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Heat Transfer

Conduction heat transfer

Course Topics
1. Heat Transfer Mechanisms.

2. Heat Conduction in Plane Walls, Cylinders and Spheres as well as

Multilayered Plane Walls, Cylinders and Spheres.
3. Heat Transfer from Finned Surfaces.

4. Heat Conduction Equation in a Large Plane Wall, Long Cylinder
and Sphere.

S. Lumped System Analysis and Transient Heat Conduction in Large

Plane Walls, Long Cylinders, and Spheres with Spatial Effects.
6. Thermal Radiation, the View Factor and View Factor Relations.
7. Radiation Heat Transfer: Diffuse, Gray Surfaces, Radiosity.

8. Radiation Shields and the Radiation Effect.

Course Description:

This course is an introduction to the principal concepts of heat
transfer methods. Heat transfer occurs when the temperatures of
objects are not equal to each other and refers to how this difference
is changed to an equilibrium state. This course focuses on two

different mechanisms of heat transfer; conduction, and radiation.
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Recommended Textbook(s):
1. J.P. Holman, "Heat Transfer", 9th Edition, 2013.

2. Yunus A. Cengel, "Heat Transfer, A Practical Approach", 2nd
Edition, 2012.

3. F.P. Incropera, D.P. Dewitt, "Fundamentals of Heat and Mass

Transfer", 2011.

Lab Topics:

1. Linear Heat Conduction,

2. Radial Heat Conduction,

3. Thermal Conductivity of Liquids,

4. Conduction Heat Transfer from finned surface,

5. Heat Transfer by Radiation.
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Chapter one

Basics of Heat Transfer

1.1 Definition

The heat can be defined as the form of energy that can be transferred
from one system to another as a result of temperature difference. The
science that deals with the determination of the rates of such energy

transfers is heat transfer.

The temperature difference is the driving force for heat transfer, just
as the voltage difference is the driving force for electric current flow

and pressure difference is the driving force for fluid flow.

1.2 Applications of Heat Transfer

The human body is constantly rejecting heat to its surroundings, and
human comfort is closely tied to the rate of this heat rejection. We try
to control this heat transfer rate by adjusting our clothing to the

environmental conditions.

Many ordinary household appliances are designed, in whole or in
part, by using the principles of heat transfer such as the heating and
air-conditioning system, the refrigerator and freezer, the water
heater, the iron, the computer, and the TV. Of course, energy-efficient
homes are designed on the basis of minimizing heat loss in winter

and heat gain in summer.
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Other applications are car radiators, solar collectors, various
components of power plants, and even spacecraft. The optimal
insulation thickness in the walls and roofs of the houses, on hot
water or steam pipes, or on water heaters is again determined on the

basis of a heat transfer analysis with economic consideration.

Ear rdiiors Eoiraeerarion = velems
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1.3 Engineering Heat Transfer

Heat transfer equipment such as heat exchangers, boilers,
condensers, radiators, heaters, furnaces, refrigerators, and solar
collectors are designed primarily on the basis of heat transfer

analysis.

The heat transfer problems encountered in practice can be

considered in two groups: (1) rating and (2) sizing problems.

1.4 Forms of the heat

The term heat and the associated phrases such as heat flow, heat
addition, heat rejection, heat absorption, heat gain, heat loss, heat
storage, heat generation, electrical heating, latent heat, body heat,
and heat source are in common use today.
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The amount of heat transferred during the process is denoted by (Q)
which measured by J. The amount of heat transferred per unit time
is called heat transfer rate, and is denoted by (Q) and measured by
J/s or W. The rate of heat transfer per unit area normal to the
direction of heat transfer is called heat flux, which is referred by (q),

and the average heat flux is expressed as Q /A, and measured by

W /m?2.

1.5 Heat Transfer Mechanism

Heat can be transferred in three different modes: conduction,
convection, and radiation. All modes of heat transfer require a
temperature difference, and moves from the high-temperature

medium to the lower-temperature medium.

1.5.1 Conduction Heat Transfer

Conduction is the transfer of energy from the more energetic particles
of a substance to the adjacent less energetic ones as a result of
interactions between the particles. Conduction can take place in

solids, liquids, or gases. The rate of heat conduction through a
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medium depends on the geometry of the medium, its thickness, and
the material of the medium, as well as the temperature difference

across the medium.

Wrapping a hot water tank with glass wool (an insulating material)
reduces the rate of heat loss from the tank. The thicker the
insulation, the smaller the heat loss. The hot water tank will lose heat
at a higher rate when the temperature of the ambient is lowered.
Further, the larger the tank, the larger the surface area and thus the

higher rate of heat loss.

The rate of heat conduction through a wall is ' T~

proportional to the temperature difference across the

D E——
wall and the heat transfer area, but is inversely | - 2,
proportional to the wall thickness.
: ! I's f
0 e il YT (W) (1.1)

Ax i
where k is the thermal conductivity of the material, which is a

measure of the ability of a material to conduct heat.

o dT .-
x I-!I ‘lT i - M II fh 54 :I!I W (1-2)

ek i ) i - gy

which is called Fourier’s law of heat conduction. The dT/dx is the
temperature gradient, which is the slope of the temperature curve on

a T-x diagram at location x. The temperature gradient becomes
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negative when temperature decreases with increasing x. The negative
sign in above equation ensures that heat transfer in the positive x

direction is a positive quantity. Or for the heat flux;

@ _ _dl (1.3)

A general statement of the conduction rate equation can be written

as follows:
. i1 BT ) = ol
rl||| —] K |'|'I".'-|.|I.:_E:II.I.- oy = k olx i . iy = —II:_ |-'|I'_|' II|'1I Il_|l‘
¢ = —#9r= k{2 + ;2T + k2T (1.4)
where V is the three-dimensional del operator = sl consuctiuiiie of s
and T(x, y, z) is the scalar temperature field. Mt b, Wim . C”
Diarmandd >0
Silver 424
The thermal conductivity of a material is oy a0
3oid 317
the rate of heat transfer through a unit *'mnr s
thickness of the material per unit area per unit Ef;;-,"'"’ 10 E ::
Erichk 72
temperature difference. It is a measure of the watr i) 0.613
Humaan sKEin 037
material ability to conduct heat. A i
Soft rubber 0.13
The thermal conductivity can be measured [* " s
Urethane, righd foam 002e

experimentally as follows, see the Figure. A

layer of material of known thickness and area can be heated from
one side by an electric resistance heater. If the outer surfaces of the
heater are well insulated, all the heat generated by the resistance

heater will be transferred through the material whose conductivity is
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to be determined. Then measuring the two surface temperatures of
the material when steady heat transfer is reached and substituting
them into the equation shown together with other known quantities

give the thermal conductivity.

The range of thermal conductivity of various materials at room

temperature is shown in the following scheme.
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The ratio of the thermal conductivity to the heat capacity is an
important property termed the thermal diffusivity (o) which has units
of m2/s:

= e

Py

(1.5)



University of Anbar | & ] Third year

College of Engineering | [ Heat Transfer-I
Dept. Mech. Eng. - Dr. Hamdi E. Ahmed
1st semester 2021-2022

It measures the ability of a material to conduct thermal energy
relative to its ability to store thermal energy. Materials of large o will
respond quickly to changes in their thermal environment, whereas
materials of small a will respond more sluggishly, taking longer time

to reach a new equilibrium condition.

1.5.2 Convection Heat Transfer

Convection is the mode of energy transfer between a solid surface and
the adjacent liquid or gas that is in motion, and it involves the
combined effects of conduction and fluid motion. The faster the fluid

motion, the greater the convection heat transfer.

