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Lecture (12) :  Fourier series 
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Integration formulas given by (8.3) and (8.5) can be similarly derived. 

To determine the coefficient 𝑎𝑛, we multiply both sides of (8.2) by cos (𝑛𝜋𝑥/𝐿) 

with 𝑛 a nonnegative integer, and change the dummy summation variable from 

𝑛 to 𝑚. Integrating over 𝑥 from −𝐿 to 𝐿 and assuming that the integration can 

be done term by term in the infinite sum, we obtain 

 

 

 

 

 

 

 

If � = 0, then the second and third integrals on the right-hand-side are zero 

and the first integral is 2 L so that the right-hand-side becomes 𝐿𝑎0.. If 𝑛 is 

a positive integer, then the first and third integrals on the right-hand-side are 

zero, and the second integral is 𝐿𝛿𝑛𝑚. For this case, we have 

 

 

 

 

 

where all the terms in the summation except 𝑚 = 𝑛 are zero by virtue of the 

Kronecker delta. We therefore obtain for 𝑛 = 0, 1, 2, . . . 

 

 

 

 

To determine the coefficients 𝑏1, 𝑏2, 𝑏3, . . . , we multiply both sides of (8.2) by 

sin (𝑛𝜋𝑥/𝐿), with 𝑛 a positive integer, and again change the dummy summation 

variable from 𝑛 to 𝑚. Integrating, we obtain 

 

 

 

 

 

 
Here, the first and second integrals on the right-hand-side are zero, and the 

third integral is 𝐿𝛿𝑛𝑚 so that 
 

 

 

 

 

 

 

 

Our results for the Fourier series of a function 𝑓(𝑥) with period 2𝐿 are thus 

given by (8.2), (8.6) and (8.7). 
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3-  Fourier cosine and sine series 
  

The Fourier series simplifies if 𝑓(𝑥) is an even function such that 𝑓(−𝑥) = 𝑓(𝑥), 

or an odd function such that 𝑓(−𝑥) = −𝑓(𝑥). Use will be made of the following 

facts. The function cos (𝑛𝜋𝑥/𝐿) is an even function and sin (𝑛𝜋𝑥/𝐿) is an odd 

function. The product of two even functions is an even function. The product 

of two odd functions is an even function. The product of an even and an odd 

function is an odd function. And if 𝑔(𝑥) is an even function, then 

 

 

 

 

 

 

 

We examine in turn the Fourier series for an even or an odd function. First, 

if 𝑓(𝑥) is even, then from (8.6) and (8.7) and our facts about even and odd 

functions, 
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