6, which is analogous
to Fig. 7.1. The time constant is

7= R C=4(0.1) = 045
Thus,

B oy i
v=v0e T =15V, po=v=15"V
From Fig. 7.5, we can use voltage division to get v,; so

12 » 8 =
o= v = 0.6(15 — .85 =9 2..'5."\”.!
U 2 +3 6(15¢ ) e
Finally,
B, .
i ]—; = (.75 A

+

Ry v = 0.1I'F

Figure 7.6
Equivalent circuit for the circuit in
Fig. 7.5.
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Example 7.2:

The switch in the circuit in Fig. 7.8 has been closed for a long time,
and it is opened at r = 0. Find v(¢) for + = 0. Calculate the initial
energy stored in the capacitor.

= 20 mF

20V (ﬁ) 90 §

Figure 7.8

For Example 7.2

Solution:
For t < 0, the switch is closed; the capacitor is an open circuit to dc,
as represented in Fig. 7.9(a). Using voltage division

C

9+ 3

ve() = (20) = 13'V; t <0

Since the voltage across a capacitor cannot change instantaneously, the
voltage across the capacitor at 7 = 0 is the same at r = 0, or

ve(0) = Vo =15V

3Q 1Q
A AMMA—0
+
20V (&) 90 § 00(0)
O

(a)

Figure 7.9
For Example 7.2: (a) ¢t << O
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For t > 0, the switch is opened, and we have the RC circuit
shown in Fig. 7.9(b). [Notice that the RC circuit in Fig. 7.9(b) is
source free; the independent source in Fig. 7.8 is needed to provide
Vo or the initial energy in the capacitor.] The 1-£) and 9-{) resistors
in series give

Rq=1+9=10(

eq
The time constant is
T=RC=10X20X 1077 =02s
Thus, the voltage across the capacitor for t = 0 is
v(t) = ve(0)e™/™ = 15192y

or

v(f) = 15¢7>'V

+
9Q§ V=15V =— 20 mF

(b)

Figure 7.9
For Example 7.2: (b)t = 0
The initial energy stored in the capacitor is

|
we(0) = CvC(O) 5 X 20 % 1072 X 15 =225
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3.3- Source-free RL circuit:

e Consider the series connection of a resistor and an inductor, as shown

in Fig. 7.11.
i
—
- +
L= vy RS vg
+ —
Figure 7.11

A source-free RL circuit

e The goal is to determine the circuit response, assume that the current
i(t) will through the inductor.
e The idea that the inductor current cannot change instantaneously. At

t =0, it is assumed that the inductor has an initial current I,, or

i(0) = I (7.13)

with the corresponding energy stored in the inductor as
1 5 _
w(0) = LI (7.14)

Applying KVL around the loop in Fig. 7.11,
Vg + Up = 0 (7.15)
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But v; = Ldi/dt and vy = iR. Thus,
di _
L—+ Ri=0
dt
or
& B b (7.16)
) 3 I = .
dt L
Rearranging terms and integrating gives
0 di J R
~m = | —df
o -
i L Rt | _ Rt
In i = - = Ini(t) = Inly= - 0
L L
1 0
or
i(r) Rt
In — = —— (7.17)
Iy L
Taking the powers of e, we have
i(r) = Ioe™ ™" (7.18)

This shows that the natural response of the RL circuit is an exponen-
tial decay of the initial current. The current response is shown in

Fig. 7.12. It is evident from Eq. (7.18) that the time constant for the
RL circuit is

(7.19)

"‘
Il
2 |

with 7 again having the unit of seconds. Thus, Eq. (7.18) may be
written as

i) = Iye™ /" (7.20)
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i(1) 4

r

Tangentatr=0

0368]0 jraie —t/T

lye
'

|~

Y

0

ﬂ

Figure 7.12

The current response of the RL circuit.

With the current in Eq. (7.20), we can find the voltage across the
resistor as

vr(t) = iR = IyRe™"/" (7.21)
The power dissipated in the resistor is

p = vgi= I5Re™" (7.22)

The Key to Working with a Source-Free RL Circuit
Is to Find:

I. The initial current i(0) = I, through the inductor.
2. The time constant 7 of the circuit.
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Example 7.3:

Assuming that i(0) = 10 A, calculate i(#) and i,(7) in the circuit of
Fig. 7.13.

4 €

T

0.5H 20 3i

Figure 7.13

For Example 7.3

Solution:

There are two ways we can solve this problem. One way is to obtain
the equivalent resistance at the inductor terminals and then use
Eq. (7.20). The other way is to start from scratch by using Kirchhoff’s
voltage law. Whichever approach is taken, it is always better to first
obtain the inductor current.

B METHOD 1 The equivalent resistance is the same as the
Thevenin resistance at the inductor terminals, Because of the depend-
ent source, we insert a voltage source with v, = 1V at the inductor
terminals a-b, as in Fig. 7.14(a). (We could also insert a 1-A current
source at the terminals.) Applying KVL to the two loops results in

2(“ 12) +1=0 = il iz - (7.3.1)

| -

Il

6ir» = 2i, =3, =0 = i

o

3.
6 5 (7.3-2)
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Substituting Eq. (7.3.2) into Eq. (7.3.1) gives
i|:_3A, i(,:_il:3A

e a 4 Q
v,=1V i> @ 2Q i 3i,
b
(a)
4 Q
AMA———
().SHE O 20 p <i>3,
(b)
Figure 7.14
Solving the circuit in Fig. 7.13.
Hence,
U, I
R‘:R,. :77:70
e(l lh I-U 3
The time constant is
1
L 3 3
ch ‘ &
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Thus, the current through the inductor is

i(t) = i(0)e /™ = 10e @/ A, t>0

B METHOD 2 We may directly apply KVL to the circuit as in
Fig. 7.14(b). For loop 1,

i + 2(i; — i) =0
s a T ch TR
or
dil . .
— 411 = 412 =0 (7.3.3)
dt

For loop 2,

6i = 20, =3 =0 = ip=7i (7.3.4)

Substituting Eq. (7.3.4) into Eq. (7.3.3) gives

dil e 2 . 0
dt 3
Rearranging terms,
(1i|

2
L= g
1 3

Since i, = i, we may replace i; with i and integrate:
i(r) 2

In = ——t
: 3

1

i(0) 0
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or

Taking the powers of e, we finally obtain
i) = i(0)e~ %3 = 10e"@P* A, +>0

which is the same as by Method 1.
The voltage across the inductor is

di 2 10 :
= L— = 05(10) —= Je~@/3 = — —,~@/3)y
¥ dt 33 ))< 3>( 3 ;

Since the inductor and the 2-() resistor are in parallel,

i()=—==—16667¢ A, t>0

N <

101 |Page Dr. Mushtag Najeeb




University of Anbar
College of Engineering
Dept. of Electrical Engineering

Electric Circuit I/15" Sem.
Second Class
2021-2022

Example 7.4:

The switch in the circuit of Fig. 7.16 has been closed for a long time.
At t = 0, the switch is opened. Calculate i(f) for t = 0.

Ci 40 V

20 =~ 4Q
M AN

‘ i(1)

12 Q 16 Q 2H

Solution:

Figure 7.16
For Example 7.4.

When ¢ < 0, the switch i1s closed, and the inductor acts as a short
circuit to dc. The 16-{) resistor is short-circuited; the resulting circuit

is shown in Fig. 7.17(a). To get i, in Fig. 7.17(a), we combine the 4-()
and 12-() resistors in parallel to get

Hence,

We obtain i(¢) from i,
writing
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4+ 12 ?

40
"To¥3
7.

in Fig. 7.17(a) using current division, by
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i(1) = —i; = 6 A, 1 <0

Since the current through an inductor cannot change instantaneously,
i(0)=i0)=6A
1 20 4Q

40 V (i) §129

J, i(1)

(a)

Figure 7.17
Fig. 7.16: (a) for t << 0

When ¢ > 0, the switch is open and the voltage source is
disconnected. We now have the source-free RL circuit in Fig. 7.17(b).
Combining the resistors, we have

Reg = (12 + 4) || 16 = 8

The time constant 18

Thus.

i(H) = i(0)e™"™ = 6e™* A
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4 Q
MWW ,
¢ i(f)
12 Q 16 Q 2H

(b)

Figqure 7.17
Fig. 7.16: (b) fort = 0

Example 7.5:

In the circuit shown in Fig. 7.19, find i,, v,, and i for all time, assum-
ing that the switch was open for a long time.

2 Q 3Q
W AAAY W AAAY
+ = 1 I
Z/o ‘() ‘
10V t=0 6 Q 2 H

Figure 7.19
For Example 7.5.
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Solution:
[t is better to first find the inductor current i and then obtain other

quantities from it.

For t < 0, the switch is open. Since the inductor acts like a short
circuit to dc, the 6-{) resistor is short-circuited, so that we have the
circuit shown in Fig. 7.20(a). Hence, i, = 0, and

10
i(1) 3+ 3 A AT < |
v,(1) =3i(1) =6V, <0
Thus, i(0) = 2.
2Q 3€

O
10V (i) 6 §

(a)

Figure 7.20
Fig. 7.19 for: (a) t < 0

For t > 0, the switch is closed, so that the voltage source is short-
circuited. We now have a source-free RL circuit as shown in
Fig. 7.20(b). At the inductor terminals,

Ry =3]6=20

so that the time constant is
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30
A
+ - -I'.-'
" ‘l i ) ¢ i
6 1, = 2H

(b)
Figure 7.20

Fig. 7.19 (b) for ¢t > 0
Hence,
i() = i(0)e™" = 2e7" A, >0

Since the inductor is in parallel with the 6-{) and 3-() resistors,

(1) = —v;, = —L-h = —=2(—2e " =4e7 "V, t >0
(
and
. UL 2
i) =—=——¢e A, 1 >0
6 3
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e The three most widely used singularity functions in circuit analysis are
the unit step, the unit impulse, and the unit ramp functions.
e The unit step function u(t) is O for negative values of t and 1 for

positive values of t as shown below

u(t) A

]
_ r

0 [

In mathematical terms,
0, <0
1) = 7.24
u(t) { L 4510 (7.24)

If the change occurs at t = t, (where t, > 0) instead of ¢t = 0, the unit
step function becomes

_ 0, t <ty
u(lt — ty) = { L o (7.25)

107 |Page Dr. Mushtag Najeeb




University of Anbar Electric Circuit I/15 Sem.
College of Engineering Second Class
Dept. of Electrical Engineering 2021-2022

which is the same as saying that « () is delayed by #, seconds,
in Fig. 7.24(a).

u(t — 1) A
I |- :
on : )
0 1 t
Figure 7.24
(a) The unit step function delayed by ¢,
If the change is at t = —1;, the unit step function becomes
'[.}.. il' ‘:-: "F[]
ul(r + ty) = (7.26)
! {!1 1>~y
meaning that u(7) is advanced by t; seconds, as shown in Fig
u(t +1ty) A
|
: >
-ty 0 t

Figure 7.24

(b) the unit step advanced by .

as shown

. 7.24(b).
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We use the step function to represent an abrupt change in voltage
or current, like the changes that occur in the circuits of control systems
and digital computers. For example, the voltage

], < Iy
p(t) = { Ve ESe (7.27)

may be expressed in terms of the unit step function as
vir) = Voulr — ty) (7.28)

If we let fp = 0, then v(7) 1s sumply the step voltage Vyu(r). A voltage
source of Vyu(r) is shown in Fig. 7.25(a); its equivalent circuit is shown
in Fig. 7.25(b). It is evident in Fig. 7.25(b) that terminals a-b are short-
circuited (v = 0) for r << 0 and that v = V,, appears at the terminals

t=10

s ma T ; —0a
Vigu (1) Cf) — Vi (i)

——0 b o b
(a) (b)

Figure 7.25

(a) Voltage source of Vyu(r), (b) its equivalent circuit.

for t = 0. Similarly, a current source of f,u(7) is shown in Fig. 7.26(a),
while its equivalent circuit is in Fig. 7.26(b). Notice that for t+ < 0,
there is an open circuit (i = 0), and that { = I, flows for r > 0,
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Tou(r) f) — Iy (*)

e o0 b o b
(a) (b)

Figure 7.26

(a) Current source of /nu(r), (b) its equivalent circuit.
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3.4- Step response of RC circuit:
e When the dc source of an RC circuit is suddenly applied, the voltage or
current source can be modeled as a step function, and the response is

known as a step response.

e The step response of a circuit is its behavior when the excitation is

the step function which may be a voltage or a current source.