Convection is called forced convection if the fluid

Forced Haiuml
ol YR IEEn CIHTVEC ol

is forced to flow over the surface by external
1l
Wi
| 'l':':-l-l.:i ..-:.":-- W .::".4 .-..';]"u g

force such as a fan, pump, or the wind. In

contrast, convection is called natural (or free) i
convection if the fluid motion is caused by
buoyancy forces that are induced by density differences due to the

variation of temperature in the fluid as shown in the Figure.

Despite the complexity of convection, the rate of convection heat
transfer is observed to be proportional to the temperature difference,
and is conveniently expressed by Newton’s law of cooling as

2 o A, (T, — T2 (W)
< iy : (1.6)
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where h is the convection heat transfer coefficient in W/m?2-°C, As is
the surface area through which convection heat transfer takes place,
Ts is the surface temperature, and T, is the temperature of the fluid
sufficiently far from the surface. Note that at the surface, the fluid

temperature equals the surface temperature of the solid.

The convection heat transfer coefficient h is not a property of the fluid
as the thermal conductivity. Typical values of h are given in Table 1-

5.

1.5.3 Radiation Heat Transfer

Radiation is the form of radiation emitted by bodies because of their
temperature. Unlike conduction and convection, the transfer of
energy by radiation does not require the presence of an intervening
medium. All bodies at a temperature above absolute zero emit

thermal radiation.

The maximum rate of radiation that can be emitted from a surface at
an absolute temperature Tsin K is given by the Stefan—Boltzmann law

as

(1.7)

Where o = 5.67x10-8 W/m?: K* is the Stefan-Boltzmann constant.

The idealized surface that emits radiation at this maximum rate is
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called a blackbody, and the radiation emitted by a blackbody is called
blackbody radiation. The radiation emitted by all real surfaces is less
than the radiation emitted by a blackbody at the same temperature,

and is expressed as

7 ol ."tr_".._llll W
(1.8)

bl g = E0A, ':"l.: 'll-l.l.l:

where ¢ is the emissivity of the surface. The property emissivity,
whose value is in the range O < ¢ < 1, is a measure of how closely a
surface approximates a blackbody for which ¢ = 1. The emissivities of

some surfaces are given in Table 1-6.
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Chapter Two

Heat Conduction

2.1 Multi- and one-dimensional Heat Transfer

2.1.1 Heat Conduction Equation in a Large Plane Wall

| 3 : dle of o | B Rate of change : -
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The general Cartesian coordinate steady-state one-dimensional heat-
conduction equation (no heat generation) is

#¥T &#T #T § 19T d-T
- ———  >> —— =} (2.2)

s
3 a7 T .
h iy~ ) ok k o ot dx-

where the property (o = k/pcp) is the thermal diffusivity of the material

and represents how fast heat propagates through a material.

The above equation is known as the Fourier-Biot equation, and it

reduces to these forms under specified conditions:
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2.1.2 Heat Conduction Equation in a Long Cylinder
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It can be reduced to the following forms

under specified conditions:
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2.1.3 Heat Conduction Equation in a Sphere
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2.2 Boundary and Initial Conditions

The mathematical expressions of the

thermal conditions at the boundaries are ___——-L';'_-;

—.q.,_._E

called the boundary conditions. To describe =

a heat transfer problem completely, two . ‘::___—I_
e e IT

boundary conditions must be given for each

direction of the coordinate system along - .

which heat transfer is significant. Thus, four

boundary conditions for two-dimensional problems, and six
boundary conditions for three-dimensional problems are required.
Boundary conditions most commonly used in practice are the
specified temperature, specified heat flux, convection, and radiation

boundary conditions.

A condition which is usually specified at time t = O, is called the initial
condition, which is a mathematical expression for the temperature

distribution of the medium initially. Note that we need only one initial

condition for a heat conduction problem regardless of the dimension

since the conduction equation is first order in time (it involves the
first derivative of temperature with respect to

time). Note that under steady conditions, the =i B FRC
heat conduction equation does not involve any i , S
time derivatives, and thus we do not need to

specify an initial condition. L, =70

Some surfaces are commonly insulated in practice in order to

minimize heat loss (or gain) with the surrounding. Insulation reduces

15
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heat transfer but does not totally eliminate it

unless its thickness is infinity. However, heat 1ua | Toe, ) [ e
transfer through a properly insulated i .I. -
surface can be taken to be zero since |
adequate insulation reduces heat transfer .
through a surface to negligible levels. Therefore, a well-insulated
surface can be modeled as a surface with a specified heat flux of zero.
Then the boundary condition on a perfectly insulated surface (at x =
O, for example) can be expressed as

710, 1) TI0. 7

(2.9)

It is worthy to be mentioned that there are many other kinds of
boundary conditions such as convection BC, radiation BC, interface

BC, and etc.

2.3 Thermal resistance concept

) ] i
f | i ' I

| MRS = >> Pampen =g >> W i (2.10)

I i hal

It is the thermal resistance of the wall
against heat conduction or simply the : =
conduction resistance of the wall. Note

that the thermal resistance of a medium o fu o
depends on the geometry and the thermal

properties of the medium.
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T,

(2.11)

It is the thermal resistance of the surface against heat convection, or

simply the convection resistance of the surface.

2.4 Thermal resistance network

f Raite ol i 1 Raite of !
| II||.'-E-||I capmvechion | = | et I.'!-'Hl’n!ln!-fl! Tl | = | |I!|'.'-!'ﬂ|' CIHVECEIENT
Lo the wall | | ihroaegzh Uhe weall | - froe the wall )

l!::i =1rJ|."al:'.-|r:.r_| = :Ir.|:' =

L AT — T

L

.r_._|_.r _r|—T_-_.T_-—T&_-

C="ha — LA
Toy — T _I.I_T.'_

1A

Ty — Tes

K

[l 1k
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2.5 Multi-layer wall
For the multilayer wall as shown in the Figure, the analysis would
proceed as follows: The temperature gradients in the three materials

are shown, and the heat flow may be written

I-—T i i—T n—T;
g=—kad L =—kpA =2 = —kcA —
& = 213

Note that the heat flow must be the same through all sections.

\\_\_\_‘_‘_\_‘_\- . L Tk ::||I|_ aFtie :
\< ’ paafile 2. _—.l.:_,' ;
DA A P A A :
I. - .I. . . . Ir-.
A & i ot | .:1::[ '|'_.I. i) I-!.-
Tyl | End
"

Solving these three equations simultaneously, the heat flow is written

Ty
= Axa/kaA+ Argp/kgA + Axc ke

(2.14)
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thermal potential difference AT
Heat How = - g= overall

thermal resistance R
L. Tth

2.6 Insulation and R values

2.6.1 Plane walls

The thermal resistance, R value, can be written as

R=— °C 'm2/W or Km?2/W

. | |
. & b
I %,

51
Eag sl

2.6.2 Cylindrical walls

The circumferential area for heat flow in the cylindrical system is
A =2mrL
so that Fourier’s law is written

{I'lr “'IT
{fr:"ﬂ'ﬂrﬁ or gr =—2mhrL. — (2.15)
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I
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(2.16)

