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Electromagnetic Fields

1-Vector Analysis and coordinate systems

Scalar :- refersto aquantity whose value may be represented by asingle
real number (distance, mass, temperature , density , pressure, volume,
voltage ... )

Vector ;- quantity has both a magnitude and a direction in space (force,
velocity , acceleration , electric field , magnetic field ....)

Vector Algebra :- vectors can be added , divide subtraction vectors and
multiplied where for the two vectors A and B :-

A+B=B +A And A+(B+C)=(A+B)+C
A—B=A+ (-B)
(r+s)(A+B=7r(A+B)+s(A+B)=rA+ 1B+ sA+sB

_ 1 A _
KA (Where K = E) and = = —KA

Q|

A=B (if Ai—B=0)

* Multiplication of avector by avector are either dot or cross.
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The Cartesian coordinate system:-

It isalso called Rectangular systemusing X,y ,z axes to describe
position , vector , length , directions, angles, projections, or components
n this system there coordinate axes at right angles to each other (right-
handed) coordinate system

A point islocated by giving

Its X, y, z coordinate

P (Xy,2)
P (3, 3,-4)
Q(2-2,1)
p(x,Y,2)
P (3, 3,-4)
X—dx = dl
y—dy
| |
2> dz é z| Z

dsl =dx dy (xy-plane)
ds2 = dx dz (xz-plane)
ds3=dy dz (yz-plane)
dv =dx dy dz
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ds2 ds3

y = 0plane (xz- plane) | x =0 plane (yz- plane)

dsl

z=0plane (xy-plane)

dsisdifferential area

The differential volumeis
dv=dx dy dz

dl : differential length

ds: differential area ( surface)
dv : differential volume .

dl and ds may be given in vector

Vector components and unit vectors:-

Any vector can be describe in the Cartesian coordinate system by giving
the three components vectors lying along X,y,z-axes . The component
vector have a magnitude and direction. We shall use a until vector
ax,ay and az to show the directions of these components :
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|ax| = 1 (in x-direction)
|ay| =1 (iny-direction)
|az| = 1 (in z-direction)

T = ax + 2ay + 3az

Ex1:- Given the two points P(1,2,3) and Q(2,-2,1) find the vectors
7P,7Q from the origin . Then estimate the vector RPQ .

Solution :-

(0)

7P = (1-0)ax + (2 — 0)ay + (3 — 0)az

Then7P = ax + 2ay + 3az

7P| = (1)2 + (2)% + (3)?
|7P| = V14

7Q = 2ax — 2ay + az

I7Q1 = V/(2)% + (—2)2 + (1)?
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FQl=V4+4+1=3

RPQ=7Q—7P =2 —-1)ax+ (-2 —-2)ay + (1 —23)az
Then RPQ = ax — 4ay — 2az = —RQP

IRQP| =vV1+ 16+ 4 =+21

RPQ = Ax ax + Ayay + Azaz

Ax=1,Ay =-4, Az=-2 (component of the vector )

Unit vector of RPQ is :-

RPQ
|RPQ|

a= = direction of the vector RPQ

Ex2:- Given the three points A(2,-3,1),B(-4,-2,6) and C(1,5,-3). Find : &
the vector from A to C b- the unit vector directed fromB to A . ¢c- the
distance from B to C . d- the vector from A to the midpoint of the straight
linejoiningBto C.

Solution :-

D (x1,y1, z1)

y

T

AC=(1-2)ax+ (5 — (-3)ay + (-3 —1) az

a_

AC=-ax + 8ay — 4az
b-

BA=(2-(—4)ax + (-3(-2)ay + (1 — 6)az
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BA =6ax —ay —5az

|BA| = /62 + 12 + 52

|BA|=/62
BA _ 6 - _ Lo, 5 &
aAB—:A| \/_ax \/_ay\/_az

ThenaBA = 0.762ax-0.127ay-0.635az
C_
BC=1+4)ax+ (5+2)ay+ (-3 —6)az

BC =5ax + 7ay — 9az

Then |BC|=V25 + 49 + 81 = V155 = 12 — 45
a-

X1=2=-15,yl="2 =15, z1 = ==

2 3

=1.5

AD =(-15-2)ax + (1.5+ 3)ay + (1.5 - 1)az = —3.5ax +
4.5ay+0.5az

The vector field:-

It is defined as vector function of a position vector. The magnitude and
direction of the function will change as we more throughout the region
depends on the coordinate values of the point (vector function of x,y,z)

Ex 1:-A vector field isgiven as:-

w = 4x?yax — (7x + 2z)ay + (4xy + 2z%)az.

a-what is the magnitude of the field at the point P(2,-3,4).
b-give a unit vector that shows the direction of thefield at P.

c- At what point or points on the z-axis is the magnitude of
wequal to unity.
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Solution:-
a_

W=04x4x-3)ax—(7xX2+2x4)ay+ (8x -3+ 2x4*az

Thenw = —48ax — 22ay + 8az

[w| = /(—482) + (—222) + (82)
|w| = 53.4
b_

_ w  —48ax —22ay + 8az
o lw| 53.4

aw

aw = —0.899ax — 0.412ay + 0.15az

C_

W] = (4x2y)2 + (7x + 22)% + (4xy + 222)2 = 1
On the z-axis then x=0,y=0 then

W] =422 + 42% = 1

4z + 422 —-1=0

Then z1 = 0.455 and z2=-0.455

Thedot product:-
For the two vectors

A and B the dot product , or scalar product ,is defined as: —
A.B = |A||B|cos8 (1)

AlsoA.B=B.A

"

|
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Thenax.ax =1,ay.ay=1,az.az=1

ax.ay =0 ay

For A = Ax ax + Ayay + Azaz and
B = Bxax + Byay + Bzaz then
A.B = (Axax + Ayay + Azaz).(Bxax + Byay + Bzaz)