Consider the RC circuit in Fig. 7.40(a) which can be replaced by
the circuit in Fig. 7.40(b), where V| is a constant dc voltage source.
Again, we select the capacitor voltage as the circuit response to be
determined.

(a)

Vou(r) (:) C =—/— v

(b)

Figure 7.40
An RC circuit with voltage step input.
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We assume an initial voltage V; on the capacitor,
Since the voltage of a capacitor cannot change instantaneously,

v(07)=v0") =V, (7.40)

where v(07) is the voltage across the capacitor just before switching and
v(0™ ) is its voltage immediately after switching. Applying KCL, we have

i v — V.l
dv ) _

dt R
ar
v U V
T o 7.41
a " rC - rc*VY al)

where v is the voltage across the capacitor. For t = 0, Eq. (7.41) becomes

&

du v v
_|_

= 7.42
dt RC RC ( )
Rearranging terms gives
du  v—V,
dt RC
or
dn dt
= - 7.4
=¥ RC {3
Integrating both sides and introducing the initial conditions,
Rl 1
Iniv — V)] =-——
vy RC 0
)
In(w(n — V)—In(Vp —V)=——+10
n{o(r o — In(Vy — V) RC
or
L= f
In—— = (7.44)

Vo — V, - E
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Taking the exponential of both sides
V=% e, r=RC
Vo=V, | |
V=V =(Vg = ¥e i
or
v(t) = Vo + (Vo= Ve ', 1>0 (7.45)
Thus,
Vo, 1 <0
v(r) = 1 7.46
( ) {V‘ + (V() o V_‘-)(' ’/‘, ! > () ( )

This is known as the complete response (or total response) of the RC
circuit to a sudden application of a dc voltage source, assuming the

capacitor is initially charged. The reason for the term

“complete” will

become evident a little later. Assuming that V, = V., a plot of v(t) is

shown in Fig. 7.41.

v(t) A

r

0

Figure 7.41
Response of an RC circuit with initially
charged capacitor.
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If we assume that the capacitor is uncharged initially, we set
Vo = 0 in Eq. (7.46) so that

0, 1< 0
(= . 7.47
v {vﬁu s W S| L)
which can be written alternatively as
u(r) = V1 — ¢ "Mulr) (7.48)

This is the complete step response of the RC circuit when the capaci-
tor is initially uncharged. The current through the capacitor is obtained
from Eg. (7.47) using i(r) = Cdv/dr. We get

W C _
ST e s FRRE. D
dr T
or
" - .E;'r" = l|I."—
i(t)y = —e ""u(t) (7.49)

R

Figure 7.42 shows the plots of capacitor voltage v(r) and capacitor cur-
rent i(¢).

vir) A

]

(a)
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(1) A

==

\

0

—~

(b)

Figure 7.42

Step response of an RC circuit with
initially uncharged capacitor: (a) voltage
response, (b) current response.

Complete response = natural response + forced response

stored energy independent source
or
v=uv,tuv (7.50)
where
U.II = FI.'J":"_II.;T
and

ve= Vil — ™)
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We are familiar with the natural response v, of the circuit, as discussed
in Section 7.2. vy is known as the forced response because it is pro-
duced by the circuit when an external “force™ (a voltage source in this
case) is applied. It represents what the circuit is forced to do by the
input excitation. The natural response eventually dies out along with
the transient component of the forced response, leaving only the steady-
state component of the forced response.

The complete response in Eq. (7.45) may be written as

v(1) = v(®) + [LO0) — v(®)]e " (7.53)

where v(0) is the initial voltage at r = 0" and v(=) is the final or steady-
state value. Thus, to find the step response of an RC circuil requires
three things:

The initial capacitor voltage v(0).
The final capacitor voltage v(%).
The time constant 7.

S S

Example 7.10:

The switch in Fig. 7.43 has been in position A for a long time. At 7 = (0,
the switch moves to B, Determine v(f) for ¢+ = 0 and calculate its value
at 1 = 15 and 4 s.
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3 kQ A g 4kQ
AWV — o o—AMW

24V C_) 5 m§ ok 0 £ T2 <i 30V

Figure 7.43
For Example 7.10.

Solution:

For 1 << 0, the switch is at position A. The capacitor acts like an open
circuit to de, but v is the same as the voltage across the 5-k{} resistor.
Hence, the voltage across the capacitor just before f = 0 is obtained
by voltage division as

3
D) = m[zﬂﬂ =15V

Using the fact that the capacitor voltage cannot change instantaneously,
) =) =v0")=15V

For + = 0, the switch is in position B. The Thevenin resistance
connected to the capacitor is R, = 4 kf), and the time constant is

T=RpC=4X10° X 05X 107 =25

Since the capacitor acts like an open circuit to dc at steady state,
vio) = 30 V. Thus,

v(t) = v(e) + [p(0) — v(=)]e 7
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=30 + (15 = 30)e % = (30 — 15¢ %)V
Attt =1,
p(1) = 30 — 15¢ %% =209V
At t =4,
v(d) = 30 — 15¢ > = 2797V
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Example 7.11:

In Fig. 7.45, the switch has been closed for a long time and is opened
at t = 0. Find i and v for all time.

: t=0
e _4
AW 473
+
0u) vV () 20 Q§ v==4F  (H)10v

Figure 7.45
Tor Tixample 7.11.

Solution:
The resistor current i/ can be discontinuous at 1 = 0, while the capacitor
voltage v cannot. Hence, it is always better to find v and then obtain /
from v.

By definition of the unit step function,

0. 1<0
0u) =330 ;>0

For 1+ < 0, the switch i1s closed and 30u(z) = 0, so that the 30u(r)
voltage source is replaced by a short circuit and should be regarded as
contributing nothing to v. Since the switch has been closed for a long
time, the capacitor voltage has reached steady state and the capacitor
acts like an open circuit. Hence, the circuit becomes that shown in
Fig. 7.46(a) for 1 < 0. From this circuit we obtain

Since the capacitor voltage cannot change instantaneously,

v0)=v0 )=10V
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10 Q X
—\MW —
L
20 Q v 10V
(a)
Figure 7.46

Example 7.11: (a) forr < 0.

For t+ > 0, the switch is opened and the 10-V voltage source is
disconnected from the circuit. The 30u(r) voltage source is now operative,
so the circuit becomes that shown in Fig. 7.46(b). After a long time, the
circuit reaches steady state and the capacitor acts like an open circuit
again. We obtain v(e) by using voltage division, writing

20

=—@30) =20V
U(®) =50+ 100 = X

The Thevenin resistance at the capacitor terminals is

10 X 20 20
R —— N = —m ——— — -
and the time constant is
R.C e, 2
= - ¢ — = — S
T= Sm 3 4 3
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Thus,

v(1) = v(0) + [v(0) — v(®)]e /"
=20 + (10 = 20)e~ @/ = (20 — 10e""%) V

To obtain i, we notice from Fig. 7.46(b) that i is the sum of the currents
through the 20-{) resistor and the capacitor; that is,

v dv
—+ C—
20 dt

=1 —0.5¢"" + 0.25(—0.6)(—10)e™ " = (1 + e™ ") A

Il

Notice from Fig. 7.46(b) that v + 10i = 30 is satisfied, as expected.
Hence,

y — 10V, <0
20 — 1072V, =0
. )—1A, 1 <0
l (] A= e—().()t) A, r > O
e _'
—A

'S
)
<
@
L4
(3o}
=
@
VMV
) R
I
Il
£l
T}

(b)

Fiqure 7.46
Example 7.11: (b) fort > 0
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3.5- Step response of RL circuit:

Consider the RL circuit in Fig. 7.48(a), which may be replaced by the
circuit in Fig. 7.48(b). Again, our goal 1s to find the inductor current i
as the circuit response. Rather than apply Kirchhoff’s laws, we will use
the simple technique in Eqs. (7.50) through (7.53). Let the response be
the sum of the transient response and the steady-stale response,

f =1, + i, (7.33)

We know that the transient response 18 always a decaying exponential,
that 1s,

i, = Ae™", == (7.56)
where A is a constant to be determined.

leev\’f)g *i

=0

v, (j) i % v (1)

(a)
R

Vu(r) (D L (1)

(b)
Figure 7.48

An RL circuit with a step input voltage.
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The steady-state response is the value of the current a long time after
the switch in Fig. 7.48(a) 1s closed. We know that the transient response
essentially dies out after five ime constants, At that time, the inductor
becomes a short circuit, and the voltage across 1t 15 zero. The entire
source voltage V. appears across R. Thus, the steady-state response is

V,
Py = E (7.57)
Substituting Eqs. (7.56) and (7.57) into Eq. (7.55) gives
; V
i=Ae VT + ;_E (7.38)

We now determine the constant A from the initial value of i. Let [ be
the initial current through the inductor, which may come from a source
other than V,. Since the current through the inductor cannot change
instantaneously,

0Ty =i0") =1, (7.59)
Thus, at + = 0, Eq. (7.58) becomes
V,
I() = A4 —
R
From this, we obtain A as
v,
A=1I— E

Substituting for A in Eq. (7.58), we get

V, A

123 |Page Dr. Mushtag Najeeb




University of Anbar
College of Engineering
Dept. of Electrical Engineering

Electric Circuit I/15" Sem.
Second Class

2021-2022
This is the complete response of the RL circuit.
The response in Eq. (7.60) may be written as

i(1) = i(®) + [i(0) — i(=)]e” /" (7.61)

where i(0) and i(%¢) are the initial and final values of i, respectively.
Thus, to find the step response of an RL circuit requires three things:

The 1mitial inductor current i(0) at ¢ = 0.
The final inductor current i(22).
The time constant 7.

i o

Example 7.12:

Find i(¢) in the circuit of Fig. 7.51 for t+ > 0. Assume that the switch
has been closed for a long time.

1=0
/

20 30
—AMA——AMA,

Figure 7.51
For Example 7.12
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Solution:

When 1 < 0, the 3-{) resistor is short-circuited, and the inductor acts
like a short circuit. The current through the inductor at = 0 (i.e., just
before t = 0) is

Since the inductor current cannot change instantaneously,
i(0) =i07)=i07)=5A

When ¢ > 0, the switch is open. The 2-{) and 3-() resistors are in series,
so that

10
2:3

i(°) = =2A

The Thevenin resistance across the inductor terminals is
Riy=2+3=50Q
For the time constant,

L 3 1

T = = = S

R 5 15
Thus,

i(f) = () + [i(0) — i()]e™"/"

=2+ (5-2)e"=2+3"A 1>0

Check: In Fig. 7.51, for r > 0, KVL must be satisfied; that is,

) di
10 = 5i + L—
dr
< di ~15¢ I ~ 151
5i+ L— = [10 + 15¢ "7'] + B)—=15e " | =10
dt 3

This confirms the result.
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Problems: Section 7.2 The Source-Free RC Circuit

7.1 In the circuit shown in Fig. 7.81
v(t) = 56e”°%V, t>0
i) =8 "mA, t>0
(a) Find the values of R and C.

(b) Calculate the time constant 7.

