LECTUER 2 :Homogeneous Equations

Homogeneous Function
f (xy) is called homogenous of degree nif: f(Ax,Ay)= A" f(x,y)
Examples:
f (x,y ) =x‘-x’y > homogeneous of degree 4
f(ax,2y) = (x)' —(2x) (ay)
= 2(x* =x’y)= Af(x.y)
f(x,y)=x*+sinxcosy - non-homogeneous
f(Ax,Ay) = (Ax ) +sin(Ax)cos(Ay)
= 22x* +sin(Ax)cos(Ay )

The homogeneous differential equation

dy
—_—= f :
i x,y)

having the property f(tx, ty) = f(x, y) (see Chapter One) can be trans-
formed into a separable equation by making the substitution

y =XV (2.6)

along with its corresponding derivative

dy_ v 2.7)

dx dx
The resulting equation in the variables v and x is solved as a separable
differential equation; the required solution to Equation 2.5 is obtained by
back substitution.
Alternatively, the solution to 2.5 can be obtained by rewriting the dif-
ferential equation as

&1
dy f(xy)

(2.8)
and then substituting

X=yu (2.9)



and the corresponding derivative

ay u+y ay
into Equation 2.8. After simplifying, the resulting differential equation
will be one with variables (this time, u and y) separable.

Ordinarily, it is immaterial which method of solution is used. Occa-
sionally, however, one of the substitutions 2.6 or 2.9 is definitely superi-
or to the other one. In such cases, the better substitution is usually appar-
ent from the form of the differential equation itself.

Example: Find G.S. forD. E. Y :mx

This differential equation is not separable. Instead it has the form
y' =f(x,y), with

Y+X
f(xy)=
X
where
f (i ty):tV+tX:t(V+X):V+X:f(x,y)
tx tx X

so it is homogeneous. Substituting Equations 2.6 and 2.7 into the equa-
tion, we obtain

which can be algebraically simplified to

xd_vzl orlgx—dv=0
dx X (2.26)
This last equation is separable; its solution is

In|x|+In|k|=In]|xk]|.
1
“dx—-|dv=c
Jyo=]

which, when evaluated, yields v=In|x|-c, or
v=In|kx|

where we have set ¢ = —In | k |and have noted that



Finally, substituting v =y / x back into 2.26, we obtain the solution to the given differential
equationasy =xIn|kx|.
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