>>  Bw=——r—

i =
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The thermal-resistance concept may be used for multiple-layer
cylindrical walls just as it was used for plane walls. For the three-

layer system shown in the above Figure the solution is

B 2L [T_']__— i)
T In (ra/ri)/ka+mirs/rmd/ kg+In(ry/r3)/ ke (2.17)

i

2.6.3 Spherical walls
Spherical systems may also be treated as one-dimensional when the

temperature is a function of radius only. The heat flow is then

ri=1in 2.18)

of

2.7 Summary of one-dimensional conduction

Ilane Wall Cvlindricol Yyall® Spherical Wall”
- Ld | o | o | 2dT
1 | iy — . e ey ot W — e e ] =
Heal equation 3 K T ;{..I g.l'.--ll 0 T | r ”,;j] ¥
In {ediqd 3 | 1= ryfre
Tu'r'||'|'-|:_"r:||:||'|_" . AT i T . F .TI.T'—'——-— |I'I = _'“I' ‘ B
distribution L=t T al In {r,fra) Y I — drydirsd
Heai Aux lI.||"| k ﬁ L - LAT
L e b i — (L]
AT 2alk AT 4ak AT
Hiat rte kA — - L S
il L In{r/r,} (Lr) ) — (i)
Thennal L In (3 frg) (e — (1fry)
resistance (8, ) kA 2alk 4

The critical radms of imsnlabon iz r, = & for I‘.‘h:.i."_, linder and r. = 2&ih for the ~:|'|h|: e,
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2.8 The overall heat-transfer coefficient

The overall heat transfer is calculated as the

ratio of the overall temperature difference to f b h“ﬁl
the sum of the thermal resistances: II'.
To—Tpg —— \ =
4= 7; T n B
A+ Ax/kA+1/ha A (2.19) \

The overall heat transfer by combined —
conduction and convection is frequently I
expressed in terms of an overall heat-

transfer coefficient U, defined by the relation:

= LA A le-_-mll (2 20)

where A is some suitable area for the heat flow. The overall heat-

transfer coefficient would be

|
= i + Ax/k+ s (2.21)

f/

The overall heat-transfer coefficient is also related to the R value

through

1
R value (2.22)

L

For a hollow cylinder exposed to a convection environment on its

inner and outer surfaces, Ta and Tg are the two fluid temperatures.
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Note that the area for convection is not the same for both fluids in
this case, these areas depending on the inside tube diameter and wall

thickness. The overall heat transfer would be expressed by

Ty—Tg
=3 | In (ro/ri) |
; Y
fr: A 2kl haAs (2.23)
e :
I |. A.l ].11 |:||'4:-||"If-||'.| 1_11. J. (2.24)
.Ir.lI ZT-II:- l{.- "1.-1 'lli'r.l
1
{-"ru —
A, l AsIn(r,/r;) " 1 (2.25)
A; Iy 2kl .

The general notion, for either the plane wall or cylindrical coordinate

system, is that

UA=1/X Ry, = 1/Ry overll

(2.26)
2.9 Critical thickness of insulation
Now let us manipulate this expression = _—
to determine the outer radius of !'a } |

insulation ro, which will maximize the . =

heat transfer. The maximization

condition is
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_ 2al (T, — Tos)
0= In(r,/r;) . |
; roh (2.27)

1 1
2xL (T, 'r'_k..{ J

K -'rrf-‘_, y

f -

7 Inir,/r 1 1"
K Falt

(2.28)

i (2.29)

The last equation expresses the critical-radius-of-insulation concept.
If the outer radius is less than the value given by this equation, then
the heat transfer will be increased by adding more insulation. For
outer radii greater than the critical value an increase in insulation
thickness will cause a decrease in heat transfer. The central concept
is that for sufficiently small values of h the convection heat loss may
actually increase with the addition of insulation because of increased

surface area.

2.10 Heat-Source Systems
Many interesting systems deal with heat generated internally.
Nuclear reactors are one example; electrical conductors and

chemically reacting systems are others.
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2.10.1 Plane Wall with Heat Sources (Heat Generation)

Many practical heat transfer applications involve the conversion of
some form of energy into thermal energy in the medium. For example,
resistance heating in wires, chemical reactions in a solid, and nuclear
reactions in nuclear fuel rods where electrical, chemical, and nuclear

energies are converted to heat.

Consider the plane wall with uniformly distributed heat sources
shown in the figure. The thickness of the wall in the x direction is 2L,
and it is assumed that the dimensions in the

other directions are sufficiently large that the

heat flow may be considered as one-dimensional.

The heat generated per unit volume is ‘g, and we | o
assume that the thermal conductivity does not ., |~ *»
vary with temperature. This situation might be ?‘\L
produced in a practical situation by passing a J |

current through an electrically conducting material.

The differential equation that governs the heat flow is:

i
i) ]
I.'I'.' [ (230)
By applying the B.C.,
T=Tw x==xL

T=— + Cyx + O3
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Because the temperature must be the same on each side of the wall,
C1 must be zero. The temperature at the mid-plane (x = 0) is denoted
by To and from Equation T, = Cz. The temperature distribution is
therefore;

I:j|I e

IF'—To=——x

2k
If T=Twat x=L (wall side);

§L®

To= " +Ty
=8 (2.31)
2.10.2 Cylinder with Heat Sources
Tr—Tu= d (R? — %)
4 (2.32)
where To is the temperature at r = 0 and is given by
Y g (2.33)
2.10.3 Sphere with heat source
T, =%, 7 (2.34)

6k

2.11 Conduction-Convection Systems (Heat transfer from
extended surfaces “Fins”)
The heat that is conducted through a body must frequently be

removed (or delivered) by some convection process. For example, the
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heat lost by conduction through a furnace wall must be dissipated to
the surroundings through convection. In heat-exchanger
applications a finned-tube arrangement might be used to remove
heat from a hot liquid. The heat transfer from the liquid to the finned
tube is by convection. The heat is conducted through the material
and finally dissipated to the surroundings by convection. Obviously,
an analysis of combined conduction-convection systems is very

important from a practical standpoint.

[Energy in left face = energy out right face + energy lost by convection]

The defining equation for the Y,
convection heat-transfer coefficient is { P :
recalled as: i - l |
g=hA (Ty— Too) dubl—] |

K 1 |
where A is the surface area for Ny

convection. Let the cross-sectional
area of the fin be A and the perimeter be P. Then the energy quantities
are

dl

Energy in left face = g, = =4 —
':Il.ll..

il
Energy out right face = gac = — kA } (2.35)

! r.".r “r_Jr
= -‘l.'L( == . ..".L)
A

o I

Encrgy lost by convection =h P (T — T}
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When we combine the quantities, the energy balance yields

d2T kP o _
— " — - =11
il kA e

[et =T = T

n'l'-""-' i ||Ir
drs kA

One boundary condition is
H=8y =Ty — T at x=0

The other boundary condition depends on the physical situation.

Several cases may be considered:

CASE 1: The fin is very long, and the temperature at the end of the

fin is essentially that of the surrounding fluid.

CASE 2: The fin is of finite length and loses heat by convection from

its end.
CASE 3: The end of the fin is insulated so that d7/dx= 0 at x = L.