(¢) Determine the time required for the voltage to
decay half its initial value at 7 = 0.

-_
_|_
R p — C
Figure 7.81
For Prob. 7.1.
(a) =RC = 1/200
For the resistor, V=iR= 56 =8Re™™ x]10° ——> R= %6 =7 kQ
] ]
C= = =0.7143uF
200R _ 200X7X10°  ——H
(b) t=1/200=5 ms
(c) If value of the voltage at =0 is 56 .
%x56 =56 __, ™9
1
200, =12 —— 1, =2sIn2=3.466 ms
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7.4 The switch in Fig. 7.84 has been in position 4 for a
long time. Assume the switch moves instantaneously
fromAtoBatt = 0.Findv forz > 0.

i 2P

B 10 uF == v
40V Ci) F
2kQ

Figure 7.84
For Prob. 7.4,
For t<0, v(0)=40 V.
For t >0. we have a source-free RC circuit.

7 =RC =2x10°x10x10"° = 0.02

v(t)= v(0)e™" = 40e™™ V
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Section 7.3 The Source-Free RL Circuit:

7.11 For the circuit in Fig. 7.91, find i, for 7 > 0.

t=0
3Q 4 H
MW 4115 ‘i
(4]

24v<i> 4Q 8 Q)

Figure 7.91

For Prob. 7.11.

For <0, we have the circuit shown below.
302 4H

400
24V B0

4H

i

4L
B A 30 80
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3//4= 4x3/7=1.7143
| 1.7143
0)=

)= 171518

For t >0, we have a source-free RL circuit.

(8)=1.4118A

i(f)=i(0)e """ =1.4118¢™ A

7.16 Determine the time constant for each of the circuits

in Fig. 7.96.
Ly L
Ry
R1 % é R3 _:g RJ
L ] R) fa
() {b}
ch
T = R

RR, R,(R,+R,)+R,R,

(a) L,=LandR_ =R, + =

4R, R, +R,
L(R, +R,)
"“R,(R, +R,)+R,R,
3 . L o _p o RR:  R(R+R,)+RR,
) where = =~ an =R, + — = . -
( TR e o "SRR, R, +R,

| L,L,(R, +R,) |
C (L, +Ly)(R(R, +R,)+R,R,)
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T.17 Consider the circuit of Fig, 7.97, Find v {1} if
Ky =2Aand () = 0,

12

Ay O

3£ +

a0 (1) i w0

iH T

L

L 14 1
1 =1 -t = —=— =
i(ty=i(Me™", T R, 4 16

i(ty=2¢™

4
v () =3i+ Ld—: = 61 4 (1/4K-16) 2™

v, () =-2e1% giyv
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Section 7.5 Step Response of an RC Circuit:

7.44 The switch in Fig. 7.111 has been in position a for a
long time. At 7 = 0, it moves to position b, Calculate
Kyforall: > 0.

il —
-

30V +) 12y gaﬂ

I
1]
(B
|

R.=6]3=2Q, t=RC=4
v(t) = (0} + | v(0) - v(ew)] e

Using voltage division,

3 3
V0= G0O=10V,  vlm)=—(12)=4V

Thus,
v =4+ (10—4) e =4+ 6

i(t) = c—:iﬂ)(m[ ] 1o 3eM% A
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7.46 Far the circunt in Fig. 7.113, i{r = 3. Find v(1).

252
Y

I||+

— D35F

i (4) § 60 v

t=R,C=(2+6)x0.25=2s, v(0)=0, v(=®)=6i, =6x5=30

W(r) = v() + [V(0) - v(=)]e™* =30(1-e™?) V
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3.6- First-order Op Amp circuit:
o Differentiators and integrators are examples of first-order op amp

circuits.

e RC circuit will be considered in Op Amp representation.
e Nodal analysis will be used to analyze Op Amp circuits.
Example 7.14:

For the op amp circuit in Fig. 7.55(a), find v, for 1 > 0, given that
v(0) = 3V. Let R, = 80k{), R, = 20k{), and C = 5 uF.

1 N 2
I - R O
+ P - 3._>_ 4

(a)

Figure 7.55
For Example 7.14

Consider the ciccuit in Fig. 7.35(a). Let us derive the
appropriate differential equation nsing nodal analygis. IF ¢ is the volt-
age at node 1, at that node, KCL gives

ﬂ —_
Ui o (7.14.1)

R, dt
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since nades 2 and 3 muost be at the same potential. the potential ai node
2 is zero. Thug, it — 0 =t or &, = b and Eq. (7.14.1) becomes

do B

=y — =0 7.14.2
di  CR, (7.14.2)

This is similar to Eq. (7.4b) 50 that the solution is obtained the same
way as in Section 7.2, L.e.,

HWN = Vee 7, 1 =R,C (7.14.3)

where V5, is the imtial vollage across the capacitor. But u{Q) =3 = 1,
and 7 = 20 X 10° ¥ 5 % 107° = (.1. Hence,

p{t) = 3~ (7.14.4)
Applying KCL at node 2 gives
‘_:du _ 0-uv,
dt R
or
v, = =Ry % (7.14.5)

Now we can find v, as

v, = —80 X 10° X 5 X 107%—30e'%) = 12717 v, t >0
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Example 7.15:

Determine v(7) and v,(7) in the circuit of Fig. 7.57.

+ v -
|
I

3v (3) 20 kQ §20m i

Solution:

This problem can be solved in two ways, just like the previous example.
However, we will apply only the second method. Since what we are
looking for is the step response, we can apply Eq. (7.53) and write

v(f) = v(®) + [V0) — v(®)]le”™, >0 (7.15.1)
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where we need only find the time constant 7, the initial value v(0), and
the final value v(ee). Notice that this applies strictly to the capacitor
voltage due a step input. Since no current enters the input terminals of
the op amp, the elements on the feedback loop of the op amp constitute
an RC circuit, with

T=RC=50X10° X 107° = 0.05 (7.15.2)

For t < 0, the switch is open and there is no voltage across the
capacitor. Hence, v(0) = 0. For ¢ > 0, we obtain the voltage at node
1 by voltage division as

20

=———3=2V
20 + 10

U 3= (7.15.3)

Since there is no storage element in the input loop, v, remains constant
for all 7. At steady state, the capacitor acts like an open circuit so that
the op amp circuit is a noninverting amplifier. Thus,

UO(OO) = ( )vl

U —

142

35X2=7V
20

(7.15.4)

But
(7.15.5)
so that

v(e)=2—-T7=-5V

Substituting 7, v(0), and v(°) into Eq. (7.15.1) gives
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v(t) = —5+[0—(=5]e**=5e"*-1)V, t>0 (7.15.6)
From Eqs. (7.15.3), (7.15.5), and (7.15.6), we obtain
v, =v,(0) —v@®)=7—-5"2V, >0 (7157
Example 7.16:
Find the step response v () for t > 0 in the op amp circuit of Fig. 7.59.

Let v; =2u(®V, R, = 20kQ, R,= 50k, R, = R; = 10k}, C =
2 uF.

2>0IURION:
Notice that the capacitor in Example 7.14 s located in the input loop,
while the capacitor in Example 7.135 is located in the feedback loop. In
this example, the capacitor 15 located in the output of the op amp. Again,
we can solve this problem divectly using nodal analysis. However, using
the Thevenin equivalent circnit may simplify the problem.

We temporarily remove the capacitor and find the Thevenin
equivalent at its terminals. To obtain Vg, consider the circuit in
Fig. 7.60(a). Since the circuit is an inverting amplifier.
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Ry
v, = —_——
ak R[ i
By voltage division,
P ___ Rk K
™ R +Rr % R+ Ra Ry
i
ey R: b
. ? Ay O AT u!
+ +
K-
5 (1) Ve R § Vim Rag By S =
-— o o
— b
{a) (b}
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To obtain Ry, consider the circuit in Fig. 7.6(kb), where B, is the
output resistance of the op amp. Since we are assuming an ideal op amp,
R, =10, and

AR,
Th 2l Rs R, + R
Substitnting the given mumerical values,
Von = — v = = —2u(ty = =23ult
™ TR+ Ry Ry 2 20" “
R
Rp=7""—"—"—=5k}
™ R+ R,

The Thevenin equivalent circuit is shown in Fig. 7.61, which is similar
to Fig. 7.40, Hence, the solution is similar to that in Eq. (7.48); that is,

vty = —2.5(1 — e “M)i)

where 7 = Ry C = 5 % 107 X2 X 107% = 0.01. Thus, the step response
for ¢ == Qi
v (1} = 25”1 — Dwny

SkQ
AAY

O

2.5u(t) (t) == 2 4F

o

Figure 7.61
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Chapter Four

Second-Order Circuits

4.1- Introduction

4.2- Source-free series RLC circuit.

4.3- Source-free parallel RLC circuit.

4.4- Step response of series RLC circuit.
4.5- Step response of parallel RLC circuit.
4.6- Second-order Op. Amp. circuit.

4.7- Examples.

140 |Page Dr. Mushtaqgq Najeeb




University of Anbar Electric Circuit I/15" Sem.

Second Class
2021-2022

College of Engineering
Dept. of Electrical Engineering

4.1- Introduction:

e In the previous chapter we considered circuits with a single storage
element (a capacitor or an inductor).

e In this chapter we will consider circuits containing two storage
elements.

e These are known as second-order circuits because their responses are
described by differential equations that contain second derivatives.

e Typical examples of second-order circuits are series and parallel RLC

circuits as shown in Fig. 8.1(a) and (b) respectively.

" ct 1M rE c=F L3

(a) (b)

Fig. 8.1:

e A second-order circuit is characterized by a second-order differential
equation. It consists of resistors and the equivalent of fwo energy
storage elements.

e Two ways are used to excite second-order circuits. First way is by the
initial conditions of the storage elements and the second way is by

independent sources (dc sources or step inputs).
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e The major problem students face in handling second-order circuits is
finding the initial and final conditions on circuit variables.

e Students are usually comfortable getting the initial and final values of
v and i but often have difficulty finding the initial values of their
derivatives dv/dt and di/dt.

e Therefore, v(0), i(0), dv(0)/dt, di(0)/dt, i(x) and v(w) must be find,
where v denotes capacitor voltage while i is the inductor current.

e There are two key points to keep in mind in determining the initial
conditions.

v First, we must carefully handle the polarity of voltage across the
capacitor and the direction of the current through the inductor.
v' Second, keep in mind that the capacitor voltage is always
continuous so that;
v(0F) = v(0) (8.1a)
and the inductor current is always continuous so that

i07) = i(07) (8.1b)

where ¢t = 0 denotes the time just before a switching event and
t =07 is the time just after the switching event, assuming that the
switching event takes place at 1 = 0.
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Example 8.1:

The switch in Fig. 8.2 has been closed for a long time. It is open at
t = 0. Find: (a) {{07), v(0h), (b) di(0")/dt, dv(0T)/dt. (c) i(=), v(=).