And by using then dot product of the unit vector then we have aterms
and

ax.ay =ay.ax =ax.az = az.ax =ay.az =az.ay =0
Andax.ax =1,ay.ay=1,az.az=1

Then A.B = AxBx + AyBy + AzBz (2)

1=2 gives

|A| |B| cos @ = AxBx + AyBy + AzBz

AxBx+AyBy+AzBz

Then cos6 = —
|Al|B|

Also A. A = |A|? = A?
ad.aA =1
A.ax = Ax,A.ay = Ay,A.az = Az

The projection of any vector on other one can be given by using the dot
product.
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Projection of Bon ay is

/B\

|B| cos 8 but |Blcos@ “ay

B.ay = |§||c_1y| cos 0

Then |B| cos 8 = = B.ay = By (scalar)

yl
Vector projectionis:-
(B.ay)ay = Byay
Projection of Aon B is

/A\

|A|cos® ~ B

A.B = |A||B| cos 8

=~ |A| cos @ = == = Scalar

b N
E' | [so]]

Vector projection of A on B is

2

)aB Vector
|B]

Ex1:- given F = 2ax — 5ay — 4az and G = 3ax + 5ay + 2az find &
F. G b- the angle between Fand G c- the length of the projection of
F on G d- the vector projection of Fon G

Solution:-

a F.G = FxGx + FyGy + FzGz

ol
o
Il

(@)}

—25-8=-27
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F.G -27
b- cos® = IFIIG] ~ VA+25+16V9+25+4
=27 _ -27 _
cosB = V45v38 (6.708)(6.164)__0'6
~0=130.8
C_
FG_27 _
proj of F on G |s| R =4.38 (Length)
d-
aG = i::de +L_y r iy
|G| 6.164 6.164 6.164

(lGl)aG = (r)aG

=-2.13ax — 3.55ay — 1.42az
The cross product:-

It is also called the vector product ,for the two vector A and B then :

A X B = vector C normal to A, B
And

A x B = |A||B|sin0 an
|A x B| = ABsin0 = |G|
BxA=—(AXB)
If the definition is applied to the unit vectors then
ax xax =0, ay X ay =0, azxaz=0
andax X ay =az, ay X az = ax, az X ax = ay

and:
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ay X ax = —az

For A = Axax + Ayay + Azaz

and B = Bxax + Byay + Bzaz

We have:-

A X B = (Axax + Ayay + Azaz) X (Bxax + Byay + Bzaz)
= (AyBz-AzBy)ax + (AzBx — AxBz)ay + (AxBy — AyBx)az
or written as a determinant: -

ax ay az
Ax Ay Az
Bx By Bz

AXB =

Ex 1:- For A = 2ax — 3ay + az and B = —4ax — 2ay + 5az find A X
B,|A x B|,angle 0 between A, B,an.

Solution:-

L ax ay az _

AXB=|2 -3 1 |=-13ax—14ay—16az="C
-4 -2 5

|Ax B| = |C] =+/(13)% + (14)2 + (16)2 = 24.92

~ = . . |A % B|
|A X Bl = ABsin0 Then sinf = ——=
|A]|B]
0 24.92 ind = 0.99
= = 0.
Y= BIn6e) "

0 =82
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C AxB _—13ax—l4ay — 16az
IC| |AxB| 24.92

an = ac =
Thenan = —0.52ax — 0.56ay — 0.642az

Circular cylindrical coordinate:-

In this system ,the position can be defined by radius of cylinder (p) angle
(@) with x-axis andthez - axis. P (p, 9, z)

p — axis
@ — axis

Z— axis

planes:

p @ —plane (z = constant)
pz —plane (@ = constant)
zQ — plane (p = constant)
unit vector:

ap in p — direction.
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All these axes and plane are perpendicular to each other. Also ap.ap =
1, ap.a@ =0

ap Xad = az, ap Xxaz= ap, azxad = ap

A differential elements can be given as
p—dp
@ — pd®
Zz— dz
dl = dpap + pd® a® + dzaz
dsl=pdpdod az
ds2=dp dz a®
ds3 =pd@dzap
Relation of coordinate axes with Cartesian:
X =pcos@ p =+/x%+y?
y = psin® @ = tan‘li
z=2 z=2
Transformation of vectors can be given as
A = Axax + Ayay + Azaz

and we need a vector in cylindrical coordinates:
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A = Apap + Apa® + Azaz

where Ap = Ep = (Axax + Ayay + Azaz
= Axax.ap + Ayay.ap

AQ =A.ad = (Axax + Ayay + Azaz).ad
=Ax ax.ap + Ayay.a®

and Az =A.az = Az

ax.ap = cos@,ay.ap = sind

ax.a® = —sin@,ay.ad = cos®
ap ag az
ax cosp -sin@ 0
ay sin® cosp 0
az 0 0 1

Ex1:- Transform the vector
B = yax — xay + zaz into cylindrical coordinate

Solution:-

Bp = B.ap = y(ax.ap) — x(ay.ap)

=ycos @ — xsin@ = psinPcosP — pcosPsin® = 0
Bo = B.a® = y(ax.a®) — x(ay.ao)

=-ysSing — xcos® = —psin?@ — pcos?*@ = —p

ThusB = —pa® + zaz
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Ex2 :- given P(6,125° —3), Q(3,-1,4) find the distance from :a- Pto the
origin b-Q perpendicular to the z-axis c- Pto the Q

Solution:-
* Q(3,-1,4) (0,0, 4)

a P(p,92,2) P(6,125,-3)*

X=pcos@ = 6¢cos125 = —3.44

y=psin® = 6sin125 = 4.915

z=-3

=/ (—=3.44)% + (4.915)2 + (3)2 = V11.84 + 24.15+ 9 = 6.71
b- p=x2+y2=4/9+1=3.16
c- PQ = (3+3.44)ax + (-1 —4.915)ay + (4 + 3)az

