Numerical Analysis Ch.4: Solution of Ordinary Differential Equs.

Ch.4: Solution of Ordinary Differential Equs.

There are many different scientific problems, which leads to Ordinary Differential
Equs.(O.D.E.) or Partial Differential Equs.(P.D.E.) their solutions are difficult, therefore we can
solve it by “Numerical (approximation) Solution”.

The solution of (O.D.E.) is meaning find it's function which satisfy (O.D.E.).

The general formula of (O.D.E.) first order is:

%z y= 1)
y(x,)=y,

There are different types methods for solution of (O.D.E.):
1- Taylor Series Method
2- Euler Method
3- Modified Euler Method
4- Runge-Kutta Method

1- Taylor Series Method A
The general formula of Taylor series is:
by T by e
=y +—y'+—y"+—y"+...... +—.
R VI  TI N Vied ol

For easy solution, we can make a table
to record the values of numerical & analytical.

Xo X1 X2 X3 X,

Ex.1: Solve the (D.E.) y'—x+y =0 by using “Taylor Series Method” when y(0)=1, x=0 (0.1) 0.4

Sol. y(Xo) =Yy(0) =yo,=1, x=0(0.1) 0.4 — x=X, (h) Xn

At x1=0.1, x=0.2, x3=0.3, x4=0.4, we must find y1, y», y3, and y4

y=x-y - y'=-1
V'=1-y'=l-x+y —)y"'=2
Y'==1+y' =—l+x-y —>y"==2
Yy =1-y'=1-x+y -y =2

by h e
Y, =Y, Ty 2—ly +7y F o +7y
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Numerical Analysis Ch.4: Solution of Ordinary Differential Equs.

n=1 — y,=1, X,=0, h4=0.1

B2 3 pd

y =14+ 2 O ) L OO o) OD7 )
y1=0.9096

n=2 — y,=1, X,=0, hy=0.2
In =y0+T.y +7-J’ +?-y +T.y

2
Vo= 1+ +%.(—1)+ ©0.2) .

027 .. (02"
@+ = (=)

v, =0.8374

E — yo=1 , Xo=0, h3=03

B 03 (0.3)° (0.3)° ~ (0.3)*
y3—1++1.( 1)+ > (2)+ 3 ( 2)+—4 .(2)

»3=0.7816

n_=4' — y0=1 5 X0=0, h4=0.4

2 3 4

h4 ' 4 " 4 m 4 Vi
=y +—2 YLyt L
S R et bt
2 3 4
y4=1++¥.(—1)+&.(2)+%.(—2)+%.(2)

¥, =0.7406

Ex.2: Solve the (D.E.) yx=2y by using “Taylor Series Method” when y(0)=1,
x=1(0.2) 2

Sol. y(xo) =y(0) =yo=1, x=1(0.2) 2 — x=X, (h) xn

At x1=1.2, x,=1.4, x3=1.6, x4=1.8, x5=2, we must find y1, y2, y3, yaand ys
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Numerical Analysis Ch.4: Solution of Ordinary Differential Equs.

y'=2y/x - y'=2
y"=2y/x’ —)y'=2
y"=0/x —y"=0
y"=0 —y" =0
y' =0 -y =0
hoo ok hlj e
v, =y, t 11 b+ 21 P +ty