4Q | 025H
ANAN——— N

"
12v<;*;> 222 01F=1y

=0

Figqure 8.2

For Example 8.1

Solution:

{a) If the switch is closed a long time before r = 0, it means that the
circuit has reached dc steady state at = 0. At dc steady state, the
inductor acts like a short circuit, while the capacitor acts like an open
circuil, 50 we have the circuit in Fig. 8.3(a) at t = 0 . Thus,

i07) = 1 ]E? = 2 A, v(07)=2{{07) =4V
4Q I
—VWWy O——0 O

12V C) ZQ§,,

(a)
Figure 8.3
Fig. 8.2 for: (a)r = 0
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As the inductor current and the capacitor voltage cannot change
abruptly,

(07 = i{07) = 2 A, v0T)=v(0T) =4V

(b) At + = 07, the switch is open; the equivalent circuit is as shown in
Fig. 8.3(b). The same current flows through both the inductor and
capacitor. Hence,

i-0Ty=i0")Y=2A
Since Cdv/dt = ie dv/dt = i/C, and

dv(0") 0"y 2
& € o1 v

Similarly, since L di/dt = v, di/dt = v, /L. We now obtain v, by
applving KVL to the loop in Fig. 8.3(b). The result is

—12 + 4{07) + p 0T + 00T =0

48 +  025H

WV PEN—
i e
+
r v (0  —
12V (&) 0.1F ¥
(b}
Figure 8.3

Fig. 8.2 for: (b)tr = 0"

or
v, (0 =12-8-4=0
Thus,
di(0") v, (07) 0
d L 025
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(c) For t+ > 0, the circuit undergoes transience. But as r — o, the
circuit reaches steady state again. The inductor acts like a short circuit
and the capacitor like an open circuit, so that the circuit in Fig. 8.3(b)
becomes that shown in Fig. 8.3(c), from which we have

i(ee) = 0 A, vy =12V

40 !
AN O C O
_I.
v (1) :
12 Im 5 B
{c)
Figure 8.3

Fig. 8.2 for: (¢c) t —
Example 8.2:

In the circuit of Fig. 8.5, caleulate: (a) i (07), va(07), vg(0™),
(b) dip (0 dr, dve(07)/dt, dugl0h)/dr, () ip(5), vel(=), vg(ea),

4 12
MM
+ l i‘..
__%F e E.II:
% T <" ) -
31y A d_ ) 260 = ¥y A . %n.m—c
- () 20V
oy
Figure 8.5

For Example 8.2
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Solution:

(a) For ¢+ << 0, 3u(r) = 0. At ¢t = 0 , since the circuit has reached
steady state, the inductor can be replaced by a short circuit, while the
capacitor 15 replaced by an open circuit as shown in Fig. 8.6(a). From
this figure we obtain

L07)=0, vg0)=0, wve07)=-20V (8.2.1)

Although the derivatives of these quantities at + = (0 are not required,
it is evident that they are all zero, since the circuit has reached steady
state and nothing changes.

4 02
= WA

lf.r.
+

Yo
10 § -

@- 20V 4

+
—

A

{a)

Figure 8.6
Fig. 8.5for: (a)1 =0
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4 2- Source-free series RLC circuit:

e Consider the natural response of series RLC circuit shown in Fig. 8.8.

R L
—AAN ATLR
—_—

Iy

Figure 8.8

A source-free series RLC circuit.

e The circuit is being excited by the energy initially stored in the
capacitor and inductor. The energy is represented by the initial

capacitor voltage V, and initial inductor current I, (at t = 0).

0
v(0) = % j idt =V, (8.2a)
i0) = I (8.2b)

Applying KVL around the loop in Fig. 8.8,

di 1(°
| + L— + — ] = 5
Ri + L P J_m i(T)dr = 0 (8.3)

To eliminate the integral, we differentiate with respect to r and
rearrange terms. We get

ol gl 5 B (8.4)
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e To solve such a second-order differential equation requires that we
have two initial conditions, such as the initial value of i and its first
derivative or initial value v

e Substitute equations 8.2a and 8.2b into equation 8.3, we get;

. di(0)
RI(O)+L +V0=0
dt
or
R TR 8.5
T L( o o) o

e Based on the first-order circuit, the solution of equation 8.5 is the

exponential form as;

i = Ae* (8.6)

where A and s are constants to be determined.

e By substitution equation 8.6 into equation 8.4, we geft;

. AR A
As?_e.st + ’ES(.’“ i 76’“ = 0

LC

or
, R [
Ae®| s* + —s + )=o 8.7
e (5 Py (8.7)
Since i = Ae" is the assumed solution we are trying to find, only the
expression in parentheses can be zero:
> R 1
=5+ —==0 8.8
S (8.8)

This quadratic equation is known as the characteristic equation
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R RV 1
= ——d |l =] -~— 8
15751 \/<2L) LC (39a)
R R 1
T (2L> e (8:3b)

A more compact way of expressing the roots is

5= —a+ Va* — o}, 5= —a— Va* — v} (8.10)

where

= i -2 (8.11)

2L - S \VLC

The roots 5, and s, are called natural frequencies,

In terms of & and w, Eq. (8.8) can be written as
52 + 2as + wg = () (8.8a)

The two values of s in Eq. (8.10) indicate that there are two pos-
sible solutions for /, each of which is of the form of the assumed solu-
tion in Eq. (8.6): that is,
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iy = A, iy = Age™ (8.12)

Since Eq. (8.4) is a linear equation, any linear combination of the
two distinct solutions i, and i, is also a solution of Eq. (8.4).
Thus, the natural response of the series RLC circuit is

i = A ™ + Aze™ (8.13)
where the constants A, and A, are determined

From Eq. (8.10), we can infer that there are three types of solutions:

1. If & = ey, we have the overdamped case.
2. If @ = wg, we have the critically damped case.
3 I a < wy we have the underdamped case.

Overdamped Case (a > w,)
From Eqs. (8.9) and (8.10), « } wy implies C > AL/R*. When this
happens, both roots 5, and 5, are negative and real. The response is

i) = --“'.plé?'lL"r + rigf’j:'l (5.14)

which decays and approaches zero as ¢ increases. Figure 8.9(a) illus-
trates a typical overdamped response,

Critically Damped Case (« = w,)
When a = wy, C = 4L/R* and

S =5 = —a= —— (8.15)
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Underdamped Case (a < w,)
For @ < @y, C < 4L/R". The roots may be written as
51 =—a+ V(@ —a) = —a+ ju, (8.22a)
§7 = —@ — V —(w§ — (ti‘ = — — jwy (8.22b)

where j = /1 and W, = \""Im'(:; — a’, which is called the damping
frequency. Both wy and w, are natural frequencies because they help
determine the natural response; while wg is often called the undamped
natural frequency, w4 1s called the damped natural freqguency. The natural

response is
N o —(a—jwsM | —{ox + jo !
nt) —A-lt:' -'.H.r -+ A:L’-..h (8.23)
= ¢ (A’ + A,e )
Using Euler’s identities,
e"” = costh + jsinf, e = cos@ —jsinfl  (8.29)

we get
i(t) = e “"[A(coswyt + jsinwyt) + Ax(Cos wyr — j sinwyi)]
= e “[(A; + As) coswgt + j(A; — As) Sinwyi] (8.25)

Replacing constants (A, + A,) and j(A; — A,) with constants B, and B,,
we write

-l

ity = e (Bl Cos w,t + Bz sin wdf) (8.26)

Example 8.3:
In Fig. 8.8, R = 40 (), L = 4 H, and C = 1/4 F. Calculate the charac-

teristic roots of the circuit. Is the natural response overdamped, under-
damped, or critically damped?
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Solution:
We first calculate
R () ; 1 | i
e e —— % m == S == —
2L~ 24) °=Vic Vax.

The roots are

2
Sla=—eo £ Vo —wj=-5 £ V25— 1

ar
s = —0101, 5, = —9.899

Since o > wyp, we conclude that the response is overdamped. This is
also evident from the fact that the roots are real and negative.

Example 8.4:

Find i(r) in the circuit of Fig. 8.10. Assume that the circuit has reached
steady state at t = 0 .

0.02 F l
I
z
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Solution:

For ¢ <2 0, the switch is closed. The capacitor acts like an open circuit
while the inductor acts like a shunted circuit. The equivalent circuit is
shown in Fig. 8.11(a). Thus, at 1 = 0,

s M e
r[ﬂ}—4+ﬁ- | A, p(0) = 6il0) =6V
40 .

——AMN
. +.-
v (&) v 360

La)
Fig. 8.10a: for t < 0.

where i(()) is the initial current through the inductor and ©(() is the
mitial voltage across the capacitor.

For ¢+ = 0, the switch is opened and the voltage source is discon-
nected. The equivalent circuit 1s shown in Fig. 8.11{b). which 1s a source-
free series RLC circuit. Notice that the 3-{) and 6-{) resistors, which are
in series in Fig. 8.10 when the switch is opened, have been combined to
give R = 9 £} in Fig. 8.11(b). The roots are calculated as follows:

R_9 I !
e P Wy = i AT
2L 20 vVic Vixi

S12= —a* Vot — ef = -9 + V81 — 100

= 10

x =

or

153 |Page Dr. Mushtag Najeeb




University of Anbar Electric Circuit I/15" Sem.

College of Engineering Second Class

Dept. of Electrical Engineering 2021-2022
Hence, the response is underdamped (& << w); that is,
i = f“‘“"{.ﬂ.J cos 4.3591 + A, sin 4.3591) (8.4.1)

We now obtain 4, and A, using the initial conditions. At ¢ = (),

From Eq. (8.5),
cli I
—| = ——[Ri(0) + v(0)] = —2[9(1) — 6] = —6 Als  (8.4.3)
dr| L

Note that v(0) = V; = —6 V 15 used, because the polarity of v in
Fig. 8.11(b) is opposite that in Fig. 8.8. Taking the derivative of i(r} in
Eq. (8.4.1),

di

== —0e ™A, cos 4.359r + A, sin 4.35%)

+ 27 M4.359)— A, sin4.359 + A, cos 4.3591)
Imposing the condition in Eq. (8.4.3) at 1 = ) gives

—6 = —9(4, + 0) + 4.359%—0 + A,)

But 4, = 1 from Eq. (8.4.2). Then
—6 = —9 + 43594, = A, = (16882

Substituting the wvalues of A, and A, in Eq. (8.4.1) yields the
complete solution as

iN = e Pcos4.359 + 0.6882 sin4.359n A
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4.3- Source-free parallel RLC circuit:
e Consider the parallel RLC circuit shown in Fig. 8.13. Assume initial

inductor current I, and initial capacitor voltage V.