=6.44ax — 5.915ay + 7az

~TPQ =V41.47 + 3498 + 49 = 11.2
The spherical coordinate system:-

Three coordinate axes (r,0, @)
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r: isthe distance from the origin to any point (x,y,z)

r=x%+y? + z2
Angle 8 measured from the z — axis

the third coordinate @ is also an angle is exactly the same angle
@ of cylindircal coordinate

Three planes:

0@ — plane (r = constant plane )surface of sphere

Or — plane (@ = constant plane)

rg — plane (6 = constant plane)

unit vectors: ar in direction of

af in 6 — direction

a@ in @ — direction

These axes, plane and unit vectors are perpendicular to each other

Differential elements

r— dr and dl = drar
0 — rdf = dl
@ — rsinfd@ = dl
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ar.ar = 1,ar.af =0
ar X ad = agQ ...

ar Xar =0

Differential surfaces:-

ds1 = r2sinfdod@ar in 60 — plane
ds2 = rdfdra® inrf — plane
ds3 = rsinfd@dral  inr® — plane
And dv=r?sin0dd@dr
Transformations can be done:

X=rsiné cos @

y =rsind sin®

Z=r cosh
andr = /x% +y2 + z2 r>0 (0 — )
z
0 = cos™! 0<6<180° (0-m)
\/xz + y? + z?2
ar aod ad

ax.| sinfcos® cosfcos®P -sin@®

ay | sinfsin® cosfsin® cosp

az | cosd -sing 0

o = tan-! (3;’) 0<@ <360 (021

az.ar = cos@

az.af = —sinf
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az.a@ =0

ar.ax is obtained by projecting ar onto the xy — plane and then
Projecting on the x-axis

Ex:- Giventhevector G = (xz/y) ax.express this vector in

spherical coordinates,

Solution:-
= _ Xz _  _ xz . ) cos?p
Gr=G.ar = Zax.ar = Zsin6 coS® = rsinf cosf —
y y sin®
2
- _ _ pd [0)
GO =G.a0 =Zax.a0 = Zcos cosd = rcos?6 =
y y sing

GQ =G.af ==—ax.ad = j;—z (—sin@) = —r cos6 cos®

= G =rcosh cosd (sinb cot@ ar + cosd cotd abd — ad
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2. Coulomb’slaw and Electric field intensity:-

Charges either positive or negative with different shapes (points, line,
Surface, or volume) distributions. These charges give electric force on
each other electric field electric flux.....

et +++ e e e e e e i * 4+ Q *. Q
Charge of one dectronis-1.6x 1071° ¢ = charge of proton

A negative charge of one coulomb represents about 6x 108 elect.

Coulomb’slaw:-

Stated that the force between two very small objects separated in a
vacuum or free space by adistance which islarge compared to their size
is proportional to the charge on each and inversely proportional to the
square of the distance between them or.

17l = k 2 = Pl = P2
02 F2
R
F1 01
= =9 x10°

4'7'[60
F
Where €, = 8.85 x 10712 — = permittivity of free space

= Q1Q2
Then |F| = p—

Along the line join the two charges so the force
OnQ2is
Q1Q2 _ _

F2= % a,=-F1
4me R2, 12
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R12

a,, = —— = unit vector alng Ri2
|R12|

For many point charges then F on each oneisthe sum of the forces from
other

F=F1+F2+F3+--
Ex:- Two point chargesin free space Q1=3x 10~*c at p (1, 2, 3) and
Q2=-10"*cat(2,0,5)find F1 on Q1 and F2 on Q2.

Solution:-
Q2F1

Q1lF1

/

R, =2 —-1Dax+ (0—-2)ay + (5 —3)az

R, fromQ1to Q2is

~ Ry, = ax —2ay + 2az

Ry, ax—2ay+2az

a;; =

IRzl 3
_ 1Q2a 3x107*(—10"%) sar — 2ay + 2az
¢F2=911;2=9x1m ( )< 24 )
4megR, 9 3
_ ax —2ay + 2az 3 3 B
F2 = —30( 3 ) = —10ax + 20ay — 20az
F1=—F2 =10ax — 20ay + 20az N
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Electric field intensity:-
It is defined as the force per unit charge

E F 0
=— r
Q
F2="2
Q
E=E1+E2 +E3+
. Q
E= aR
4me R? ¢
- R
aR = —
IR|

Etat P(x,y,z)is
Et=E1+E2+E3+ -

WhereE1=K<%a,,E2 =K<a, ,E3
R? R2

Q3 _

— a3

R3

Ex:-A point charge Q1=2Mc is located at P1(-3,7,-4) in free space while
Q2=-5Mcisat P2(2,4,-1) at the point P3(12,15,18) find E, |E|, aE the

Force on 25nc at this point (P3).

Solution:-
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Then R1 = 15ax + 8ay + 22az

|R1|=V152 + 82 + 222 = 27.8

R 15ax 8ay 22az _ _ _
— = 0.539ax + 0.287ay + 0.79az

“ER T 278 T278 278
_ 2%x107° _ _ _
~E1=9x%x10° 7(0.53961)6 + 0.287ay + 0.79az)
_ Q2 _ & _ _ _
E2 = K?a2 but R, = 10ax + 11lay + 19az
2
IR,| =+/102 + 112 + 192 = 24.1
Eg =0 109 —5x 1076 (10 — Rl 19 _)
TEe= 582 241 T a1 T a1

~E=E1+E2= -195ax —285ay —424az —

|E| = 54.7

E
ak = ﬁ = —0.356ax —0.521ay—0.776 az
F = QE

So the field of n point charges is given by:
_ Q1 _ Q2  _ Q3

E(r) = a, + a
(r) Ame,R? ' 4megR2 ° T 4meyR?

as + -

m  _
Q a.