n=1 — yo=1 5 X0=1, h1=0.2

h1 [ h12 " h13 " h14 V4 h15 V
=y +— V' +— " +—y"+— " +—.
Yn=Vo 1 Y > Y 3 y 4 Y 5 Y
2 3 4 5
y1:1++2.(2)+(0'2) .(2)+(O'2) .(0)+(0'2) .(O)+(0'2) .(0)
1 3 4 5
vy, =144
n=2 — y,=1, Xo=1, h,=0.4
_ +h_2 !+£ "+_; ”/+_; +£
A e A st
2 3
2—1++014 (2)+(O.4) .(2)+(0.4) (0)+ (04) )+ (04)
y2:1.96
n=3 — y,=1, X,=1, h3=0.6
y =y +h—3.y'+—32.y —;.y —;.yIV+—35.yV
n "o 1 2 3 4 5
(0.6)° (0.6)° (0.6)* (0.6)°
—1++ 2)+ (2)+ (0)+ (0)+ (0
V3 ( ) 5 (2) 3 (0) 1 (0) s (0)
y3:2.56
n_=4' — yo=1, X0=1, h4=0.8
he o B ; NN
=y +—=y+—=p"+—. —y +—.
Yy =Yt YISV Yy ey
0.8 0.8)° 0.8)* 0.8)°
1= 1428 0 OY ) O )OI (), OF
4=3.24
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n_=5 —>yo=1, Xo=1, h5=1

_ +h5 I+h52 Il+h53 m h4 +h5
Vp =Vt Y Y Y ey eyt

1

y5—1++ (2)+(1) (2)+(1) (O)+() (O)+(15)5 .(0)

ys=4

H.W. By using “Taylor Series Method”, solve the following (D.E.):
1- y'=2xy when y(0)=1, x=1 (0.2) 2
2- y'—y—x=0 wheny(1)=1, x=1(0.1) 2
3- y—=»x*=0  when y(0)=1, x=0 (0.5) 2
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Numerical Analysis Ch.4: Solution of Ordinary Differential Equs.

2- Euler (Simple Euler) Method:
In this method, we must provide “Initial value problem” & the solution is starting at this point
and forward step by step in the range of the function.

yn+1 :yn +h'f(‘xn9yn)
yn+1 :yn +hy;;

Ex.3: Solve the (D.E.)) Y —-x+y=0by wusing “Euler Method” when y(0)=1,
x=0 forx=0.1,0.2,0.3,04, 0.5

Sol. y(Xo) =y(0) =yo,=1, x=0(0.1) 0.4 — x=X, (h) Xn
At x,=0, x1=0.1, x2=0.2, x3=0.3, x4=0.4 & x5=0.5 we must find y1, y2, y3, y4and ys

n=0 — y,=1, x,=0, h=0.1
Vst =Yy THF(X,,3,)
V=Yt hf(x,¥,)
vy, =14+0.1(0-1)
», =09

n=1 — y,=0.9, x;=0.1, h=0.1
yn+l :y,, +h‘f(xn=yn)

Vo =y thf(x;, )
v, =0.9+0.1(0.1-0.9)

v, =0.82

n=2 — y,=0.82, x,=0.2, h=0.1
yn+1 :yn +h'f(xn’yn)

Yy =y, thf(x,5,)
¥, =0.82+0.1(0.2-0.82)

v, =0.758

n=3 — y3=0.758, x3=0.3, h=0.1
yn+l :y,, +h‘f(xn=yn)

Vi=Ysthf(x;5,y5)
v, =0.758+0.1(0.3-0.758)

v, =0.712

n=4 — y,=0.758, x,=0.4, h=0.1
yn+l :yn +h'f(xn’yn)

Vs =y thf(x,,y,)
ys=0.712+0.1(0.4-0.712)

5 =0.680
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Ex.4: Solve the (D.E.) y'-x*-4y=-0.5y by using “Euler Method” when y(0)=4,
x=0,(0.05) 0.25

Sol. y(Xo) =Yy(0)=yo,=4, x=0(0.05)0.2 - x=x, (h) Xn
At x,=0, x1=0.05, x2=0.1, x3=0.15, x4=0.2, x5=0.25 we must find y1, y2, y3, yaand ys

n=0 — y,=4, x,=0, h=0.05
Yt = Yu HHJ(X,,,)
Y =Yo +hf(x,¥0)
y, =4+0.05[(0)” +4.(0)—-0.5(4)]
y, =39

n=2 — y,=3.9, x1=0.05, h=0.05
Yun =Yy thf(x,,5,)
Yy =y +Hhf(x,y)
v, =3.9+0.05 [(0.05)* +4.(0.05)—0.5(3.9)]
v, =3.81