Figure 8.13

A source-free parallel RLC circuit.

e Since the three elements are in parallel, they have the same voltage v

across them. Thus, applying KCL at the top node gives;

i 1 f* dqu
— g — T T T— = .
= h J_? v {7)d C o {0 (8.28)

Taking the derivative with respect to r and dividing by C resulis in

d*v | dv |

s ——

dt* RCdt  LC

v=20 (8.29)

We obtain the characteristic equation by replacing the first derivative
by & and the second derivative by s%. The characteristic equa-

tion 15 obtained as

; | I
5+ g + =0 (8.30)

AT
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I'he roots ol the characteristic equation are
1 f( 1 )3 |
".l = e i J —
- 2RC ~ NV\2rC/ LC
or
512 = —a * Va© — wp (8.31)
where
1 1 8.32)
@ = ; Wy = — 3
2RC i VILC

Overdamped Case (a = wy)

From Eq. (8.32), & > wy when L > 4R*C. The roots of the charac-
teristic equation are real and negative. The response is

vlf) = Ae™ + Ae™ (8.33)

Critically Damped Case (« = w;)

For @ = wg, [ = 4R*C. The roots are real and equal so that the
response Is

() = (A, + Axde™ ™

(8.34)

Underdamped Case (a < wy)
When & < @y, L < 4R*C. In this case the roots are complex and may
be expressed as

S1a = —@ I juy

(8.35)
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where
wi= Vg — o (8.36)
The response is
p(f) = e “(A, coswyt + A, sinwyt) (8.37)

The constants A, and A- in each case can be determined from the
initial conditions. We need v{(0) and dv(0)/dt.

dv(0)

Yo , L4108 0
R a4

ar

E!IU{G} f \"'r:. T err]}
..... = o s S H.3‘E'}
dt RC :

Example 8.5:

In the parallel circuit of Fig. 8.13, find v{r) for r = 0, assuming
i =5V, i) =0,L=1H, and C = 10 mF. Consider these cases:
R=19230 . R =51, and R = 6.25 ).

Solution:

B CASE 1 IfR=19230,

1 |
== = - = Eﬁ
T ORC T 2x 1923 % 10X 10
| 1

Ve Vix10x10°

= 10

iy =

Since @ > wy, in this case, the response is overdamped. The roots of
the characteristic equation are

S12= —a * Vet — wg= —2,—50
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and the corresponding response is

o(r) = Aje ¥ + Ase " (8.5.1)
We now apply the initial conditions to get A; and A-.

o(0) =5 =A; + 4, (8.5.2)
M=“U(U}+RI{U}I=H it — _9%0
dt RC 1.923 % 10 % 1077
But differentiating Eq. (8.5.1),
% = =247 — 504.e

Atr =10,

—260 = —24, — 504, (8.5.3)

From Eqgs. (8.5.2) and (8.5.3), we obtain A, = —0.2083 and A, = 5.208.
Substituting A, and A> in Eg. (8.5.1) yields

pir) = —=0.2083e % + 5.208e (8.5.4)

M CASE 2 When R =50,
1 |

TRC T 2xsxiwoxi00 P
while wy = 10 remains the same. Since a = wy = 10, the response is
critically damped. Hence, 5, = 5, = —10, and
u(f) = (A; + Azde™ '™ (8.5.5)
To get A, and A,, we apply the initial conditions
(D) = 5 = 4, (8.5.6)
du( _ _U{ﬂ} + Ri(0) _ 540 — _100
dt RC 5% 10 % 1077
But differentiating Eq. (8.5.5),
du

— = (=104, — 10451 + A)e ¥
ot
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At t =0,
—100 = —1'[}.4[ +.-‘J13 (8.5.7)
From Eqs. (8.5.6) and (8.5.7), A, = 5 and A; = —5(. Thus,
v(f) = (5 — 500~V (8.5.8)

B CASE 3 When R = 6.25(},

| 1
C2RC 2%625%10% 1077

[ §

while @y = 10 remains the same. As & << @y in this case, the response
15 underdamped. The roots of the characteristic equation are

R o
S13 = —nth@‘—wﬁ=—8i;ﬁ

Hence,
i) = (A, cosbr + A, sin Ge ™ (8.5.9)
We now obtain A and A,, as
v() =5 = A, (8.5.10)
av(0) _ _vO) + R0} _ _ 3+ 0 -
dt RC 625 x 10 x 1077
But differentiating Eq. (8.5.9),
Z—L; = (—84, cos 6 — 8A, sinbr — 64 sinbr + 64, cos 6r)e
Atr =1,
—80 = —8A,; + 64, (8.5.11)
From Egs. (8.5.10) and (8.5.11), 4; = 5 and A; = —6.667. Thus,
pit) = (5 cos 6f — 6.667 sin 6)e ™ (8.5.12)
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4.4- Step response of series RLC circuit:

the loop for t > 0.

Figure 8.18

Step voltage applied (o a series RLC circuit.

e Applying KVL around the loop for t > 0.

|II :
L=+ Ri+v=1YV,
dr

But

. _'(/l'
= C=
dl

Substituting for 7 in Eq. (8.39) and rearranging terms,
dv Rdv v V,

a2 Ldt LC LC

which has the same form as Eq. (8.4).

affected by the presence of the dc source.
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e The step response is obtained by the sudden application of a dc source.

e Consider the series RLC circuit shown in Fig. 8.18. Applying KVL around

(8.39)

(8.40)

Hence, the characteristic equation for the series RLC circuit is not
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The solution to Eq. (8.40) has two components: the transient
response u,(1) and the steady-state response v,.(f); that is,

u(t) = vdn) + v (1) (8.41)

The transient response v,(f) is the component of the total response that
dies out with time. Therefore, the transient response

v, (1) for the overdamped, underdamped, and critically damped cases are:
o) = A1e™ + Ae™ (Overdamped) (8.42a)

() = (A + Asdde ™ (Critically damped) (8.42h)

v 1) = (A cos wyt + Assinw e ™ (Underdamped)  (8.42¢)

The steady-state response is the final value of v(r). In the circuit in

Fig. 8.18, the final value of the capacitor voltage is the same as the
source voltage V.. Hence,

1].-."."[!:' = Lll:::r’-::l = Fl. {3*43)

Thus, the complete solutions for the overdamped, underdamped, and
critically damped cases are:

p(f) =V, + 4,e™ + A  (Overdamped) (8.44a)
() =V, + (4; + Ale™™"  (Critically damped) (8.44h)

)=V, + (Ajcoswyt + Assinwyfle ™ (Underdamped) | (8.44¢)

The values of the constants A, and A, are obtained from the initial con-
ditions: v(0) and do(0)/dr.

161 |Page Dr. Mushtag Najeeb




University of Anbar Electric Circuit I/15" Sem.

Second Class
2021-2022

College of Engineering

Dept. of Electrical Engineering

Example 8.7:

For the circuit in Fig. 8.19, find v(¢) and i(¢) for r > (0. Consider these
cases: R=50O.R=40 and R =1},

R L

—a——arn— =9 /]
— =

i

P -
24V {: 0.25F =

I = +

210

Figure 8.19

For Example 8,7
Solution:

B CASE 1 When R = 5(}. For t < 0, the switch is closed for a
long time. The capacitor behaves like an open circuit while the
inductor acts like a short circuit. The initial current through the
inductor is
24
A 1

{0y = =4 A
and the initial voltage across the capacitor 1s the same as the voltage
across the 1-1) resistor; that is,
vl =10 =4V
For t = 0, the switch 1s opened, so that we have the 1-{) resistor

disconnected. What remains is the series RLC circuit with the voltage
spurce. The characteristic roots are determined as follows:

I (- I i

i g =
2L 2X1 VLC V1 %025

&
i
|
|
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Since « = wy we have the overdamped natural response. The total
response is therefore

vt) = v + (A" + Ae™™)

where v,, is the steady-state response. It is the final value of the
capacitor voltage. In Fig. 8.19, v, = 24 V. Thus,

v =24 + (A" + A (8.7.1)
We now need to find A; and A, using the initial conditions.
i) =4=24 + 4, + A,
or
—MW=A, + A, (8.7.2)

The current through the inductor cannot change abruptly and is the
same current through the capacitor at + = 07 because the inductor and
capacitor are now in series. Hence,

du(0) dvil)

4
. {]_ = i B 4 Kaide by
10) dt ’ & C 035

Before we use this condition., we need to take the derivative of ¢ in

Eq. (8.7.1).
d
o P R T e (8.7.3)
dt
At t =0,
du (0
[
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From Eqgs. (R.7.2) and (8.7.4), A, = —=64/3 and A, = 4/3. Substituting
Ay and A, in Eq. (8.7.1), we get
4 - —d4r r
v = 24 + E{ —16e™" + e )V (8.7.5)

Since the inductor and capacitor are in series for ¢+ > (), the inductor
current is the same as the capacitor current. Hence,

i) = C%

Multiplying Eq. (8.7.3) by C = (.25 and substituting the values of A,
and A, gives

4
N =—@de" —e ™A (8.7.6)
|

Note that {(0) = 4 A, as expected.

B CASE 2 When R = 4 ). Again, the initial cutrent through the
inductor is

]

4
4+ 1]

i(0) = = 4.8 A

and the initial capacitor voltage is
w0y = L) =48V

For the characteristic roots,

2L 2% 1
while wy = 2 remains the same. In this case, 5, = 52 = —a = —2, and
we have the critically damped natural response. The total response is

therefore
p( = v, + (A; + Astde ™™
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and, as before v,, = 24 V,
p(r) = 24 + (A, + Astde™ ™ (8.7.7)
To find A; and A-, we use the initial conditions. We write
{0) =48 =24 + A = A =-—192 (3.7.8)
Since 1(0) = C dv(0)/dt = 4.8 or
du(0) 4.8
= = 19.2
dt &
From Eq. (8.7.7),
dv g
— = (—2A, — 2tA, + Aq)e (8.7.9)
et
Att=10,
T
B Gy <oy oy (8.7.10)
dr
From Egs. (8.7.8) and (8.7.10), A, = —19.2 and A; = —19.2, Thus,
Eq. (8.7.7) becomes
vif) =24 — 19.2(1 + Ne” ¥V (8.7.11)
The inductor current is the same as the capacitor current; that is,
du
(1) = C—
) i

Multiplying Eq. (8.7.9) by C = 0.25 and substituting the values of A,
and A, gives

i(t) = (4.8 + 9.60e * A (8.7.12)
Note that #{0) = 4.8 A, as expected.
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B CASE 3 When R = 1 ). The initial inductor current is

24
iy = = |2 A
1+ 1

and the initial voltage across the capacitor is the same as the voltage
across the 1-{} resistor,

vy = 10y =12V
R 1

H=ZL=2KI=G'5

Since & = 0.5 < wy = 2, we have the underdamped response
Sl2= —a*Va® — 2= —05 * j1.936
The total response is therefore
v = 24 + (A, cos 1.936r + A, sin 1.9360e™ " (8.7.13)
We now determine 4; and A,. We write
) =12=24+4A, = A, =-12 (8.7.14)
Since (0} = C dv()/dt = 12,

du(()) 12
=—"=4 715
o C‘ 8 (8 )
But
dv —{.5¢ 2
— =g (=1.9364, sin 1.936¢ + 19364, cos 1.9361)
di (8.7.16)
— 0.5¢ (A, cos 1.936¢ + A, sin 1.9361)
Atr=10,
du(0) . _
= 48 = (~0 + 1.9364;) — 05(4, +0)
r
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Substituting A; = —12 gives 4, = 21.694, and Eq. (8.7.13) becomes
pir} = 24 + (21.694 sin 1.9367 — 12 cos 1.9360e "'V  (8.7.17)

The nductor current 15

o = Y
iy =0C p
Multiplying Eq. (8.7.16) by C = (.25 and substituting the values of A,
and A, gives

i(f) = (3.1 sin 1.9367 + 12 cos 1.9360)e "> A (8.7.18)

Note that ((0) = 12 A, as expected.
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4.5- Step Response of Parallel RLC Circuit

e Consider the parallel RLC circuit shown in Fig. 8.22. We want to find i

due to a sudden application of a dc current.

l i
o
L = i
A ={ = = e
@ obd £ 13 ot
Figure 8.22
Parallel RLC circuit with an applied
current.
o Applying KCL at the top node for ¢t >0
B duv
— i O—=L 8.46)
R i : (
_,di
v it

Substituting for v in Eq. (8.46) and dividing by LC, we get
A S
i RCdr LC IC
The complete solution to Eq. (8.47) consists of the transient
response i(f) and the steady-state response i, that is,

i =il + i) (8.48)

(8.47)

The steady-state response is the final value of i.In the circuit in Fig. 8.22,

the final value of the current through the inductor is the same as the
source current /.. Thus,
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=1, + A" + 4™ (Overdamped)
i) =1, + (A, + Asthe ™" (Critically damped) (8.49)
i(f) =1, + (A coswgt + Az sinwgfle ™ (Underdamped)

The constants A, and A in each case can be determined from the initial
conditions for { and di/dr. Again, we should keep in mind that Eq. (8.49)
only applies for finding the inductor current i. But once the inductor
current i; = i is known, we can find v = L di/dr, which is the same
voltage across inductor, capacitor, and resistor. Hence, the current
through the resistor is i = v/R, while the capacitor current is
i = Cdu/dr.