Or E(r) Y =

4megRZ,
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Field due to a continuous volume charge distribution:

Charges may be given as volume charge distribution with density of

Py (#) or can be distributed on surface with density pq (#) or

distributed on line with density p, (i)

If we have small amount of charge AQ in asmall volume Av then
AQ = p,Av

O Q=[ffpydv = [, p, dv

For the surface

Q= [[ psds and for theline

]Pz dl

Then [ forvolume, [ forsurface, [ for line

dl , dsand dv are given for the three coordinate system.

Ex1: - calculate the total charge with in each distribution
a 10% oncircular regionp =2,0< ¢ < 180°
b- 1OM—§ onr=40<6 <90°
m
c- 10 through1 < x<2,2<y<3,1<z<4
m

Solution:-

a Q=[pldl = [pl(pd®) =10x107° [*pd®
£ Q =10 x 1075 (2)[]F = 20nMc
b-Q=[fpsds=[, [, 10x107° (r’sin6 dOd®)
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™
2

=160 x 107 (fo
=3207 x 107°°C
c- Q=[f[ pvdv = [[f pv (dx dy dz)
10x 107° [ fy J, dxdydz

=~ Q =10x 107° [x]? [¥]3[2]1 =30 Mc

Ex2:-calculate the total charge in electron beam shown with [=2cm

length assuming that the charge density be:
pv = =5 x 107¢(e~19""*)c/m? , radius = 1cm

Solution:-
Q=Jff pv dv
Butdv=pdp dd dz

0.04

Q= fo.oz fozn f00,01 —5 S0 il pdpdddz

_ r0.04 ~0.01 -5 —105pPZ
~Jo.o2 J‘0 107~ me pdp dz
_0.01,-107%T _405,, z=0.04
Q=ly (s, € P dp)
0.01

— j _10—10n(e—2000p _ e—4000p) dp
0

—2000p -4000p70.01
_ e e
=—10710r | - ]
—2000 —4000 19
2000 4000 40

sinf do) (f021'r d(b) = 160(2m) X 107° [—cos6]

T

2
0
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Field of a line charge:-
Let us assume a straight line charge extending a long the z-axis in a
cylindrical coordinate system from -L1 to L2 (for finit line ) or from -

X to ™ (for infinit line), this line with uniform charge density pl i

To find the electric field (E)at any point near this as shown in figure
below then use the differential element dl with total charge dq where

aQ

dQ=pldl,dE = TneOR2 ar
and

= pldl _
dE = 4me®R?

R=pap +zaz and |R| = /p?% + z2
a z
ar = par + az
\/p2+22 \/p2+zz

dl=d/z
E=E +E
ldzp pl dz sinf
dEp = P =
p 47T60(p2+22)% 4me®(p2+2z2)

for all the element then

¥
Z

pldzp
B= |

dz
) 4med(p? + 22)2 j (az®>+b)™  a(m—1)(az?+ b)"

E =

pl z 7
Ame®p | [p2 + 22 ap

“E=L_ap v/m
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Ez =f_°°oo L(Z)E; =0  (for summetry line)

41y (p2+22)2
There are many other ways of obtaining this field one of other, using
the angle & where z = p cot@ and dz = -p csc?8 df and R = p csc6 use
these in the above relation to get the same answer .

Ex:- 20 Mc is distributed on infinite line (x=z=0) find E at (3,4,8) then
estimate Fon 5nc located at this point.

Solution:-
_ pl _
E =

2TEP “ap

But 5 = 3ax + 8az

| = V9 + 64 =73 = 8.54

p=1p
Gp=to 3 g + 8 a = 0.53ax + 0.936a
ap—|ﬁ|—8-54ax 8.54az— 53ax 936az

_ 20x10°° 3 3 _ 3
W E=—————(035ax+0936az)=()ax+ ()az

2T€

Field of a sheet of charg :-
Consider infinite sheet of charge having auniform desity of ps = if this

m2
sheet is placed in the yz-plane and symmetry in the y, z then the
resultant field will be in the x-direction only. Hence only Ex is present

and it is a function of x.

By dividing the infinite sheet into differential-width (dy) strips then

pl = psdy
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And R = xax + yay

_ xax a
IRl = x? +y?and aR = yay
VX2 +y? \/xz + y?

By symmetry there is no-y components.

apx =2 () oronsur)
L abExX = or on strip
2megy/x2 + y2 \Jx2 + y2
Then for all the strips
__pSooxdy__ps ooxdy__i —1Zoo—
E = 21 f_oo (x2+y2) ~ 276, f_oo (x21y2) ax = 2meq tan (x)]_oo ax
_ ps _ v
- E= ax — (forx>0
21E m (f )
F=_"P gy X
And E = P — (forx < 0)
Or in general
> S %
E = e an —
260 m

Ex:- Three uniform sheets of charge are located in free space as follows :
2uc/m? at x=-3, -5 uc/m? at x =1, and 4uc/m? at x = 5 . Determine E at

the point
a- At (0,0,0)
FT =22 gx =282 106
260 260
106 _
= —ax
8.85

EZ ,(2)52 ax) —5x10" ( ax)
€o

5x10° _
= ax
2X8.85
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= s3 4><10 —2x10°% _
E3 =22 (— ax) = ax
2€, 8.85

_ _ _ kv
~E=E1+E2+E3= 169.4&x;

b- At(2.5,-1.6,4.7)
_ 1 _ _
 E = T [2Xx107%ax —5x 10" %ax — 4 x 107° ax]
0

kv
= —395ax—
m

- E=FE1+E2+E3=—[2x10"%ax—5x 107%ax + 4 x

2,
107° ax]
=56.5 ax H
d- E = Z [—2 X 1076 @x + 5% 1076 ax — 4 x 10~%ax]
0
- .56.5ax =&
m

F =QE (at any point)

Streamlines and sketches of fields

Any charge of certain location and distribution has electric field lines can
be drawn either by using a test charge or mathematically using line
equation , for simple cases such as point charges charges these lines
are:

IR|

In two dimensional field (xy-plane), the streamlines can be given using
the relation :

Ey dy
Ex  dx
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Using the values of Ex, Ey then solve the resultant differential equation
to get the equation of the streamlines

Ex:- uniform infinite line charge with pl = 2me, draw the streamlines in

the xy-plane.