If we let m2 =hP/kA, the general solution for the equation may be

written as

L

o — ':.“|-I:'_'I”I + ‘-_":':.F.'r
For case 1 (Infinitely Long uniform Fin (Teantp = T )):

=t atx=0 o H_T—Tﬁ__J_““
P — — — §

=0 atx=00 By To— T
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very = E. : — i
B N 2~ (’_[“ - {,-—.i \_.'ni.':».f,’.;,.-tl
long fin Tll'] il [—,: lll- -1 I
Taxs w7 .I.'||.J.
ra - ;e : ]
g i = —RA = A/RpRA_ (T, — T} T-[~———-- =
(LY I i
i 'I. .
T | 01
I.-"". ‘ _|';.| | -.I

Ay =i

| @ = WL, ."'I_ ."!l'J':'-' tor a cvlimdnical Tnsj

For case 3 (Negligible Heat Loss from the Fin Tip (Insulated fin
tip, inn tip=o):

=ty al 1=10

L] I
= {] atx=1L
dx
Tivr— 1 coshanl, — ¥ ki | |
=1 el al q = —kAtpm [ fadp amL | 4 g+2Zmi

O i = —HA, S :
. insulated iy ol |y =g =+ h Pk A 6y tanh m L

(2.37)
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smhml +(h/mk)coshmlL
coshmE 4+ (h/mk) sinh m L

g=vhPkA(To — Tag)
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(2.38)

Note that the heat transfer relations for the very long fin and the fin

with negligible heat loss at the tip differ by the factor tanh (aL), which

approaches 1 as L becomes very large.

It has been assumed that the substantial temperature gradients

occur only in the x direction. This assumption will be satisfied if the

fin is sufficiently thin. For most fins of practical interest the error

introduced by this assumption is less than 1%. It is worthwhile to

note that the convection coefficient is seldom uniform over the entire

surface, as has been assumed above. If severe non-uniform behavior

is encountered, numerical finite-difference techniques must be

employed to solve the problem.

Fanie 3o Temperature distribtion and heat less for fins of nnilorm cross section
Fip Cometition Femperatinpe Fim Heat
Lise ix =Ly sttt Iransfer Hate
: Convection I y : . .
& |-“IH|'L 00 heat coahi (L — 50 + (Wakd sinh ool — x5 sinla el + (lafwed y cosh il
ransfer il Sl e o st ol T el el ) S| i
fli Ly = —bdilide coshanl + (f'ankt sink o cosh ml + (himk) sish md
(175 13,77
i Aclusbalic cosl mil — 1)
1 =T L W anh al.
i,y =0 crwh sl
(3.5 {351
G Preacrbed fesmperabune
M= i (A sinh moa + sinh onld, — ) foosh anl — @)
simhi end <inkh mif
i ]
] Indhirmie fin (L — =)
mia=10 3,54 W | 3,85}
=T -7 an= = A
flo=#in="T T, M = hPLA R,
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2.11.1 Kinds of fins

The relations for the heat transfer were : o,
derived from a rod or fin of uniform cross- : ¥ "~
sectional area protruding from a flat wall. s [_i:i &

) .. [~ 4
In practical applications, fins may have 2T, I_r

varying cross-sectional areas and may be
attached to circular surfaces. In either case the area must be

considered as a variable in the

derivation, and solution of the basic || S
differential  equation and  the % j Tl e

L A
mathematical techniques become more 'j‘_ﬁ'-'-‘ . SN
complex.

2.11.2  Fin efficiency
To indicate the effectiveness of a fin in transferring a given quantity

of heat, a new parameter called fin efficiency is defined by
Cin _ Actual heat transfer rate from the fin
P (el heal transter rate Trium the Lin

[he entire in o were o hase femperaore (2.39)

T

Or

(2.40)

For the cases of constant cross section of very long fins and fins with

insulated tips, the fin efficiency can be expressed as, respectively;
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te. "l,_ .._.'-'- A 'II- |I b Linh ..'I Iz '!:I-!.!l

since Asn=pL for fins with constant cross section.

2.11.3 Fin effectiveness
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(2.41)

(2.42)

We should not expect to be able to maximize fin performance with

respect to fin length. It is possible, however, to maximize the

efficiency with respect to the quantity of fin
material (mass, volume, or cost), and such a
maximization process has rather obvious economic
significance. The fin effectiveness can be defined as
the ratio of the fin heat transfer rate to the heat

transfer rate that would exist without the fin, and

it is estimated from

Haal transter mle From
L4 LF o the by o fweve area A

1 - A f=l  Hedl imnsier me from

(2.43)

An effectiveness of egin = 1 indicates that the addition of fins to the

surface does not affect heat transfer at all. That is, heat conducted is

equal to the heat convection. ein < 1 indicates that the fin actually

acts as insulation. This situation can occur when fins have low

thermal conductivity. ein > 1 indicates that fins are enhancing heat
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transfer from the surface, as they should. Finned surfaces are
designed on the basis of maximizing effectiveness for a specified cost

or minimizing cost for a desired effectiveness.

Note that both the fin efficiency and fin effectiveness are related to
the performance of the fin, but they are different quantities. However,

they are related to each other by

e (o T e (T — 7o) Ag

(2.44)

The effectiveness of a sufficiently long fin of uniform cross section

under steady conditions is

When determining the rate of heat transfer T —
from a finned surface, we must consider the i
unfinned portion of the surface as well as the |

fins. Therefore, the rate of heat transfer for a Ty

surface containing (n) fins can be expressed as

I.-I:I S5 o - & H
A o o & k3w {ome [N

Q iml, [in = 'I:_'] wnfin © E fin
= 'Ilil'-luu'.u ':"rl' — Iy) + T|I:|||'r'l'-1'l'||| ':"r'- - .Jr=] (246)
- "I”"II nnfin r MNrin III'i|.II ."r:'.l > f.,:l
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The overall effectiveness is

/ - "'\...
University of Anbar Lll Third year

= U'_II.II. fin IIi':-'I'| sfin T 1'||i||-I|' ol -'I:'n o
i ovarul = o = T
I i Ir_j I-l..|| LRI lI'lllllllu' 5 'rl'l Jr'-' F (2.46)
2.11.4 Fins of non-uniform cross-sectional area
Q-\:l‘lrﬂl = {_jc‘"\lﬂ‘l 7+ A T LI‘-I.'DIW
Wi i

elemeal
O gy = NP AXNT — T,
Substituting and dividing by Ax, we obtain
@ ceait, 2 + ar — Poon

= + AT — T =0
Takmng the limit as Ax — [} mrves oo .-
'I.'r'l.rliI?-IJd == c _
o + i T—T0=20

From Fourier’s law of heat conduction we have

. i
| = - -—
O coms = —RA

where A is the cross-sectional area of the fin at location x.

d

m_[#z&,%__} —hp(T—T.) =10

In the special case of constant cross section and constant thermal
conductivity, it reduces to
I'_Ir___H_ = ||':IE|‘ = {] Where i li{l H = T _ T‘I

dr - kA,
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The solution functions of the differential equation above are the
exponential functions e~ or e or constant multiples of them. This
can be verified by direct substitution. For example, the second
derivative of e-2x is a2eor, and its substitution into the last equation
yields zero. Therefore, the general solution of the differential equation

is

0(x) = Cie™ + Coe™™

! =

BC at fin base #ithi =, =T, T i

{ivp Spociliod mpeniu
b Moo e hesd Joss

Lo oenecelon

i Lamyecieom and racliscien

i(’g ﬂ) _hdA,

=T _Yy=A)
de\ " dx) kodx . ]

This result provides a general form of the energy equation for an
extended surface. Its solution for appropriate boundary conditions
provides the temperature distribution, which may be used with

conduction equation to calculate the conduction rate at any x.
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2.11.5 Convection/(Convection and Radiation) from Fin Tip
The fin tips, in practice, are exposed to the surroundings, and thus
the proper boundary condition for the fin tip is convection that also

includes the effects of radiation. I

A practical way of accounting for the heat loss - ! |
from the fin tip is to replace the fin length L in
the relation for the insulated tip case by a f

corrected length defined as

(2.47)

[Corrected fin length L. is defined such that heat transfer from a fin
of length L. with insulated tip is equal to heat transfer from the actual
fin of length L with convection at the fin tip. Or, fins subjected to
convection at their tips can be treated as fins with insulated tips by

replacing the actual fin length by the corrected length].