n=3 — y,=3.81, x,=0.1, h=0.05
Vst = Vo TS (x,,9,)
Yy =Yy +h f(xy,5,)
Yy = 3.81+0.05[(0.1)> +4.(0.1) - 0.5(3.81)]
v, =3.73

n=4 — y3=3.73, x3=0.15, h=0.05
Vst =Yy TS (x,,9,)
Yo=Yy thf(x;,y;)
V4= 3.73+0.05[(0.15)* +4.(0.15) - 0.5(3.73)]
v, =3.67

n=5 — y,=3.67, x4=0.2, h=0.05
Y =Yy thf(x,,7,)
Vs =Yy +thf(x,,y,)
ys =3.67+ 0.05[(0.2)* +4.(0.2) - 0.5(3.67)]
ys =3.62
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Ex.5: If water is drained from a vertical cylinder tank by this equ. dy/dt =—k,y ,k=constant

(-0.06) & y= depth of water (m), t= time(min). Find the depth of water after (2min) of flow water.
When initial water level (3m), step time (0.5 min) use Simple Euler Method.

Sol. y(t)=y(0)=y,=3, t=0(0.5)2 - t=t, (At) t, < X=X, (h) xn

At x,=0, x1=0.5, xo=1, x3=1.5, x4=2 we must find y4, y2, y3, and ys by Euler Method

n=0 — y,=3, X,=0, h=0.5
Vo =V, thf(x,,9,)
Y=Yy +h.f(x4,¥0)
y, =3+0.5[-0.06(+/3)]
y, =2.948 m

n=1 — y;=2.948, x,=0.5 , h=0.5
Vo =V, +hf(x,,,)
Yy =Y thf(x4,¥0)
y, =2.948+0.5[—0.06(+/2.948)]
y, =2.896 m

n=2 — y,=2.896, xo=1, h=0.5
Vo =V, +hf(x,,5,)
Vs =Y +h.f(x0,¥,)
v, =2.896+0.5[-0.06(~/2.896)]
v, =2.845m

n=3 — y3=2.845, x3=1.5, h=0.5
Yt = Vu +Hf(X,,9,)
Vs =Yy +h f(x4,¥)
y, =2.845+0.5[-0.06(+/2.845)]
Yy =2.794 m at t=2min

H.W. Solve the above example by using Taylor series method.
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3- Modified Euler Method, Euler’s Trapezoidal Method, Predictor Corrected Method

h
yn+1 :yn +E[f(xn’yn)+f(xn+19yn+l)]

The estimation value f(x,+1+ yn+1) find from last “Euler Method”

Ex.6: Solve the (D.E.) y' =xy by using “Modified Euler Method” when y(1)=1, x=1,(0.2), 2
Sol. y(xo) =y(1) =yo=1, x=1,(0.2), 2 — x=X, (h) xn
At x.=1, x1=1.2, x2=1.4, x3=1.6, x4=1.8, & x5=2, we must find y1, y2, Y3, Y4, and ys

n=0 — y,=1, X=1, h=0.2
yn+1 :yn+h'f(xn’yn)

Vi =Y thf(x5,¥0)
v, =14+0.2(1*1)

v =12 Estimation value

h
yn+1 :yn +E[f(xn9yn)+f(xn+l’yn+l)]
h
yl:y0+§[f('xo’yo)+f('xl’yl)] ;X1=1'29 y1=12
Y :1+%[(l*l)+(1.2*1.2)]
v, =1.244 Corrected value

n=1 — y:=1.244, x,=1.2, h=0.2
yn+l :yn +h'f(xn’yn)