Solution:-

F= P ap=2_ L (cospax+sinday)

= ap = —=—= (cos@ ax +sin@ ay
2TELp p [%2 + y?2

- X . y 3 - Ex dx
~E = m ax +m ay <thenusng—y = d—y)
__x AN

But Ex iy’ and Ey = Y

dy Ey vy dy dx
T dx Ex x . Vo aA'x

Therefore
Lny=Inx+Inc
-y = cx where c:constant 0,1,—1 ...

Ex:- a- find the general from of the equation for the stream lines of the
field E = 10 xy ax + 5x%ay

b- Sprcify the direction of E at (2,3, —5)

Solution:-
E d
- X = then
Ex dx

5x2 dy x dy
= — D — = —
10xy dx 2y dx

.°.f2ydy=fxdx
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2

Lyl = - tc (where c: constant)

b- E =10 (2)(3)ax + 5(2%)ay

=60 ax + 20ay

IE| = /602 + 202 = 63.24
60 _ 20
63.24 “* T 6324

= 0.949ax + 0.316 ay

waE = ay
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3. Electric Flux Density, Gauss's law and Diver gence: -

Electric flux 1 isastreamline coincident with the field lines measured
in coulomb. If we have appoint charge Q (coulomb). This charge gives
total electric flux of

Y =0
Electric flux- density: (D) measure in coulomb per m? or lines per m. D
isavector field its direction at apoint is the direction of flux lines at that

point and the magnitude is given by the flux lines crossing a surface
normal to the lines divided by the surface area

|D | = ch‘zr at r=a
4T a

|ID|=—% ar at r=b (.
41 b2 R

Q

41 a?

Or at any redial distance | D |= ar c/m?

But E at distancer from the point chargeis

ar therefore

41 a?

5: €0E C/m2
Also we can get the electric flux as

Y = [[D.ds colomb

P = EOHE.E
Y = ijdSCOSQ
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Ex1: Giventhat D = 2x2y? ax + 4x3z%y ay. Find § crossesthe
surface es:

a x=31<y<2 0<z<4.
b) y=2,1<x<3, 1<z <4
) z=52<x <3,1<y<5h.

Solution:-
= J[D.ds
a) ds=dydzax
¥ = [[2x?y* dydz =2(9) [z]§ [3] =168 ¢

b) ds = dxdzay

x* 7§
P = ﬂ 4x3z%y dx dz = (4) (2) [Z]i [?]‘1* = 3360c
C) ds=dxdyaz
P =0
Ex2:- 10uc point chargeat (0, 0, 0). Find ¢ at :-

a r=50<6<90°
b) 8 =30 1<r<4,0 <¢ < 90°

Solution:-

a)
2m

f]

Yy =0 where D =47TQT ar and ds = rsinf d¢dr ad

(r sinf d6 d¢) = g = 5uc.
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Gauss'slaw:-
It states that the electric flux passing through any closed surfaceis equal
to the total charge enclosed by that surface.

Y = fd¢=j£5.d§=Qenc

N

Q enclosed may be point charges line, surface or volume then

n=1

N
Y = jd¢=j€f).d§=Q= Qn point charges
S
fpl dl line

j j psds surface

J f j pv dv volume

For volume charge distribution (pv) then

Yiotal =#5.d§=jﬂpvdv=Qenc

Applications:

a- Point charge:- consider point charge Q (coulomb) at the origin
then at distance (r) the electric field E is

E=-—Y ~ ar
4TEGT —
D = ¢ FE = ar

4mr?
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Choose a closed spherical surface with radius (r) then apply
Gauss's law:

l/J:#ﬁ.ds‘:#ﬁ.(rzsianQd(bdr)

sy = [T [T(=5ar).(r*sin 6 df dp ar)

4112

Q (2 .
=, Jy sin6 d6 do

= 1 [27[ cos 6] P —
= 2L [4n] = |

SO = Yiorar = Q enclosed

b- Line charge:- for infinite line charge with = pl c/m then choose
Gauss's surface as cylinder with radius p then on this closed
surface

Q = @]__)ds_ = ffsides Dsds + Oftop ds + Ofbottom ds

#Q= D [ [" pd® dz = D, (2mp))

Q S S
~ D, = 2, but Q = jpl dl = p;l .
L P SN
P 2mp 21EYp P

c- Surface charge :- if we use cylindrical surface with p, on the
cylinder p = a then apply Gaussslaw at p < aandat p > a at

p<athen $$p 45 =0 then
D=0, E=0 It
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Atp > athenQ = ffpsds=psfolf02”ad®dz

Q=ps [2m al]
Then ¢ D .d5 = 2malp,

D [2m pl] = 2mal pq

= _aps _
D= ap
p

Thisresult can be given in terms

af p; asp, = 2maps then p; = 2=

21Ta

D=2>" g
SO D_anap

d- Differentia volume element:-

We are now going to apply the methods of Gauss's law to un

symmetry problem, the differential volume with charge p, ¢/m3 for

thevolume Av = AxAyAz. and point p(x,y,z) isthe center of this
volume where D at this pointis Dy = Dxo ax + Dy, ay +