Using the proper relations for Ac and p, the corrected lengths for

rectangular and cylindrical fins are easily determined to be

8 | 4 (2.48)
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3 ey
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E 4 ?\\:M:h"‘"-.___‘
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' i)
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Efficiencies of straight rectangular, triangular fins, and

circumferential fins of rectangular profile.
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Tapli 3.5  Efficiency of common fin shapes
Siraight Fins
Kecranguier® -
Ay = 2w, i Ly il -
L= L+ (62) Lﬁ' :)': L '
g
A, =L : ’ e+
F_/' i
[ =t
il.llr.ll‘l‘.E.ﬂl.l.'l" i:; I I
- i e TN 1 &L}

o Tl (R . e M o 198
A; wll=+ (2] | .____i_,- U= ok Ty i ¥
A, = ('l I = -

_ i
{f——=
Frnaholi” 7w WEK] - WL
AT | 17 o S —— 3.99)
{L5lm |_|,|'j_'_ + Oyl r -a_'"_- = '| [4imlP = 1% + |
& =1+ e Fe 1— e ]

A, =L

— “ ~
o Ir'".--
| —
i
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2.11.6 Proper Length of a Fin
An important step in the design of a fin is the .\\

determination of the appropriate length of the fin ““a &
once the fin material and the fin cross section are i
specified. Longer fin, waste material, excessive .!L:. ! | e
weight, increased size, and thus increased cost _‘: J: :

with no benefit. To get a sense of the proper
length of a fin, we compare heat transfer from a fin of finite length to
heat transfer from an infinitely long fin under the same conditions.

The ratio of these two heat transfers is

[ N 1 'I ] ';I I ¢id n—— il I-Ilj..'. ik
. I [ L
. . [ o.1=)
The heat transfer performance of heat sinks is op 0462
. . 5 i "||:
usually expressed in terms of their thermal k' Coed
2.5 0987
resistances R in °C/W, which is defined as 3.0 0,295
1.0 0.5
5.0 00K

A small value of thermal resistance indicates a small temperature

drop across the heat sink, and thus a high fin efficiency.
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Chapter Three

Steady-State Conduction Multiple Dimensions

3.1 Introduction

It is preferable to analyze the more general case of ey
two-dimensional heat flow. For steady state with S’
no heat generation and assuming constant
thermal conductivity, the Laplace equation
applies

HE L ST e

o ] o
o= oy 1 TR
L} LI ]

(3.1)

The objective of any heat-transfer analysis is usually to predict heat
flow or the temperature that results from a certain heat flow. The
solution to above equation gives the temperature in a two-
dimensional coordinates; x and y. Then the heat flow in both
directions may be calculated from the Fourier equations

T dl

= and ¢gy=—kA,— (3.2)

¢ il iy

g = —kA

These heat-flow quantities are directed either in the x direction or in
the y direction. The total heat flow at any point in the material is the
resultant of the g« and g, at that point. So if the temperature
distribution in the material is known, we may easily establish the

heat flow.
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3.2 Numerical method for analysis

An immense number of analytical solutions for conduction heat-
transfer problems have been accumulated in the literature over the
past 150 years. The most fruitful approach to the problem is one

based on finite-difference methods (FDM).

Consider a two-dimensional body that is to be A
divided into equal increments in both the x and e H
y directions as shown. The nodal points are . Pt v

designated the m locations indicating the x

increment and the n locations indicating the y increment. We wish to
establish the temperatures at any of these nodal points within the
body using the above equation as a governing '
condition. FDM is wused to approximate | ki
differential increments in the temperature and | e .

space coordinates; and the smaller we choose L

these finite increments, the more precise solution

can be obtained.

The temperature gradients may be written as follows:

:I-.lr'-' . ]r:u|_| a .!'-ur.u o> ~ Lj1 . | ] -ull_" L = ?_f.__.l
i | 172 Fall Il-llll"- + ) — teL) L A

'.'-.Ir-. S E‘.‘J..l.l = T:r.'-_.ll ru' I ) -lr:._.,_,-_
ax ST Ay 77 e
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"-IT- . I;.-I_.-Jl =3 .l'l-n.-.nr Y . 'F;ll.r.'—l - 'F:'J.l.n
I_. oo =) —.-L_'. >> Simm+ 15— () KlAx-1) .:'L‘-
a7 T = T g o ey = B
= | T ol ﬂ..r 2 >> 1."|.'|| n—11—={mni = l"{.ljll . | | J".
(3.3)
HY AT
“: T‘- — iy o 102 ik dm—1:2.m : Tlhl ] -+ 'rm L.ow — :r?:-rf.rl
81 heia Ax (Ax)-
a7 AT
ii:j"_ - H"'_m_u+1;1 o) Amn—=172 = "rlI.'.l'I+|. } -'fl.u.n-] :"F.'r.'..'l
i s Ay (A (3.4)
Thus the FDM becomes
rm-rl_.ll -+ ?:?J—l..'l - ::rr.ll_.'l 4 -Ir‘m a1 + -ir:ll.'.r.'—l B ZTm A7 -0
(¥ 1]3 |ﬂ|_'|':|: . (3 5)
If Ax = Ay;
T.llr-rl T + Tm—].u + ?.-I.II =1 -+ -Ir-m.r.!— = _1-|rI.'J.,.lr = D
(3.6)

It is used for constant thermal conductivity. It states that the net
heat flow into any node is zero at steady-state conditions. We can
also devise a FDM to take heat generation into account. We merely

add the term 'q/k into the general equation and obtain

o] . a7 L e AT 3
|r|l.|-|-|,.l| + Fh'.l—|-,ln'l -“.lh',ll' e lr.ll.',r:l+'| = ‘r.lh',ll':| --lrf.u,.l| +_,|r =1
(Ax) (Ay)? k (3.7)
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If Ax = Ay;
- . - - gl Ax)” -
-'rm+5..le + 'rr.ll—l.rr T 'F.'r.'.n'l'I'] T 'rr.'l-h'—| T T _‘”m.n—] =10
(3.8)
When the solid is exposed to some convection
boundary condition, the temperatures at the o R
| 5
surface can be calculated as R ¥
= ¥ J
2 - e = : i i Ty
b A Fewu— Tom—1,m AY Tan — Tma+1 Ax T — Twn—1 { —————. ]
B o S AR oo AN S e o o o i e '
Aa 2 A 2 A _ | O
=N AV Tma— Tx) _FI%I RN
W Ay
If Ax = Ay;
. It Ax Voo Ax | . .
‘ﬂrm.u ( 2 +:] - i If’_:-:_. T ;'i:-lrm—l_.'r'!" I'I.ur.Jr—I + JrJr.'.rr—j]zn
(3.9)

The last equation must be written for each node along the surface in
contact with the convection surface. While the interior nodes are

solved using the first boundary condition (only conduction).