Example 8.8:

In the circuit of Fig. 8.23, find i(#) and ig(s) for ¢ > 0.

" 200
r—'[!IT){ir .. ok
Lf Lig ‘
X
4A r"D 20 H % N03  SwF==v @ I0ui-1) V

Solution:
For r << 0, the switch is open, and the circuit is partitioned into two inde-
pendent subcircuits, The 4-A current flows through the inductor, so that

i(0) =4 A
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Since 30u({—1) = 30 when ¢t << 0 and 0 when ¢ = (), the voltage source
15 operative for t << (). The capacitor acts like an open circuit and the
voltage across it is the same as the voltage across the 20-{) resistor
connected in parallel with it. By voltage division, the initial capacitor
voltage is
20
w(0) = ——— Eﬁf_:r[}] =15V

For ¢ > (), the switch is closed, and we have a parallel RLC circuit
with a current source, The voltage source i1s zero which means it acts
like a short-circuit. The two 20-() resistors are now in parallel. They
are combined to give & = 20| 20 = 10 {}. The characteristic roots are
determined as follows:

| |
RC 2X10X8X107
1 |
VIC V20X 8x 107

Va® — wg=—625 + V39.0625 — 6.25
= —625 = 57282

6.25

L =

Wy = e 15

=

¥

I

I

=
4

or
§1=—11978, s = —0.5218

Since a > wy, we have the overdamped case. Hence,
i) =1, + Aje 1178 4 A g 0521 (8.8.1)

where [, = 4 15 the final value of i(f). We now use the initial conditions
to determine A, and A,. At r = 0,

(M =4=4+A4, +A, = A,=-A, (882
Taking the derivative of i(r) in Eq. (8.8.1),

,
= = —11.9784,¢ O™ — 0.52184,e 05

dt
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so0 that at r = 0,
di(0)
= —=11.9784, — 0.52184, (8.8.3)
di
But
di(()) di((h) 15 15
L - = = 15 =3 — = = = {),75
dr ©) elf L 20 ¢

Substituting this into Eq. (8.8.3) and incorporating Eq. (8.8.2), we get
0.75 = (11.978 — 0.5218)4, = A, = 0.0655
Thus, A, = —0.0655 and A, = 0.0655. Inserting A; and A, in Eq. (8.8.1)

gives the complete solution as

(1) = 4 + 0.0655(¢ 5218 — 11978y o
From i(r), we obtain v(t) = L di/dt and

vy L di

. _ = =M 0785, 1198 _ () p3a0e— 05218
iplt) 20 20 dr (.785¢ 0.0342¢ A
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4.6- Second-Order Op Amp Circuit
e An op amp circuit with two storage elements that cannot be combined
into a single equivalent element is second-order.
e Because inductors are bulky and heavy, they are rarely used in
practical op amp circuits.
e For this reason, the RC second-order op amp circuits will be only

considered.
e The analysis of a second-order op amp circuit follows the same four

steps given and demonstrated in the previous section.

Example 8.11:

In the op amp circuit of Fig. 8.33, find v, (1) for r > 0 when v, =
10u(r) mV. Let R, = R, = 10kf}, C;, = 20 uF, and C, = 100 uF.

Gy
|
|
+ P2 -
4
H_| ¢y | H: 2
— A S A AN r?"‘a
| = l | i —0Q
"'r'. (i;} C| == :':.-
g =
Figure 8.33
For Example 8.11
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Solution:

Although we could follow the same four steps given in the previous
section to solve this problem, we will solve it a little differently. Due
to the voltage follower configuration, the voltage across C) 15 v,
Applving KCL at node 1,

Electric Circuit I/15" Sem.

U, — Uy du; thh — U,
S— Sy C“.- — —|— - — 3.11.1
R| Tt R‘I { }
At node 2, KCL gives
[ Uy ﬂluﬂ
= i 5.11.2)
K bt {
But
Us = U; — U, (8.11.3)

We now try to eliminate v, and v, in Eqs. (8.11.1) to (8.11.3).
Substituting Egs. (8.11.2) and (8.11.3) into Eq. (8.11.1) yields

Us

diry du,, du,

= == -4 O 8.11.4
R, fa Car o T ar WetL
From Eqg. (8.11.2),
i,
=u, + RC 8.11.5
=, 2t ( )
Substituting Eq. (8.11.5) into Eq. (8.11.4), we obtain
v, U, , RCdy, dv, BRI d*v, i dv, . du,
R| R[ R| el 3 dlt T |.'.IFJ';l £ dt : dt
or
dv, 1 1 \dv, U, g
— + ( + ) + = : (8.11.6)
at= R]CE RECE Fils R|R3C|C: RJE:C|C2
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With the given values of R, R,, C,, and C,, Eq. (8.11.6) becomes
ﬂ.’zuﬁ du,
— + 22—+ v, = Su, 8.11.7
i Z ) : ( )

To obtain the form of the transient response, set v, = (} in Eq. (8.11.7),
which is the same as turning off the source. The characteristic equation is

P +24+5=0

which has complex roots .= —1 % j2. Hence, the form of the
transient response is

Uy =& '(Acos2t + B sin2rn (8.11.8)

where A and B are unknown constants to be determined.

As t — 2o, the circuit reaches the steady-state condition, and the
capacitors can be replaced by open circuits. Since no current flows through
C, and C; under steady-state conditions and no current can enter the input
terminals of the ideal op amp, current does not flow through R, and R,.

Thus,

un{m:l = Ui{m} = U,-.'

The steady-state response is then
Vpge = Up(®) = p, = 10 mV, t >0 (8.11.9)
The complete response is
vt =v, + v, = 104+ e (Acos 2t + Bsin 200 mV  (8.11.10)

To determine A and B, we need the initial conditions. Forr < 0, v, = (),
s0 that

0,000 ) =100 ) =0

For ¢ = 0, the source is operative. However, due to capacitor voltage
continuity,

(07 =0,{07) =0 (8.11.11)
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From Eq. (8.11.3),
p 0Ty = (0 + v, 0N =0
and, hence, from Eq. (8.11.2),
do,(07) v, — v,
- =0 (8.11.12)

ﬂrur EEEI

We now impose Eq. (8.11.11) on the complete response in Eq. (8.11.10)
at r = (), for

0=10+ A4 = A=-=10 (8.11.13)

Taking the derivative of Eq. (8.11.10),

du.,
i

=¢ (—A cos2t — Bsin2t — 24 sin2t + 28 cos 24)

Setting + = () and incorporating Eq. (8.11.12), we obtain
(0= —-A 4+ 2B (8.11.14)

From Eqgs. (8.11.13) and (8.11.14), A = —10 and B = —3. Thus, the
step response hecomes

v ) = 10 = e (10 cos2r + 5 sin25) mV, t >0
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Chapter Five

Three-Phase Circuits

5.1- Introduction

5.2- Balanced Wye-Wye connection.
5.3- Balanced Wye-Delta connection.
5.4- Balanced Delta-Delta connection.
5.5- Balanced Delta-Wye connection.
5.6- Power in balanced system.

5.7- Unbalanced three-phase systems.
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5.1- Introduction:

e A single-phase A.C power system consists of a generator connected
through a pair of wires (a transmission line) to a load. Figure 5.1 shows
a single-phase two-wire system, where V, is the rms magnitude of the

source voltage and @ is the phase.

"
~

Q

V,

v LD Z

Q
Q

Fig. 5.1:

e Figure 5.2 shows a three-phase four-wire system. A three-phase
system is produced by a generator consisting of three sources having

the same amplitude and frequency but out of phase with each other by

120°.
/0 z
~ a A L
Hh—> o—
V,/—120°
& b B Zp,
CH—o o—{ J—

DM

|

+

) 0

Q 0N
N
R

C

0

o

Fig. 5.2:
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e Figure 5.3 shows the three generated voltages which are 120° apart

from each other.

\_,

Fig. 5.3:

e A typical three-phase system consists of three voltage sources
connected to loads by three or four wires (or transmission lines).

e A three-phase system is equivalent to three single-phase circuits. The
voltage sources can be either wye-connected as shown in Figure 5.4 (a)

or delta-connected as in Figure 5.4 (b).

O a
vca : -_+-_ Vub
Ve
O C
Fig. 5.4 (a) Fig. 5.4 (b)

178 | Page Dr. Mushtaqgq Najeeb




University of Anbar Electric Circuit I/15" Sem.

Second Class
2021-2022

College of Engineering

Dept. of Electrical Engineering

e Let us consider the wye-connected voltages shown in figure 5.4 (a);

The voltages V,,,, V;,,, and V_,, are respectively between lines a, b,

and ¢, and the neutral line n. These voltages are called phase voltages.
If the voltage sources have the same amplitude and frequency w and
are out of phase with each other by 120° the voltages are said to be
balanced. This implies that

van = Vbn + Vcn =0
‘Vanl = |Vbn| o Ivc'nl

e Balanced phase voltages are equal in magnitude and are out of phase

with each other by 120°.

e Since the three-phase voltages are 120° out of phase with each other,
there are two possible combinations. Firstly, the abc or positive

sequence which shown in figure 5.5 can be expressed mathematically

as,
Van = Vp /O v “
120°
Vou = V,/=240° = ¥, /+120° ( N
120¢ -
Von + ¥y, TV, = Van

Vo/O° + V,/=120° + V, / +120°
= V1.0 = 0.5 — j0.866 — 0.5 + j0.866)
= () vh

Fig. 5.5:
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where F, is the effective or rms value of the phase voltages. This is
kmown as the abc seguence o1 positive sequience. In this phase sequence,
V., leads ¥V, which in turn leads V...

e Secondly, the ach or negative sequence which shown in figure 5.6 can

be expressed mathematically as;

Vbn

w
Van = Vp 00 \

Ven = Vp/—120° '\‘2‘”
Vi = W/ —240° = ¥,/ +120° 1zo°< ‘_/
Z120° a"

Y

<

cn
Fig. 5.6:

This is called the ach sequence or negative sequence. For this phase
sequence, V,,, leads V_,, which in turn leads V,,,

Example 5.1:

Determine the phase sequence of the set of voltages

vV, = 200 cos{ad + 107)
U = 200 cos{ws — 2307, Vo = 200 cos{ewt — 1107
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Solution:
The voltages can be expressed in phasor form as

Vo = Zﬂﬂw V. Vg, =200/-230°V, V,=200/-110°V

We notice that ¥V, leads V., by 120 and V_,, m turn leads V,, by 1207,
Hence, we have an ach sequence.

e Regarding the load connections, a three-phase load can be either wye-

connected or delta-connected as shown in figures 5.7(a) and 5.7 (b)

respectively.

a0
E‘: E'.Er
bo
Z,
¢ o
Fig. 5.7 (a): Fig. 5.7 (b):
For a balanced wye-connected load, For a balanced delta-connected load,
Z,=2,=2; =72y Z,=2,=2.=17,
where Zy is the load impedance per phase. where Z, is the load impedance per phase

in this case.

e A wye- or delta-connected load is said fo be unbalanced if the phase

impedances are not equal in magnitude or phase.
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e We know that a wye-connected load can be transformed into a delta-

connected load or vice versa as shown below;

1
Z.ﬁ - 32—]? or Z]" - gzﬁ

e Since both the three-phase source and the three-phase load can be

either wye- or delta-connected, we have four possible connections:

Y-Y connection (i.e., Y-connected source with a Y-connected
load).

