Example 20.6 Do e (Ix |+ =x])
x—0

Solution : Since [x| has different values for x > ( and x<0. therefore we have to find out both
left hand and right hand limits.

lim (|x|+|-x|) =lim (|0 b ¥ @ B
= h—0

x—0
= lim (|-h|+|=(-h)])
h—0
= limh + h= lim 2h =0 ;
hil(')ll"‘ 1 hln_lg 1 (1)
Iim (|x|+|—x]|) =lim (|0 +h| + €0 h)|)
=limh+h=1lim 2h=0 :
x—0 h—0 (1)
From (1) and (ii).
lim (|x|+|—x|) =lm [|x| 4+ =]
x—0" h &7
. lim||x|+]—x]|[ =0
Thus , hf}j“‘i |—x|]

Note : We should remember that left hand and right hand limits are specially used when (a)
the functions under consideration involve modulus function. and (b) function is defined by
more than one rule.



Rl Find the viue of s so fuat

limfi{x) ©MsL Where gy =
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Soluotion - ]imf[:]:li.mi[h—ﬁ]

m—al
= lim [3 (1) + 5]
b0
=3+5=§
lim fix)=lm(2x+a)
nal? il

= lim (M1+h)+a)
hau[i{f’ﬂj

=1+5

We are given that lim fi{x) will exisE provided
n—al

_ hm = lm fi{x)
1—+l p—al?
~. From (1) and (i),
l+a=%8
or, a=@
Ii'aﬂ:ﬂ:imflfﬁ]ﬁthﬁnﬂdaﬁ
ol 1
% E"Lﬁ-c_i
1
fiix) =40 ==
l:tn' .L 2
1 ! <]
-1, F'f:'i
Examine the exstencs of ]j_u:if{'.'.].
"3
] Dene —
. 1
Solution : Hers fim)=40 =g
-1, = =x =]
3
lim f{;;.:hf[é-h]
h— &

=1

|

[-f(x)=3x +5forx =1]

[+ fi{x) = 2x +a for x =1]
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=lim||—+h [-1|]|-—+h > and from(ii).f
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Framm () and (1), 2ft hond it . righe hand e
].i.l:l%f{'.'.] fioe:s not exist.
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CHECK YOUR PROGERESS 20.1
1. Evaluaie each of the following Bmis

(a) ﬁp[“ﬁ*:‘] )] li:r:.u:l[xz—h—'-'] (.;]]:i]l]ill:‘-.'-rill—l-ﬁI'
- 2 e - '|:| . 2 fo 21
I hll.:nJ[:-r]J -r..-.} (&) H[Iﬂl-l-l_, -5|| (g lim 3= 1) (x+1)
1 Find the Limits of sach of the following fimctions :
. -5 . E+1 . Ix+3
lim = ) lm Y Em
{El] A+45E+2 Tl m+l I:E,h + Fx-10
_ px+q . x -8 . xt-2%
[y ——— L3 ) Hm
I:d:l w—sl 3% + b I:E.].l. A x-3 IIJ.rﬁ =+ 3
1 L o _ext -1
(g lim ——— W =5
—ig® —3x +1 1
3. Exahuite each of the followine Emis:
::'a— L :lj' +Tx x -1
v y Em X+ N
@) = O T () iy

@

...{HD)

%+h]=[%+h]—1|’

W)



4. Evaluare each of the foliowins linits

I:EI] .__i:qq'-1-1-1—-..|'-1-—1 l:b:lh.d_:-r:l:-ﬁ [_':]"_'l:l"'li_l --|.||'-§
x—afl X -l X x—kd -3
X Jx-1 =x
- lim -
i -!'LIL-- 1+x—1 () g j-:;lﬁ -
5. (a) Find '-ir—'r—:.:t':tm:isls. (t) Find Lim ——_ ifit eniss.
6. Find the vahues of the nets mven balowy
x - 1 A L
(@) HIE- x |_’_|:|__|:‘:!.|:|:!:|.__ x+2 2 Bewr~ T
(d) Show that Lim ::; does not exist.