For the insulated wall or a corner exposed to n- Lo

¥

. . . 41

a convection boundary condition he energy 5
L]

balance for the corner section is

Ay irr.-.-n == ;r:-.-.l—l..r.- ¥ .'rln.'.u = .;:w.r.'—l i . S P Ay
_':‘T _1"[_ [ 3 —ﬂr =||rT-|.I'."_r_.—.I'-.,._,I+.|'.|T[-Ilm_||—lr-\_:'
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If Ax = Ay;
N fi Ax naAx _ . o
—'-Fm.rr (_ +1 } BE :_F"L - I:-'rr.-l— g T I|IIr.-l.rl—!l ) =0
K k
(3.10)

Other boundary conditions may be treated in a similar fashion as
given in the following Table for different geometrical and boundary

situations, while still using uniform increments in Ax = Ay.
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Chapter Four
Unsteady-state conduction (Transient)

4.1 Introduction

To analyze a transient conduction heat transfer, it can be done by
solving the general heat-conduction equation by the separation-of-
variables method, similar to the analytical T
treatment used for the two-dimensional steady-

state problem. Consider the infinite plate of

thickness 2L as shown. Initially the plate is at a

uniform temperature T; and at time zero the - ;

surfaces are suddenly lowered to T = Ti. The

differential equation is

T 19T

s o or

‘g 1 a9 o o
or i =T —T,
= ¥ ar
with the initial and boundary conditions
B=8=T—T atr=00<x<2L
i =) at r=0,7=0

B=10 at x=2L.1>0

The final series form of the solution is therefore

i . Hnmxa
= E [ el DR el
2L
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This equation may be recognized as a Fourier sine expansion with
the constants C.determined from the initial condition:

2 1 (2L HITA 4 zin
Oy = — i 5N —— dx = —1; =313 500
L Jo L n

The final series solution is therefore

5

,| =g 2
0o I'—T i —I W _[t-'l”'f.-:-r Bk A s
L n

el * L1 | — —
i1 ¥ =145

i Ti—T, =

=l

We note that at time zero (t =0) the series on the right side of equation

must converge to unity for all values of x.

4.2 Lumped heat capacity system
The transient heat conduction can be found by analyzing systems
that might consider uniform in temperature. This type of analysis is

called the lumped-heat-capacity method.

Lumped system analysis assumes a uniform temperature
distribution throughout the body, which will be the case only when
the thermal resistance of the body to heat conduction (the conduction

resistance) is zero. cornge _dl
l;' = l'-"i 5 |il = d o l' = ":"_|"F Ill':

When a solid body is being heated by the /

hotter fluid surrounding it, heat is first

convected to the body and subsequently

conducted within the body. Such systems are

idealized because a temperature gradient must exist in a material if
heat is to be conducted into or out of the material. In general, the

smaller the physical size of the body, the more realistic the
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assumption of a uniform temperature throughout; in the limit a
differential volume could be employed as in the derivation of the
general heat-conduction equation. The convection heat loss from the
body is evidenced as a decrease in the internal energy of the body.

Thus

_ AT
Gg="A(T — Tag) = —cpV —
(T

where A is the surface area for convection and V is the volume. The

initial condition is written

F=Tn at t=0
T — Tﬂ-.,_ :y_s"l“j‘."l."": Vit
To — Tao
(4.1)
1A 1 1 . .
vV P Ry = — Ci = pcV
||'-|I: 1" f'lu':h{ ||'| -'rll"i (4.2)

The quantity (ocV/hA) is called the time constant of the system

because it has the dimensions of time. When

r;{.‘-"rr

J'Ii A (43)
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Thus, lumped system analysis is exact when Bi = O and approximate
when Bi > 0. The smaller the Bi number, the more accurate the
lumped system analysis. It is generally accepted that lumped system

analysis is applicable if Bi < 0.1

e . It = 15 Wine 0
Sphercal ™,
Copiper
il

W k=401 WimNEE
L
"o O=1%mm S

. -'-.
- b

e

£

= =

O L
— === = (02 m
A, mnod 6

li 5 o (LA
.i- 1 = B _ o oS « il

Bi =
; i il

Small bodies with high thermal | Example for illustrating the concept of
conductivities and low convection | Biot number.
coefficients are most likely to satisfy the

criterion for lumped system analysis.
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F. = XC When the convection coefficient h is high
- 1 . and k is low, large temperature
£ -f"'::'l L'___"x_ # differences occur between the inner and
I o h L
Pl 4 l,-"r REC --___H‘-.\ Y 4 outer regions of a large solid.
1 fre—, 1A !
T e O Y
h L Vi R B
2 |
4 --n..'ll.'l.- o e -_’-- -~
o 2THET Wt

4.3 Transient heat flow in a semi-infinite solid

Consider the semi-infinite solid shown maintained at some initial
temperature Ti. The surface temperature is suddenly lowered and
maintained at a temperature To, and we seek an expression for the
temperature distribution in the solid as a
function of time. This temperature
distribution may be used to calculate heat

flow at any x position in the solid as a
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function of time. For constant properties, the differential equation for

the temperature distribution T(x, 7) is

#T 14T

dyd  adr
The boundary and initial conditions are

fix.y=T;
. ny=1T, for t=0

This is a problem that may be solved by the Laplace-transform

technique. At the surface (x = 0) the heat flow is

KA(Ty —T;)
Jrut (4.4)

4.4 The Biot and Fourier Numbers

o =

The dimensionless temperature profiles and heat flows may all be
expressed in terms of two dimensionless parameters called the Biot

and Fourier numbers:

15
Biot number = Bi= ..f;- (4.5)

ok - T KT
Fourter number = Fo = = (4.6)

¥ rl
= ||I|:l"'_

In these parameters s designates a characteristic dimension of the
body; for the plate it is the half-thickness, whereas for the cylinder

and sphere it is the radius. The Biot number compares the relative
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magnitudes of surface-convection and internal-conduction
resistances to heat transfer. The Fourier modulus compares a
characteristic body dimension with an approximate temperature-

wave penetration depth for a given time t.

A very low value of the Biot modulus means that internal-conduction
resistance is negligible in comparison with surface-convection
resistance. This in turn implies that the temperature will be nearly
uniform throughout the solid, and its behavior may be approximated
by the lumped-capacity method of analysis. It is interesting to note

that the exponent of the equation

S 9 - e
H Fawe V| vl 1
A [hA el > = g

To— T =%
(4.7)

may be expressed in terms of the Biot and Fourier numbers if one

takes the ratio V/A as the characteristic dimension s. Then,

fr A fit fis Kt 5
—— 7= = — ==DBi1Fo
lr'lg . h _||'||"'_'|. .ﬂ. .II""| i (4.8)
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The fraction of heat transfer (actual heat Transfer) can also be
determined from these relations, which are based on the one-term

approximations already discussed:
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i TR
™ | H
i B
.'_' i Jii i
o s 4] : . =¥ A (49)
0 n A h I
e 0 | .

4.5 Transient numerical method

Consider a two-dimensional body divided into
increments as shown. The subscript m denotes
the x position, and the subscript n denotes the y | pectalsn urial |
position. Within the solid body the differential | s

equation that governs the heat flow is

I:I_'- j' |..J: .lll ;J:r
| ( A '3i1-'~") =t
s e uE (4.10)

assuming constant properties. The second partial derivatives may be

approximated by

e

Ay

]
3

5 " - ! 'r.ur+'..r1 + ‘r.'r.'—l.r. o 'rm.rl:'

(AR e

(4.11)
FT 1 . . y
— = — I R T R, = : m.R b
BE AP R e :
The time derivative in the above first equation is approximated by

FLH.S ||_-_:.| B
']] o T.'l.'.r.' = rl.u.u

—_— i —

i At (4.12)
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In this relation the superscripts designate the time increment.
Combining the relations above gives the difference equation
equivalent to above first equation

— 2T

(A |,_‘:._-.|: 0 T (413)

-'lrf:ln:—_l I- -'Ir;_:lll— i ‘l-r.:.llll;-!-l -I- Ir-l:llu—| - :-‘I;-:Ill-" s 1 _Irr:.ll_lll i F;:In'lln'l

==

Thus, if the temperatures of the various nodes are known at any
particular time, the temperatures after a time increment
T may be calculated by writing an equation like the last equation for
each node and obtaining the values of Trfl;l . The procedure may be
repeated to obtain the distribution after any desired number of time

increments. If Ax = Ay

- o AT o, i e e o Ar |
Ill-':l r'l == A { Illli.:l 0.4 L 'll.li.l il ‘I- f.l:.l di+ | J'- "I.l:. =1 } + [ | i \ "-] Jl-':l Al
" (AR [AX)=

(4.14)

The difference equations given above are useful for determining the

internal temperature in a solid as a function of space and time.

