Lecture (10): Partial differential equations
Derivation of the diffusion equation

To derive the diffusion equation in one spacial dimension, we Imagine a still
liquid in & long pipe of constant cross sectional ares. A small guantity of dye
15 placed 1 a cross section of the pipe and allowed to diffuse up and doewn the
ppe. The dye diffuses from regions of higher concentration to regions of lower
concentration.

We define w(r, t) to be the concentration of the dye at position © along the
ppe, and we wish to find the pde satisfied by w. It s useful to keep track of
the units of the varioows guantities involved im the denvation and we introduce
the bracket notation [X| to mean the units of X. Relevant dimensional units
used in the denvation of the diffusion equation are mass e, length [, and time
. Assuming that the dye concentration 1s uniform in every cross section of the
pipe, the dimensions of concentration used here are [u] = m/fl.

The mass of dyve in the infinttesimal pipe volume located betwesn position
Ty and position oy at time £, with oy < *© < T35, 1= given to order Ar = oo — o9
by

M = w(x, £]o.

The ma=s of dyve in this infimitesimal pipe volume changes by diffusion into and
out of the cross sectional ends situated at position x3 and T3 (Figure £2.1).
We assume the rate of diffu=1om 1= proportional to the concentration gradient,
a relationship known as Ficks law of diffusion. Fick's law of diffusion assuames
the mass Aux J, with units [J] = m /¢ across a cross section of the pipe is given
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Figure 8. 1: Merivation of the doffusion eguatiorn.
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where the diffusion constant I = 0 has units [IF] = Eﬂl.":t__ and we have used
the notation we — Ju/Pr. The mass flux i= opposite In =gn to the gradient of
concentration. The time rate of change in the mass of dye betweesn oy and ag
1= miven by the difference between the mass flox nmto and the mass Aax ot of
the infimitesimal cross sectional volume. When w, -~ O, J = 0 and the mass
Hows into the volume at position i1 and ot of the volume at position o, On
the other hand, when we = 0, J = 0 and the mass Bows out of the volume at
position oy oand into the volume at position e, In both cases, the time rate of
change of the dye mass 1= given by

ol
— — Jx1.2) — T(xa, £),
or rewriting in teroes of wioc, £):
e, £) AT — D (ug(xa, £) — ualzs, £)) .

IMviding bv Axr and taking the hmit SAx — O resules in the diffusion eqguation:
ey = Fhoaepr.

We note that the diffusion equation is dentical to the heat conduaction eqguation,
where w i= temperature, and the constant 7 (commonly written as <) = the
thermal conductivity.



2- Derivation of the wave equation

To derive the wave equation in one spacial dimension, we imagine an elastic
string that undergoes small amplitude transverse vibrations. We define u(x, t)
to be the vertical displacement of the string from the x-axis at position x and
time t, and we wish to find the pde satisfied by u. We define p to be the
constant mass density of the string, T the tension of the string, and 6 the angle
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Figure 8.2: Dermvafron of the wave eguafion.

between the string and the hornsonal ine. We consider an infinitesimal string
element located between 1 and xo, with Do re — 1, as shown in Fig. 2.2
The governing eguations are Newton’s law of motion for the horizontal and
vertical acceleration of our Infinitesimal string element, and we assume that the
string element only asccelerates vertically., Therefore, the horizontal forces must
balance and we have

Ty oo g T oo @y .

The wvertical forces result in a wvertical acceleration, and with g, the wertical

acceleration of the string element and AT | s pdra 1 4+ ug its mass,
where we have used ue A fAr, exact as Ax — 0, we have
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We now make the azsumption of small vibrations, that = Aw = Ar, or eguiv-
alently ur =2 1. Note that [u] I s0 that wue s dimensionless. With this
approcamation, to leading-order in w, we hawve

oosE lg oo iy L,
=in Mg e Ta. t), =indy el Ty, E],
amd
1 4+ul =1
Therefore, to leading order Th T T, (1.e, the tension n the strimg 1s

approcamately constant), and

o o T T (up(rz.t) — we(xa.t)).

Mviding by Arxr and taking the hmit Arx — 0 results 1o the wave egquation
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where T/ p. Since [I7) r'.'t..rl,-'lf'2 and [ m I, we have [r.":| 12__-"22' =0 that

= has unats of velocity.