D,, az c/m? apply Gauss's law to this surface then :

¢ D.ds=Q

the closed integral must be broken up into six intgrals on over

Each face

fﬁﬁ=ﬂf@g+ﬂﬁd%+ﬂﬁd%+ﬂﬁda+ﬂﬁd&

+ﬂﬁﬁg
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ds, =dxdzay = —dss
d§3 = dx dy az = _d5_6

then [f D.ds, + [f D.ds, = 2= Ax Ay Az

_ _ 0Dy
ij.dsz+ﬂD.d55 =WAxAyAZ

— — 0Dz
ﬂD.dsg+ﬂD.ds6 =EAxAyAZ

'#Ed"— _(an_I_aDy_l_aDz>A
“§f D45 =0 =\l oty

Divergence:-
from the above relation we have :

6Dx+6Dy+6Dz_gﬁ,51_).d§_ Q
ox dy 9z  Av  Av

Or, as a limit

opx 9py opz . D.ds _
ax | 9y | 0z a0 Ap | TAvo0Rpy
And

oDx n oDy n oDz _ o, — divergenceﬁ

0x ady 0z
or

v D= di l_)_an+6Dy+6Dz_
e =y Ty T az

Pv

V.D = p, (maxwell'sfirst equation)
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. — 18 1 9D9 , 9Dz .
divD = % (pDp) + Ty +— (cylindrical)

L 2 (sinf DO) + —

ivD = L 2 (2 9b9 -
divD = r2 or (1‘ DT) +rsin0 00 rsing 99 (Spherlcal)

The divergence theorem:-
For §§ D.ds = Q and letting

Q=[f[ p,dv andV.D = p, then

[[pas=a= [[ oae=[fwmrar

Or

#5.d§ = H (V.D)dv = total fux Yo = Qonec

Thisisthe diver gene theorem in electrostatic.

Ex1:- determine on expression for the volume charge density that gives
riseto the field:

a D =e*e e 22(2ax — 2.5ay — az)
b- D =e 22(2p@ ap + pa® — 2p*@az)
Solution:-

= d0Dx . 0Dy . 0Dz
a V.D =pv =
p 0x T ay T 0z

But D, = 2e**e™>Ye??then

oDx — 8e4xe—5ye—22
0x

E)Dj = 12.5e*¥e5Ye~2z
dy

0Dz

— Ze4xe—5ye—22
0z
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wpv = (84 125+ 2)e*¥ e Ve 27 = 22.5e* eV 22

D, = 2p@e~%* then (pDp) = 2p*@e~?* and

2z

d _
P (pDp) = 4pQe

10
— (pDp) = 4@e™?*

o-; ap
oDQ 1 0DQ
E R I [
0Dz
— 2 -2z
0z proe

o p, = 40e 7?7 + 4p% P e %% = 4Be ?%(p? + 1) ¢/m?
Ex2:- The électric flux density in free space is given as

D = 2xy ax + x?ay c/m?. Evaluate both sides of the divergence
theorem for the rectangular parallelepiped formed by the planes x=0 and
1y=0and 2 and z=0 and 3.

Solution:-

#5.ds‘= ﬂf(v.ﬁ)dv

L.H side R.H.side

Uﬁ.d§=ﬂ5.d§1+ﬂﬁ.d§2+ﬂﬁ.d§3+ﬂ13.d§4+ﬂ13.d§5
+ [[ D.dsg
ds, = dxdzay = —ds;

d§3 = dxdyc_lz = _d'§6
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#5 ds = Of(f(ﬁ)x:l - (dydzax) + f f(ﬁ)xzo (—dydzax)

31 31
+ f j(ﬁ)yzz - (dxdzay) + f f(ﬁ)yzo - (—dxdzay)
00 00

|| @oms - @xayaz) + || @),mo(-dxdyaz)

3 2

#5 ds = Ofof(Dx)x:ldydz — Oj 0J(Dx)x=(,dydz

3 1 3 1
+ j j(DY)y=2 dxdz — f j(Dy)yzodde +0+0
00 00

however, (Dx)y=¢ and (Dy),—o = (Dy)y=; ,wich leaves
3 2

# §=ijydydz—f4dz=12C
0 0

dDx 0Dy 0Dz
+ +
0x dy 0z

V.D =

—6(2 )+a(2)—2
-~ ox 4 ayx_y

3 21 3 2
ﬂ (V.D)dv = jJJZy dydxdzzijy dydz
00 0 00

3
=f4dz= 12C
0

~LHS=RHS=12C
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The it is a prove of Gauss'slaw.

4- Energy and potential, Gradient, Dipole:-

if we attempt to move the test charge or any charge (Q) against the
electric field, we have to exert a force equal and opposite to that
exerted by the field and this requires us to expend energy or do work if
we wish to move the charge in the direction of the field, our energy
expenditure turns out to be negative we do not do the work, the field
does.