At the boundary of the solid, a convection resistance to heat flow is
usually involved, so that the above relations no longer apply. In
general, each convection boundary condition
must be handled separately, depending on the
particular geometric shape under i
consideration. For case of the flat wall and for

the one-dimensional system shown an energy o fieface T, = 1,

balance will be made at the convection

boundary:
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—l':..l't = =||Ir.-\|. “I"l LF I|I'|||:|_.I

ol
M wall

The finite-difference approximation would be given by

Av

—k— (T+1 — Tm) =h Ay(Tp+1 — Tao)
A

T+ il Ax BT
L4+ Ax/k

'||II.'I+|. —

We make a transient energy balance on the
node (m, n) by setting the sum of the

energy conducted and convected into the N "

node equal to the increase in the internal _ _ ——t

(=3

energy of the node. Thus —

- Baprlace

.L IJI

ta— A

Tyin=Tna  AxTy, i =Taw  AxT,, =T

— 1.1 i +1 fii—1 ity
E Ay (i - ;i

Ax > Ay a3 Ay

o, TEEL R
N _p o Lm.n e
+h Ap(Toe — T )= o Ay =

(4.16)

: 1
If Ax= Ay, the relation for T,ﬂ, becomes

:|I"-|"+J -
i i { AE)2

i (Ax)- _2.":.-1'.& _alrr
]j'_ﬁr _|!| m.n

o AT I:.n'r Ax T +3T7 . +TF. . 4 TP

ﬂ' pr—A.a w41 M i—1

(4.17)

The corresponding one-dimensional relation is
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e+l o AT _1.;’.' Ax Y (Ax) _ L _“l.l o e
— — e i - . T B = +
T (Ax) k G2 o AT k h
(4.18)

Notice now that the selection of the parameter (Ax)?/aAt is not as
simple as it is for the interior nodal points because the heat-transfer
coefficient influences the choice. It is still possible to choose the value

of this parameter so that the coefficient of T} or T,fm will be zero.

4.6 Forward and Backward Differences

The equations above have been developed on the basis of a forward-
difference technique in that the temperature of a node at a future
time increment is expressed in terms of the surrounding nodal
temperatures at the beginning of the time increment. The expressions

are called explicit formulations because it is possible to write the nodal
temperatures T,fl;ll explicitly in terms of the previous nodal
temperatures T, ,. In this formulation, the calculation proceeds

directly from one time increment to the next until the temperature

distribution is calculated at the desired final state.

The difference equation may also be formulated by computing the
space derivatives in terms of the temperatures at the p+1 time
increment. Such an arrangement is called a backward-difference
formulation because the time derivative moves backward from the

times for heat conduction into the node. The equation is
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s 1 - oy _I|;-:—| .I|--'-| + ] =t ] '.':"!'I i
_Irl.'.' Flam ! 'fl_.:.' L.n . 'r""-"'_ ) j'l.llr.l.'-i L ot 'r_.'l.'.l.'_-__!. - 2T ® _]_ _'r.'l-'.r-' [
(Ax)? {Ay)® ( AT (4.19)
T =i -y Jl'. T i 1 Il'li 1 I.:. 1 P41 -I'l:]‘ .'|'| r r 1
Irl'".l-' B I___E'I_I:_ [ "r.ul 1./ + I|IIr.l ] T I|ll||'.|.'! L iE I|Ir.l|_|.' I }-I- ] + T__:I__ll_':' '|r|.l.'..l|
- (4.20)

We may now note that this backward-difference formulation does not
permit the explicit calculation of the Tr*! in terms of Tr. Rather, a
whole set of equations must be written for the entire nodal system
and solved simultaneously to determine the temperatures Tr+!l. Thus
we say that the backward-difference method produces an implicit

formulation for the future temperatures in the transient analysis.

The Biot and Fourier numbers may also be defined in the following

way for problems in the numerical format

h Ax and o AT
— Fl’:u m— =
k (Ax)?

E1

By using this notation, the following tables have been constructed to
summarize some typical nodal equations in both the explicit and

implicit formulations. For the cases of Ax = Ay.

63



University of Anbar
College of Engineering
Dept. Mech. Eng.

LA

[Friarye=r"8

Third year
Heat Transfer-I
Dr. Hamdi E. Ahmed

1st semester 2021-2022
Table 4-2 | Explicit nodal equations. (Dashed lines indicate element T.-'olume.)T
Stability
FPhysical situation Nodal equation for Ax=Ay requirement
’ +1
(a) Interior node T’g-” =Fo {an:— 1.n + anrr. n+1 + T.I:T— L.n t+ T.l::.u — 1} Fo= i
: 1 — 4(Fa)|TE ,
™, R+ +1
L _ P P P r
T Tinn =Fo {Tm—l.n * an.f?—l + an—:l.n * an.rr—l
S e Ay _i?-rf:.n} + Tt
m-—1n mnlm+ 1 n
—— :
: |
e d}.
m,n—1 _+_
‘-— Ax —-|- Ax —-|

(B} Convection boundary node

T moa+1
i

Ay it

_#_ = _IlJ = m,n B T
I

ﬂy | A

o S B

+1 ]
Tr];JJ =Fo [ITJ'JJ'I‘—].,J'J + an:.u—l + Ta:?.u—l +2"B1}T§:‘l
+{1—4{Fo) — 2(Fo)(Bi)ITih »
+1 . ] -
Tri,n :FoIIBI':T’-{':'_T”I:-"F_'_z?—ri—l.n+Tnl{rr.n-a-1
+T 1 — 4T al+ T

Fo(2 +Bi) <

- s
() Exterior comer with convection Th =2(Fo) [Ty Ty gy +2BITL] Fo(l +Bi) < }
boundary +[1 — 4(Fo) — 4(Fo)BiNTE ,
h, T +1
m-—1n = Trfn)n =2Fo iTn'r,‘__l_,, i Tn'l:_n__1 —2Th
f +2Bi(TL — T )] + T
Ay
4
- A —e
() Interior corner with convection Tri;l = %‘FU} |3T|-£_H g1 T Ean:-—l_” Fo(3+Bi) = %
T . "
bmmdar} +3Tri—I.r| +an:.ar—1 +2|:B”T"—_V~I

m,n+1

Lo
..
S

+[1 —4(Fo) — $(Fo)BIIT;, ,
T2 — @k P, +T7

m.n 4 m+1ln
+TE

m—

In ™ ?’T’{lr-" +Bi r]r‘cj;;‘:: = Tfﬁ.n N+ T-:'rF||.1'1
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Fable 4-2 | (Contimed).
Stability
Physical situation Nodal equation for Ax = Ay requirement
(¢) Insulated boundary A 00 O LA | Fo<1
| +[1—4(Fo)|Tm n
mon+l
i___ =
m—1n m n| £
il i
&
Ay L=
5, 52 m, on—1

TComvection surfaces may be made insulated by setting i =0 (Bi = 0).