Y-A connection.

A-A connection.

A-Y connection.
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5.2- Balanced Wye-Wye connection:

e A balanced Y-Y system is a three-phase system with a balanced Y-
connected source and a balanced Y-connected load.
e Consider the balanced four-wire Y-Y system of Figure 5.8, where a Y-

connected load is connected to a Y-connected source.

£,

Fig. 5.8:

e We assume a balanced load so that load impedances are equal.
Although the impedance Zy is the total load impedance per phase,

it may also be regarded as the sum of the source impedance Z.,
line impedance Z;, and load impedance Z; for each phase,
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Z, denotes the internal impedance of the phase winding of the generator;

Z, 1s the impedance of the line joining a phase of the source with

a phase of the load;
Z,; is the impedance of each phase of the load;

and Z, is the impedance of the neutral line.
Thus, in general

Z}'=Z_.;+ZF+ZL

Z, and Z, are often very small compared with Z;, so one can assume
that Zy = Z; if no source or line impedance is given.

e To simplify the calculations, Figure 5.9 will be considered instead of

figure 5.8.
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e Assuming the positive sequence, the phase voltages (or line-to-neutral

voltages) are;

vmr = pi{]_ﬂ

Vin = V,/=120°, ¥V, =V, /+120°

The line-to-line voltages or simply line voltages V5, V., and V., arc
related to the phase voltages. For example,

v:i.[:- = vnu + vn.ﬂr o "“"lmr e v!:l.u = FPE - Fpi — 120°
| . A3 .
.r:—(' My V3V, /30

Similarly, we can obtain
Vie = Vi, — Vo = V3F,/—90°
vi—u = v-"n T vm: = ﬁl’;p{ _21{"‘-"

Thus, the magnitude of the line voltages V; is /3, times the magnitude
of the phase voltages V,, or

Ve = V3V,

where
V, = Vanl == lvbn; = |VC"|

and
VI - |Vab| — I\rbcl = |vca|
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Fig. 5.10:

e Figure 5.11 shows the same for the three-line voltages.

Vbc

Fig. 5.11:

Notice that V_, leads V. by 120°, and V,, leads V; by 120°,
s0 that the line voltages sum up to zero as do the phase voltages,
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e Applying KVL to each phase in Figure 5.9 we obtain the line currents as;

\% V, \Ianz —120°
I,=——, I,=—= =1,/-120°
o Zy ? Z}' ZY L—

V., Va/—240°

[[=—= =1 {--240o
C Z)’ ZY a

We can readily infer that the line currents add up to zero,

Iu N Ib + l(. = ()

so that
L,=-,+1,+1)=0

or
VnN = ann =8
The voltage across the neuiral wire is zero. The neutral line can

thus be removed without affecting the system.

While the fine current is the cusrent in each line, the phase current
is the current in each phase of the source or load.

In the Y-Y system, the line current is the same as the phase current.
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o The single-phase equivalent circuit in Figure 5.12. The single-phase

analysis yields the line current I, as;

I V!J."T
£ ZY
la
a R A
Van ZY
n N
Fig. 5.12:

From 1_,, we use the phase sequence to obtain other line currents. Thus.
as long as the system is balanced, we need only analyze one phase.
We may do this even if the neutral line is absent, as in the three-wire

system.
Example 12.2:
Calculate the line currents in the three-wire Y-Y system of Fig. 12.13
5-j2Q y
a — 2

[} 10 +/8Q
10 +;8 Q
C
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Solution:

The three-phase circuit in Fig. 12.13 is balanced; we may replace it
with its single-phase equivalent circuit such as in Fig. 12.12. We obtain
I, from the single-phase analysis as

where Zy = (5 —j2) + (10 + j8) = 15 + j6 = 16.155/21.8°. Hence,

110@

I, = = 6.81/-21.8°A
16.155 /21.8°

Since the source voltages in Fig. 12.13 are in positive sequence, the
line currents are also in positive sequence:

I, = I,/—120° = 6.81/—141.8° A
I =1,/-240° = 6.81/-261.8° A = 6.81/98.2° A

Example:

A Y-connected balanced three-phase generator with an impedance of
0.4 + j0.3 {} per phase is connected to a Y-connected balanced load
with an impedance of 24 + ;19 () per phase. The line joining the gen-
erator and the load has an impedance of 0.6 + j0.7 {} per phase.

Assuming a positive sequence for the source voltages and that vV, =
120{30" V, find: (a) the line voltages, (b) the line currents.

Answer: (a) 207.85/60° V, 207.85/—60° V, 207.85/—180° V,

(b) 3.75/—8.66" A, 3.75/—128.66" A, 3.75/—111.34° A.
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5.3- Balanced Wye-Delta Connection.

e A balanced Y- A system consists of a balanced Y-connected source
feeding a balanced A-connected load.

e The balanced Y-A system is shown in figure 5.13. There is no neutral
connection from source to load for this case. Assuming the positive
sequence, the phase voltages are again;

Van = f"}JE

Vi, = Vp/—120°, V=V, /+120°

Fig. 5.13:

e The line voltages are given;

Vﬂ'ﬁ- = ﬂrpf 30° = v‘{ﬂ, \"rm = ﬁfo -9 = vﬂc
Voo = V3V, /—150° = ¥,
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e The above equations are showing that the line voltages are equal to the
voltages across the load impedances for this system configuration.

e From these voltages, we can obtain the phase currents as;

Vs _ Veo [.. — Ve
_—Zﬁ . BC _Za \ =z

Liz =

e These currents have the same magnitude but are out of phase with

each other by 120°.

Another way to get these phase currents iz to apply KVL. For
example, applving KVL around loop adBbaa gives

—Va_., + z.ﬁ.l.-!B + \-’b,, = ()
or
Von — vbﬂ _ Vs v.ﬂl’ﬂ

be= =7 "7 "z,

This is the more general way of finding the phase currents.

The line currents are obtained from the phase cuments by apply-
ing KCL at nodes 4, B, and C. Thus,

1,=1p — 1, I, = lpe — Ly I. =10y — Ige

Since Im = IHB{ _24‘}‘},

L=Lg—Icy =Ll - lg —240%
=Ll + 0.5 — jO366) = Iﬁgﬂf—Sﬂn
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Example:

A balanced abc-sequence Y-connected source with V,, = 100/10° V
is connected to a A-connected balanced load (8 + j4) {1 per phase. Cal-
culate the phase and line currents.

Solution:
This can be solved in two ways.

B METHOD 1 The load impedance is
Z, =8 + j4 = 8.944/26.57° ()
If the phase voltage V,, = 100/10°, then the line voltage is

Var = VanV3/30° = 100V3/10° + 30° = V

or

Vs = 173.2/40° V

The phase currents are

Vup 173.2 /40° - )
1, =—22 = = 19.36/13.43° A
Z, 8.944/26.57°

Ipc = L4p/—120° = 19.36/—106.57°A
Ics = Lip/+120° = 19.36/133.43° A

The line currents are

I, = Li5V3/-30° = V3(19.36)/13.43° — 30°
= 33.53/-16.57° A
I, =1,/-120° = 33.53 /—-136.57° A
I, =1,/+120° = 33.53/103.43° A
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5.4- Balanced Delta-Delta Connection:

e A balanced A-A system is one in which both the balanced source and
balanced load are A-connected.
e The source as well as the load may be delta-connected as shown in

figure 5.14. Our goal is to obtain the phase and line currents as usual.

a

a —
vca +_ +_ Vab
I
D
¢ ., 5
Vie I.
Fig. 5.14:

Assuming a positive sequence, the phase voltages for a delta~connected

SOUIcCe are
Var = Vp /07

Ve = V,/=120°, V= ¥,/+120°

The line voltages are the same as the phase voltages,
assuming there is no ling impedances, the phase voltages of the delta-
connected source are equal fo the voltages across the impedances; that is,

Vﬂb = v.{ﬂ':‘ vb-r: - VBCH v{‘ﬂ = vE‘A
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Hence, the phase curcents ate
I _VNis _ ¥ I _ Ve Vi
AF Z,._\ zﬂ » 5 zﬂ z&
I — 1IIFl'l:'.all — vca
A z& Z&

Since the load is delta-connected just as in the previous section, some
of the formulas derived there apply here. The line currents are obtained
from the phase currents by applying KCL at nodes A, B, and C, as we
did in the previons section:

L =Lz — Ica Ip = lgc — Ly, I, = Igy — Iac

Example:

A balanced A-connected load having an impedance 20 — j15 () is
connected to a A-connected, positive-sequence generator having

Vi = 330&’ V. Calculate the phase currents of the load and the line
currents.

Solution:
The load impedance per phase is

Zy =20 —j15=25/—-36.87° ()

Since V45 = V_;, the phase currents are

V,,  330/0°

Lp=—22 = = 13.2/36.87° A
B Za  25/—36.87

Ipc = Lis/—120° = 13.2/-83.13° A
Icq = Lig/+120° = 13.2/156.87° A
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For a delta load, the line current always lags the corresponding phase

current by 30° and has a magnitude /3 times that of the phase current.
Hence, the line currents are

I, = LpV3/-30° = (13.2/36.87°)(V3 /—30°)

= 22.86/6.87° A
I, =1,/—120° = 22.86/—113.13° A
I, = L,/+120° = 22.86/126.87° A

Example:

A positive-sequence, balanced A-connected source supplies a balanced
A-connected load. If the impedance per phase of the load is 18 + j12 ()
and 1, = 19.202/35° A, find L,z and V 4.

Answer: 11.094 {65" A, 240/98.69° V.
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5.5- Balanced Delta-Wye Connection:

e A balanced A-Y system consists of a balanced A-connected source
feeding a balanced Y-connected load.
e Consider the circuit A-Y in Figure 5.15. Again, assuming the abc

sequence, the phase voltages of a delta-connected source are;

Voo = V,/0°, Vo= V,/—120°

Vea = V,/+120°

e These are also the line voltages as well as the phase voltages.

I,
a — A
vca +— +_ Vab
Zy Z
1, d
A :
¢ J : 3 &
Vbc I.
—_—
Fig. 5.15:

e We can obtain the line currents in many ways. One way is to apply KVL

to loop aANBba in figure 5.15, writing
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—Vup + Zyl, — Zyl, = 0
or

Zy(d, — 1) =V, =V, /0°
Thus,

V,/0°

Zy

la _ lb =

But I, lags I, by 120° since we assumed the abe sequence; that is,

1, = laf—lﬁﬂ". Hence,
e = L =11 = 1/-1207)
I V3 .
la( +—+;T)—Iv’_ﬂ

Vo/V3/-30°

I =
e Z]’

From this, we obtain the other line currents I; and I wsing the posi-
tive phase sequence, i<, I = L,/ —120° L. = I,/ +120°. The phase
currents are equal to the line currents.