Suppose we wish to move a charge Q a distance dl in an electric field E.
Theforce on Q due to the electric fidd is:-

Fz = QE the component of this force in the direction dl is: —

F;, =F.a; = QE.a, (@;:unit vector in dl)
The force which we must apply is equa and opposite to the force due to
field.
Fappr = —QE.q,

And our expenditure of energy is the product of the force and distance:
dw=-QE.q;dl = —QE.dl

energy = work done=dw =- QE.dl

final =

oo w=-Q E.dl Joul —

initial

So the work required to move the charge a finite distance in the
electric field is

() (2)

Wy, = —Q f E.dl= —Q fEdlcosQ
(1) €Y
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Ifg =0 =i

w,, = negative (maximum)

If6 =90°,w,; =0 (nowork done) v e

If 6 = 180° w,; = max(+ve)

|

dl = dxax + dyay + dzaz (cartesian)
dl = dpap + pd@ad + dzaz (cylindrical)
dl = drar + rdfaé + rsin 6 dpa® (spherical)

Ex1:-A nonuniform electric field is given by:
_ v
E =yax + xay + Zazg. Determine the work expended (energy )

In carrying 2C point charge from B(1,0,1) to A(0.8,0.6,1) along the
shorter arc of the circle x? + y2 =1,z =1

Solution:-
in Cartesian, dl = dxax + dyay + dzaz

Was = —Q [T E.dl = =2 [(yax + xay + 2az).(dxax + dyay +

dzaz)

0.8 0.6 1
-'-WAB=—2jydx—2dey—4jdz‘
1 0 1

Using the equation of the circle then

y=vV1l—x2, x =/1—y?

we have
w=-2[ " VI—x? dx—2 [ °J1T—y% dy—0

using table of integration [ V1 — x2dx = % [xV1—x2 + sin"! x]
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aw=—[xy1—x2 +sin™t x]%8 — [y/1 — y2 + sin~1 y]2¢
=-(0.48+0.927-0-1.571)-(0.48+0.644-0-0)
~w=-096]
Ex2:- Use Ex1, then find w,p by slecting the straight line path
Solution:-
We must determine the equation of the straight-line.

X-Xp = A2

— (Y —Yp) 1

(0.8-1)
(X-1)=3 (y - 0)

X-D= =2y

~y=-3X—-1),z=1 (fromyzequ.)
Thus w=-Qf E.dl which gives
W=-2f10'8y dx — 2 f00'6x dy — 4[11 dz
W=6["" (x— Ddx -2 [° (1 - g) dy

~w=—0.96] (thesameresultasinexl)

Ex3:- infinite line charge of p; = 20Mc/m aong the z-axis. Calculate the
work done to move 50 nc point charge from A to B where:

a- A(3,60° —8),B(3,120°,—8)
b- A(3,60° —8),B(7,60°,—8)
Solution:-

B — .-
Wpga = _Q fA Edl

ButE =2 ap

ZT[EOp
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Anddl = dpap + pd® a® + dz az

& Wpa =
=0 _ _
—50 x 107°[[* p1 mecs ap.dpap + fm 21Tpel — ap.pddad
z2 p
+ Znelo ap.dzaz=°|
3
= —-50x 10
S Wpga = 50 _].27'[6'0'0
3
b- wy, = =50 x 1072 37%

— -9 ( Pi 7
= -50% 10 (E) [In p]Z
= 50x 10~2 (18 X 10%)(20 x 10~®)[In3 — In7]

=18x 1073 [In3-In7] Joul

Potential difference and potential:-

The potential difference V,,, is defined as the work done (by an externa
source ) in moving a unit positive charge from one point (b) to another
(@)in an electric field.

amal) 5 gl (volts)

—Wab _ _
Vap = o b(init)

Vap = Vo = Vp = Vfinal — Vinie
Where V,: potential at (b)and V, is the potential of (a)
Ex1:- For the point charge Q = 30 uc at (0,0,0) find the potential

difference between b (8,6,7) to a(4,30°, 60°) then estimate the potential
in each point .

Solution:- A A (B

Vap = — [ E.dl 2 0% gt
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ButE = ar ((in spherical coordinate ))

4ENT?
Then

dl = drar + rd8aé + rsin 6 dpao

_[m Q dr ] Q 1
b

‘e V = e —_
ab Amegr? | 4me, [r]m

Q7.0

oo - I/a = Vb
drtegr,  4megry

r, =82+ 62+ 72=122andr, = 4

Nt g [1 1
SO Ane | 441000
=9 x 10° (30 x 10 ~6) (0.168)
= 45.36 KV
Vo= —2  _ 9x10° (30 x 1076)(0.25) = 67.5 KV
C 4me,ry,

v, ¢  _ 9 x 10%(30 x 107°) (0.08196) = 22.14 KV

4egty,
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Ex2:- Two point charge Q1=10uc at (2, 4, 5) and Q2 = 20uc at (-3, 6,
2). Find the potential at (O, O, 0).

A\
I\

Solution:-
Vp = Q ,7/’.--. }
41E)Ty, N
Q _9x10°(10x107%) _ 9x10*
V, = =134 x 10*V
477507”1 V22 4 42 4 52 6.7
Q _9x10°(20x10°%) 18
1% — X 10* =2.57 x 10%V
27 4meor, 913614 7
V=V,+V,

If there is areference point then

a
+c
J 477,'801'
b

Where c is constant of the integration to be calculate.
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Potential field of a system of charge:-
The potential field of a single point charge Q, located at ryis

S R
41e%7r; 2] ks
For a group of point charges: )
y = —= 2 4o 4
p 4meOry  4megr, 4T€( Yy

orV, = yrzl 2

p =1 4reory
If we have line charge with p; c/m then
_ pLd;
V,=J —— \volt

4meEGR

For a surface charge distribution then the potential volt is:

ﬂ 47T60

These are the potential at one point if we need the potential difference

For volume Vp is:-

then Vp should be calculate
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Ex:- find the potential at (0,0,10) caused by each of the following charge
distribution in free space

a- Ring:p, =51/, p=4,2=0
b- Disc: ps =2”C/m2,OS p<4,z=0

Solution:-

f prdp

4-7TEOR

=pd® and R = —pap + zaz

IRl =R =/p? + 2% = /42 + 102 =116

s
4dQ _45%x4
V, =5x107%(9 x 109)J

@]3™ = 33.431 volt
) \/116 V116 (2o

v, = 104.9 volt

V= [

4mEQR

ds =pdpd®

R=4/p% + 2% =p2? + 100
4 21

d
V—2><109><9><109 jf p e

Vp?+100

= 18(2m) _[ ot 100)2

1
v, = 367Tj(p2 +100)72 pdp = 36m[p? + 100]2

~ V, = 36m[V116 —V100] = 87volt

H.W:- calculate the potential difference from (0,0,10) to (0,0,6) for both
cases.