Table 4-3 | Implicit nodal equations. (Dashed lines indicate volume element )

Physical situation Nodal equation for Ax=Ay
2 [1+4Foltn s —Fo (171 + Tl + 1001,
Pl P
+ Tm.n--i} —Tm.n =0
m+1ln
3
=l Ay
m—1nl m, m+1n 4*7
i i
o e Ay
m—1n 4
() Emwecion Sy mack [1+2(Fo)2+ BT L —Fo [175L +757
P+l ; ,l"+i-= g
mu=1 +l‘:m—§..l| +2(B1) Ty, _E_ Tian=0
"
Ay e
‘*’ IIM_|1" L h T,
|
Ay b
_—T mn-—1
|-— Ax —b|

(i} Extenior comer with convection boundary [1-+4(Foil+Bij] 3";5’;_';1 — I[Fu}[]’;’:j_ + e

T f m.n—1
m-in ____—hl +2BHTEH |- 18 =0
| m,n '
t |
ﬁJl —

=2

m,n—1
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l'able 4-3 | (Confinued).

Physical situation Nodal equation for Ax =Ay

. . = B 14-1 2 P - 1L oy
() Interior comer with convection |:1 + 4(Fo) (1 + Tl }:| 7 o okl 9 [J gl 4T 3
3

b 4 ] m—1.n m,n—1
OUATyY A -

5 P4l -1 et o L | o
+]r.'-;.-_-—-1 TJT.-::-I;';.J.'_E"BI:"’-:{LT s 'rJ'-{'.-'I =0

mun+1

o et

m—llJn i m+1n

A A

mon—1

|.._

-1+

(¢) Insulated boundary [1+4Fa)ITmn —Fo (208  +Thi + Tty ) - Tha=0
m,n+ 1
m-—1n m,n i—j:
T T -
| =
Ay e
% mn—1

[ ax ]

4.7 Transient heat conduction in large plane walls, long
cylinders, and spheres with spatial effects

The temperature within a body will change from point to point as well

as with time. In this section, we consider the variation of temperature

with time and position in one-dimensional problems such as those

associated with a large plane wall, a long cylinder, and a sphere.
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at

|

il A large jilase wall

Dimensionlesy fempe rature:
Ehimensionless distaree from the center:
Dimensionless heat transfer cogfficient:

mensionless tme:

e W, Ty =I,
will, O =g
Culi _ r.n) =1,

linder: Ot oy = T,——T
- _ - RN =%
HI-||-.|'-."|'=.r ﬁ”"”*r.\l‘.i — ﬁ

Center of plane wall (x = 0);
Center of cvlinder (r = 0):

Center of sphere (¢ = 0):
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100 A Dy Lk 11 A plics
0 e T R
=57
X
I
Bl = % i Biol number)
_ ol = ;
T  Fourier number)
= A M eos (ail). 73 0.2
= A A= Jilhqfie). =102 (4.21)
L\, Sl S
= e MT 7= 02
T~
|:';|'||_ wall = TI_—T: - ."||1‘l I
= 1
By oy =5—=— =AM (4.22)
¥} 5 — T,
E 1 = -'f.'l: h-'_
H“-"-l'" - W :_-'1.|1.-' ]
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TABLE 4-1

Coefficients used in the one-term approximate solution of transient one-
dimensional heat conduction in plane walls, cylinders, and spheres (Bi = hL/k
for a plane wall of thickness 2L, and Bi = hr,/k for a cylinder or sphere of

Third year
Heat Transfer-I

Dr. Hamdi E. Ahmed

2021-2022

radius r,)
Plane Wall Cylinder Sphere

Bi }\1 tﬂ.l .}11 tﬂ.l .:’tl Al
0.01 0.0998 1.0017 0.1412 1.0025 0.1730 1.0030
0.02 0.1410 1.0033 0.1995 1.0050 0.2445 1.0060
0.04 0.1987 1.0066 0.2814 1.0099 0.3450 1.0120
0.06 0.2425 1.0098 0.3438 1.0148 0.4217 1.0179
0.08 0.2791 1.0130 0.3960 1.0197 0.4860 1.0239
0.1 0.3111 1.0161 0.4417 1.0246 0.5423 1.0298
0.2 0.4328 1.0311 0.6170 1.0483 0.7593 1.0592
0.3 0.5218 1.0450 0.7465 1.0712 0.9208 1.0880
0.4 0.5932 1.0580 0.8516 1.0931 1.0528 1.1164
0.5 0.6533 1.0701 0.9408 1.1143 1.1656 1.1441
0.6 0.7051 1.0814 1.0184 1.1345 1.2644 1.1713
0.7 0.7506 1.0918 1.0873 1.1539 1.3525 1.1978
0.8 0.7910 1.1016 1.1490 1.1724 1.4320 1.2236
0.9 0.8274 1.1107 1.2048 1.1902 1.5044 1.2488
1.0 0.8603 1.1191 1.2558 1.2071 1.5708 1.2732
2.0 1.0769 1.1785 1.5995 1.3384 2.0288 1.4793
3.0 1.1925 1.2102 1.7887 1.4191 2.2889 1.6227
4.0 1.2646 1.2287 1.9081 1.4698 2.4556 1.7202
5.0 1.3138 1.2403 1.9898 1.5029 2.5704 1.7870
6.0 1.3496 1.2479 2.0490 1.5253 2.6537 1.8338
7.0 1.3766 1.2532 2.0937 1.5411 2.7165 1.8673
8.0 1.3978 1.2570 2.1286 1.5526 2.7654 1.8820
9.0 1.4149 1.2598 2.1566 1.5611 2.8044 1.9106
10.0 1.4289 1.2620 2.1795 1.5677 2.8363 1.9249
20.0 1.4961 1.2699 2.2880 1.5919 2.9857 1.9781
30.0 1.5202 1.2717 2.3261 1.5973 3.0372 1.9898
40.0 1.5325 1.2723 2.3455 1.5993 3.0632 1.9942
50.0 1.5400 1.2727 2.3572 1.6002 3.0788 1.9862
100.0 1.5552 1.2731 2.3809 1.6015 3.1102 1.9990
o6 1.5708 1.2732 2.4048 1.6021 3.1416 2.0000
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TABLE 4-2
The reroth- and first-order Bessel
functioms of the first Kind

£ JE) S, (g

0.0 1.0000 0.0000
0.1 0.9975 0.0499
0.2 £.9900 0.0995
0.3 0.9776 0.1483
0.4 0.9604 01960

0.5 0.9385 0.2423
0.6 0.9120 0.2867
0.7 0.8812 0.3250
0.8 0.8463 03688
0.9 0.BO75 0.40589

1.0 0.7652 04400
1.1 0.7196 0.4709
1.2 0.6711 04983
1.3 06201 0.5220
1.4 0.5669 0.5419

1.5 0.5118 0.5579
1.6 0.4554 0.5659
L7 0.3980 0.5778
1.8 0.3400 0.5815
1.9 0.2818 0.5812

2.0 0.2239 05767
2.1 0.1666 0.5683

2 0.1104 0.5560
23 0.0555 0.5399
2.4 0.0025 0.5202

2.6 —-0.0968 -0.4708
28 —0.1850 —0.4097
3.0 —0.2001 —0.33591
3.2 03202 -0.2613

Where the first column is 4,
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