Another way to obtain the line currents is to replace the delta-
connected source with its equivalent wye-connected source, as shown
in Fig.
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Therefore, we obtain each phase voliage of the equivalent wye-
comnected source by dividing the corresponding line voltage of the
delta-connected source by V3 and shifting its phase by —30°, Thus,
the equivalent wye-connected source has the phase voltages

V, ]
Van = 5230
A" =£{—15n¢ v =£{+w
A3 " SRV

Once the source is transforimed to wye, the circuit becomes a wye-
wye system. The line current for phase o 15

W3/

(1] Z}

I

e Table below presents a summary of the formulas for phase currents

and voltages and line currents and voltages for the four connections.
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Connection Phase voltages/currents Line voltages/currents
Y-Y Vi = V,/0° Vi = V3V, /30°

Vi = V,/—120°
Ve, = V,/+120°

on

Same as line currents

Y-A Yan =V, E
Vi, = V,,{— 120°
Vip = V,,f+120°
Lig = Vas/Zs
Ige = Vpe/Za
Iey = Veu/Za

A-A V= F, /00
Vo = V,/—120°
Vo= Fp/+120°
Lis = Vou/Zy
Ipc = Vi /Za
I = Vol Za

A-Y V., = V,/0°

Vbc - Fp _12{'{'
Ve = Fp/+1XF°

Same a3 line currents
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Vie = Vo /—120°
vca v vabf +120°

L =Nl

I, =1,/—120°

L= o/ +120°

Var = Vag = V3V, /30°
Vie = Vge = Vap/—120°
Vo= Vs = Vo /+120°
I, = LpV3/-30°

I, = 1,/—120°

. = 1./+120°

Same as phase voltages

1, =LsV3/-30°
L=L/—120°

1, =L,/+120°

Same as phase voltages

V,/—30°

L=—=—
VIZ,

1, =L/—120°

L=1/+120
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Example:

A balanced Y-connected load with a phase impedance of 40 + ;25 () is
supplied by a balanced, positive sequence A-connected source with a line
voltage of 210 V. Calculate the phase currents. Use V_, as reference.

Solution:
The load impedance is

Zy = 40 + j25 = 47.17/32°Q

and the source voltage is

Vs = 210/0°V
When the A-connected source is transformed to a Y-connected source,
Vi = V“”ﬂ = 121.2/-30°V
V3

The line currents are

v, 121.2/-30°

I, = -2 = =257/—-62°A
Zy  41.12/35°

= L/ —120° =2.57/—118 A

I, =L./120°= 2.57/58° A

which are the same as the phase currents.
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5.6- Power in Balanced System:

e The total instantaneous power in a balanced three-phase system if the

load is Y or A-connected is;
p=3V,[,cos0

The average power per phase P, for either the A-connected load or the
Y-connected load is p/3, or

P, = V,1, cosf
and the reactive power per phase is

O, = V,1,sinf

pp

The apparent power per phase is

The complex power per phase is

S, =P, +jQ, =V,I;

p-p

where V,, and I, are the phase voltage and phase current with magni-

tudes V), and I, respectively. The total average power is the sum of the
average powers in the phases:

P =3P, =3V,I,cos0 = V3V,I, cosd

For a Y-connected load, 7, =1, but V, = \/§V,,, whereas for a
A-connected load, I, = V31, but ¥, = V. The total reactive power is

Q = 317;)[[) sin@ = 3Qp = \/jVL]L sinf
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and the total complex power is

S

P
=38, =3V, I} =30I0Z, = =
P

where Z, = Z,/0 is the load impedance per phase. (Z, could be Zy or

Zy.)

Remember that 7,

1,, V;, and I, are all rms values and that 6 is the

pe tps

angle of the load impedance or the angle between the phase voltage
and the phase current.

Example: For the circuit shown below, Determine the fotal average power,

reactive power, and complex power at the source and at the load.

(o J§- N

10+;8Q

g 10+/8Q

10 +,;8Q
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Solution:
It is sufficient to consider one phase, as the system is balanced. For
phase a,

vV, =110/0°V and I,=681/-218°A
Thus, at the source, the complex power absorbed is

S, = —3V, I} = —3(110/0°)(6.81 /21.8°)
= —2247/21.8° = —(2087 + j834.6) VA

The real or average power absorbed is —2087 W and the reactive
power is —834.6 VAR.
At the load, the complex power absorbed is

S, = 3|L,|°Z,
where Z,, = 10 + j8 = 12.81/38.66° and I, = I, = 6.81 /—21.8°, Hence,

S, = 3(6.81)212.81{38.66° = 1782 /38.66
= (1392 + j1113) VA

The real power absorbed is 1391.7 W and the reactive power absorbed
is 1113.3 VAR, The difference between the two complex powers 15
absorbed by the line impedance (5 — 72} £} To show that this is the
case, we find the complex power absorbed by the line as

S, = 3|LI°Z, = H6.81)°(5 — j2) = 695.6 — j278.3 VA

which is the difference between S, and §;; thatis, 8, + §; + 5, = 0,
as expected.
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Example 1:

What is the phase sequence of a balanced three-
phase circuit for which V,,, = 160/30° V and
Ven = 160/—90° V? Find V,,,.

Solution:

Since phase ¢ lags phase a by 120°, this is an acb sequence.

V,, =160£(30°+120°) = 160.£150° V

Example 2:
A three-phase system with abe sequence and
VY, = 200V feeds a Y-connected load with
Z; = 40/30° . Find the line currents.
Solution:
200
I”ri =2ﬂﬂ'="ﬁVF —_— V.I'-" =ﬁ
Ve, 200 <¥

I —

')

=2.887 < =30FK A

T Z, Bxd0<30°
I, =1, <-120° =2.887 < -150° A
I =1 <+120° = 2.887 <90° A
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Example 3: Obtain the line currents in the three-phase circuit for the

figure shown below:

440,/0° V

440/120°V

Solution:

Using the per-phase circuit shown above,

440 £0°
=———=44/53.13° A

i) .C

6-]
I, =1 2/-120°=44/-66.87° A
I =1,£120°=44/173.13° A
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Example 4:
[n the Y-A system, the source is )
a positive sequence with ¥, = IEGE V and phase
impedance Z, = 2 — 73 {1. Calculate the line
voltage ¥V and the line curnemt ;.
Solution:

Vs =V, =3V, <30° =~/3(120) < 30°

AB

V, =V, |=v3x120=207.85 V

v, N3V, <30°

I o= :
2—J3

Al Z

A

3V <0 3x120

I,=1,+3<-30"=—

— 55.385+ j83.07
974 2-i3 '

I, =1 |=99.846 A
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5.7- Unbalanced Three-Phase Systems:

An unbalanced system is caused by two possible situations:
v Source voltages are not equal in magnitude or differ in
phase by angles that are unequal.
v Load impedances are unequal.
e An unbalanced system is due to unbalanced voltage sources or an
unbalanced load.
e To simplify analysis, source voltages are assumed to be balanced, but
an unbalanced load.
e Figure 5.16 shows an example of an unbalanced three-phase system
that consists of balanced source voltages (not shown in the figure) and
an unbalanced Y-connected load (shown in the figure). Since the load is

unbalanced, Z,,Zz,and Z. are not equal.

_Ia-. A
b
'
Vo Ly
Iﬂ
—
o N
Ly Lo
I, |Yew
b '
# ‘r
i

ﬁ-
=
= 1y

Fig. 5.16:
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e The line currents are determined by Ohm'’s law as;

= v";'ﬁ'l
Y

VEN ""'r{”‘!'-l'

I, = [c:Z_.-:

i .
L ZE

e This set of unbalanced line currents produces current in the neutral
line, which is not zero as in a balanced system. Applying KCL at node N

gives the neutral line current as;

In = _{Ia + lb + I::}

In a three-wire system where the neutral line is absent, we can still
find the line currents I, I, and 1. using mesh analysis. At node N,
KCL must be satisfied so that I, + I, + I. = 0 in this case. The same
could be done for an unbalanced A-Y, Y-A, or A-A three-wire system.

Example: The unbalanced Y-load of figure 5.16 has balanced voltages of 100

V and the ach sequence;

Calculate the line currents and the neutral current.
Take Z, = 150, Z, = 10+ j5Q0,Z-= 6 — j8 ().
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The line currents are
100/0°
I, = L = 6.67/0° A
15
100/120° 100/120°
I, = — = L‘ = 8.94/93.44° A
10 + /5 11.18/26.56°
100/—120° 100/-120°
I. = = = 10/—66.87° A

6—j8  10/—53.13°
The current in the neutral line is

I,=—(,+ 1, + I) = —(6.67 — 0.54 + j8.92 + 3.93 — 9.2)
= —10.06 + j0.28 = 10.06/178.4° A

209 |Page Dr. Mushtag Najeeb




University of Anbar
College of Engineering
Dept. of Electrical Engineering

Electric Circuit I/15" Sem.
Second Class
2021-2022

Example:

For the unbalanced circuit in Fig. 12.25, find: {(a) the line currents, (b} the
total complex power absotbed by the load, and (c) the total
complex power absorbed by the source.

(a) We use mesh analysis to find the required currents. For mesh 1,
120/—120° — 120/0° + (10 + j5)I, — 101, = 0

or
(10 + /5)I, — 101, = liﬂﬂﬁﬂ“
For mesh 2,
IEl‘.}x_’ll{]* = IEG{—IEE}“ + (10 — j10)i; — 101, = 0
or

—101, + (10 — j10)I, = 120V/3/—90°
Equations (12.10.1) and (12.10.2) form a matrix equation:

[m+_;5 —10 ][11]_[1291«@@’]
-10 10 —j10] LK, 1203 /—90°
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The determinants are
10 + j5 —10
A= = 50 — j50 = 70.71 /—45°
‘ -10 10 - jlﬂl / [4

12083 /307 —16
A, = /—ﬂ | = 207.85013.66 — j13.66)

120v3/=90° 10 — 10
= 4015/—45°

10+ 75 120V3/30°
A, =‘ / 39| _ 207.85(13.66 — j5)

-10  120v3/—90°

= 3023.4/—20.1°
The mesh currents are

A, 401523/-45°
I, =— = = 56.78 A
A 40.71 /—45°

A, 3023.4/-20.1°

A 70.7/-45°

The line currents are
I,=1, =56.78 A, I.= -1, =4275/-155.1° A
lb = lz - ]] = 3878 +j18 - 5678 e 2546 135°A

(b) We can now calculate the complex power absorbed by the load. For
phase A,

S, = |LI°Z, = (56.78)°(j5) = j16,120 VA
For phase B,
Sz = |I,|*Zz = (25.46)*(10) = 6480 VA
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For phase C,
Sc = |LIZq = (42.75(—710) = —j18,276 VA
The total complex power absorbed by the load is
8 =8, + 8z + 8§, = 6480 — 2156 VA

{c) We check the result above by finding the power absorbed by the
source, For the voltage source in phase a,

8, = —VuI% = —(120/0°X56.78) = —6813.6 VA

For the source in phase b,

Sy = —V,, 1% = —(126/—120°K25.46/—135%)

= —3055.2/105° = 790 — j2951.1 VA

For the source in phase r,

S, = = VIt = —(120/120°)(42.75 /155.1°)
= —5130/275.1° = —456.03 + j5100.7 VA

The total complex power absorbed by the three-phase source is
5, =8, + 85, + 5, = —6480 + j2156 VA

showing that §, + §; = 0 and confirming the conservation principle of
ac POWeET.
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