7. (a) Find the left hand and right hand limis of the fimdion

-2z 3. & =l

fx)={ A
| Iz—5x = Ex-l

() I £ix) et “ findlimin)
i_].l:.'-] x—#l

dx+3 x«d

Ix+Tx=4

(c) Find Iir_;:'{1:|:t':[ endists, given that :'{;:.:[

8. Find the value of 'a’ such that lim f(x) exists wherefix) =

ik

AL +5 5l
E-lx =
|
o ]..E1f|::-'.:l= 1x =1
|'.-:3.:-'. 5|
Establish the existence of 1imf{x)

10. Find limfi{x) O it exists, where

% —Fe

20.5 FINDING LIMITS OF SOME OF THE IMPOETANT
FUNCTIONS

(f) Prove that Jim = > — pa®-! wheren is a positive inteser.
et |




— lim —
bl b

11[ ot 2Dy, h"l]
=i h

—a & —d
Note : However, the result & ttue foralln

{ii) Prove fat (a2) ,I:m;.:ln sn% =0 g4 () ;lm;.:lu cosn =1

Proof - Consider a unit crcle with centre B, in which < C is a nght angle and < ABC =%
radians.

Nowsink=ACamdcx=BC

Az w decreases, A goss on coMINE nearsr and nearsr i O
ie.when x —+0A —C

orwhen x —0.4C -4

and BC—ABie BC -1

~When x50 sinx —0 30 cowx—1
Thie we have
lim simx =0 and &m cosz=1
5l w—sl
siox

i) Prove lim —=1
() ﬂm;.ﬂ %

Proof : Dw a ancle of mdins 1 umt and with cenfre at the arigm & L2t B (1.0) be a pomt on
the circle. Let A e amy other point oo the cncle Drame 4c | 0% -



Lat £AOY = x radians, whars [I-::-:g | .
Diraw a tamzent fo the drecle at B mesting OA produced i
at D). Then BD 1 OX / Bgert
Area of panc. area of sector opa. area of = — :-: = -
x‘\'\'l\_\_\_- _/
ar=OCAC <2 xly < LOB<ED | Fem
_ 1 . 1 2
- area of miangle =— base-height and area of sector=—#tr
1 .1 1 1
EE-DE‘-.:»III.‘—ﬂ.E “T -tanx
oo AC BD
P =— =—— and =—,0A=1=0B
COSE II:ms:um Dﬂm fanx OB
_ tanx . 1
COSX < -
Le, “inE - smm [Oeviding drooshous ny T x]
1
oI COSE< — .
siOx  Cos%
1 _ simx
of = < CO5%
COSE %
) simx 1
ig, COSE< <
% 0%
Taking Ernit a5 x —+ 0 we Zet
lim cosk < lim Zor - lim I
x—3l il B x—0COSX
or 1< fim 2% ]]II].CI:IE".' 1 apd lim ! !=1
Y el COSE 1
Ths, i ST
-l [

Note : In the above resuits, it should be kapt in mind that the angle x st be expressed in
radians.
1

{iv) Prove that Lm (1+%)" =
w—Hl

Proof : By Bmominl theorem when | %< 1, we g2t



I

l[_'_ ' _‘__ I__

1 %l x '] 1

l+ —x+ x2 ++ ul £
%

(l+x)" = =
{|--:3 (1-=N1- 3-:]
=1+ H T £
1
.\
- lim (Lex)" lm:.ll 1+ 1 x - “JH =), o u‘
J.
= 1+1+%+%1— .......... w}
=e (By definifior)
I
Tl ]j]];‘ln{|+.".":" =g
[v) Prove that
hn:]hg[:_. x)_ = lim llu:nElfI+1j—]1|:|1]uE|f1+1‘.ll
1
=lge Umf}“ﬂ‘ +x)" =
=1
fvi) Prove that Tim = =1
: il K
x
Proof : Wa kpow that " = I+!+T|+§_"""""
gt -1= [|+E+E+;+ —I]
I |
B X
1T+i+
2 3
P IR
er-1 | 1 3 [Dividing trmazhout by %]
x x
i