Hint: calculate V,at (0,0,6)then find the difference for the tw solution.
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Potential Gradient:-
The electric field intensity E can be found from the potential field V
using the reverse direction: for the general relation

V=-[E .dl this may be applied to a very short element of length Al
along E, the potential difference AV is :-

AV = —E.Al where Al = Al al
AV = —E.Alcos@
AV

— = —FE cosf
Al

Or% = —FEcos 0 this can be maximumwhen 8 =7
Then % lmax = E (E, Al in opposite direction)

E opposite to increasing in potential

dv dv

dl |max - ﬁ

dv dv dv
AISOAV_an-i_EAy-l_EAZ
=& ax + Zay + Zaz). (Axax + Ay=2 ay + Azaz)
“ax dy y dz ) y y

=-E.(AD)



University of Anbar
College of Engineering
Department of Electrical Engineering

Electro-magnetics |
Dr. Ahmed A. Abbas

~E=—gradV =-VV

V is the deal operator:

ov _ ov _ ov _ .
VV = 7 0% + 5ay + 5, W (Cartesian)

v _ 10V _ v _ -
VV = %ap + > ﬁa(z) + 5, 42 (cylindrical)

v _ 19V _ 1 v _ .
VV = 5, ar+-— ad + oind 20 a (spherical)

Ex1:- Given that the potential V=2x2y3 + 4xyz? mV find E at (4,5,8).
Give expression forp, ¢/m?3.

Solution:-

E=-VW=—|—ax+—-—ay+—az

av av . adV _ ]
0x dy 0z

v _ 3 2
But Pl 4xy> + 4yz

av

3 = 6x%y? + 4xz?
v _,

5, = 8xyz

W E = —[(4xy3 + 4yz¥)ax + (6x2y? + 4xz*)ay + (8xyz)az]
D = —Ey[(4xy3 + 4yz®)ax + (6x%y? + 4xz?)ay + (8xyz)az]
At (4,5,8) then

E = —[16(53%) + 20(64)]ax — [6(16)(25) + 16(64)]ay
— [(32(5)8]az

=-3280ax = 15424ay — 1280az

dDx 0Dy 0Dz
+—=+
0x dy 0z

p, =V.D =
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6Dx_436Dy_122 6DZ_8
ox Y Tay T N YT T

s py = (4y3 4+ 12x%y + 8xy) x 1073 ¢/m3

The dipole:-

An electric dipole (or a dipole) is the name given to two point charges of
equal (magnitude and opposite sign, separated by a distance which is
small compared to the distance to the point p at which we want know
the electric and potential field.

At point p, the potential from both charges +Q ,-Q is

V= Q [i _1 |
47T€0 R1 Rz ‘

_Q [RZ_RI]
477,'60 R1R2

For r >»>> d then \ |

J”"“T

R1=r—%c059

R, =7 +—cos0
2 =T+ oS

~ R, —R, =dcosf .

d
R{R, =r2—(Ec039 2 = p2

dcos® od .ar p.ar
V= < volt orV= < =
4T€(T 2 4TE(T2 4T€(T2
av _ 1 0V _ 1 av _
E=-VV=—[— ar +- —adb —a ]
or +r 00 +rsin6 (3]0 Q)
dcosf _ dsinf _
=-[- ¢ ar —° ad]
2megr3 4T€(T3

Or
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E= 2cos@ ar +sinf ad] v/m
Ameyr3 [ Iv/
Ex1: A dipole at the origin in free space has a moment of 4007 (0.6ax —

0.75ay + 0.8az) c.m. Find :

a) The potential at (0, 0, 5)
b) The potential at(2, 3, 4)

Solution

a)

P =400m(0.6ax — 0.75ay + 0.8az)
r =5az then ar=az

P.ar 0.8(400mre,) 80 80
= = = — = 2.3 volt

V= = =T
4meyr? 4eyr? 7 25

b)

r = 2ax + 3ay +4az
|7|=V4 + 9 + 16 = /29 =5.385
az

1.2 225 3.2

= _ 100 — +

_ P.ar _ N NN
4Ameyr? 29

= 1.59 volt

Ex2:- A dipole in free space is formed by a charge of 1nC at at (0, 0, 0.01)
and -1nC at (0, 0, - 0.01). At point p(0.2, 45°,0°) find E, |E] .

Solution:-

[2 cosB ar + sinf af]
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1 x 107°(0.02)
(0.2)3

(9 x 10°)[2 cos 45ar + sin 45 ad]

=31.8ar + 15.89 a6 V/m

|E| = {/(31.8)2 + (15.890)2
= 355V/m.
Energy density in the Electrostatic field:-

The electric charges produces energy stored in a region these energy
stored can be expressed as: for a group of point charges (Q4, Q5, -.....0.)

N=m
1 1
W, =5 [QVi+QuVy + 5 OVl =5 > QnVa
N=1

Where V;:- potential at position of Q;from other charges if we have
continuous charge distribution then

dv: differential volume

V:- potential
We == flf p, Vdv =< [[[(V.D)V dv
Or

1

W, == f[f(D.E)dv = - [[[(&E?) dv Joul

T2

The energy density is

aw, 1 D.E = 1 g2 [ /m3

I —3 D —280 Joul/m

Ex: The electric field of coaxial cable is E = iL; ap at any radius p
0

where a < p < b. ps is surface charge density on inner conductor find
the energy stored in L length of cable.

Solution:-
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