Yy =0 +hf(x, )
v, =1.244+0.2(1.2*1.244)

v, =1.542 Estimation value

h
yn+1 :yn +5[f(xn’yn)+f('xn+17yn+1)]

h
V=0 +5[f(x1,y1)+f(xz,yz)] ; Xo=1.4, y,=1.542
¥, :1.244+%[(1.2*1.244)+(1.4*1.542)]

v, =1.609 Corrected value
n=2 — y,=1.609, xo=1.4, h=0.2
Your = Vp thf(x,,0,)
Vs =Y, thf(x,,)
y; =1.609+0.2(1.4*1.609)

v, =2.059 Estimation value
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Numerical Analysis Ch.4: Solution of Ordinary Differential Equs.

h
yn+1 :yn +§[f('xn’yn)+f(xn+1’yn+l)]
h
Y= +E[f(xzsy2)+f(x3ay3)] ; X3=1.6, Y3:2-059

y, =1.609+ 0;22[(1.4 *1.069) + (1.6 *2.059)]

v, =2.163 Corrected value

n=3 — y;=2.855, x3=1.6, h=0.2
yn+l :y,, +h~f(x,,»yn)

Vi=Ysthf(x;5,y5)
v, =2.263+0.2(1.6%2.163)

v, =2.855 Estimation value

h
yn+1 :yn +E[f(xn9yn)+f(xn+l’yn+l)]

h
Ya=MX; +§[f(x3,y3)+f(x4,y4)] ; X4=1.8, y4=2.855

v, :2.163+%[(l.6*2.163)+(1.8*2.855)]

v, =3.023 Corrected value

n=4 — y,=3.022, x3=1.8, h=0.2
yn+l :y,, +h'f(xnayn)

yS :y4 +h'f(x49y4)
s =3.0234+0.2(1.8*3.023)

ys =4.111 Estimation value

h
yn+1 :yn +E[f(xn’yn)+f(xn+1’yn+l)]

h
Vs =y4+§[f(x4,y4)+f(x5,y5)] ; Xs=2, ys=4.111

Vs =3.023+%[(1.8*3.023)+(2*4.111)]

vs =4.390 Corrected value

Ex.7: Solve the (D.E.) y'=x—y by using “Euler Trapezoidal Method” when y(0)=1, x=0.1, 0.2,
0.3,04

Sol. y(xo) =y(0)=yo=1, x=0.1,0.2,0.3,0.4 — h=0.1

At x1=0.1, x1=0.2, x3=0.3, & x4=0.4, we must find y1, y2, y3, and y4

Asst. Lee. Amer Jameel Shareef Third Stage of Mech. Eng. Dep.



Numerical Analysis

Ch.4: Solution of Ordinary Differential Equs.

n=0 — y,=1, Xx,=0, h=0.1
yn+1 :yn +h'f(xn’yn)

Vi =Y Hhf(x5,¥)
y, =14+0.1(0-1)

y, =09 Estimation value

h
yn+1 :yn +5[f(xn’yn)+f(xn+13yn+1)]
h
yl :yo +5[f(xo’y0)+f(x1’yl)]

b2 =1+07'1[(0.1*1)+(O.2*0.9)]
y, =091 Corrected value
n=1 — y4=0.91, x4=0.1, h=0.1

yn+l :yn +h-f(x,,»yn)

Y, =y +hf(x,y)
v, =0.91+0.1(0.1-0.91)

v, =0.829 Estimation value

h
yn+1 :yn +§[f(xn’yn)+f(“xn+l’yn+1)]

Y2 =N +g[f(xl’yl)+f(x2’y2)]

¥, =0.91+%[(o.1*o.91)+(0.2*0.829)]

v, =0.838 Corrected value
n=2 — y,=0.838, x,=0.2, h=0.1

yn+1 :yn +h'f(xn=yn)

Vs =y, thf(x,,y,)
y, =0.838+0.1(0.2 - 0.838)

v, =0.774 Estimation value

h
yn+1 :yn +E[f(xn9yn)+f(xn+l’yn+l)]

h
V3= +E[f(x29y2)+f(x3’y3)]

;s x,=0.2, y;=0.9

s X,=0.2, y,=0.829

’ X3:O.3, Y3:0774

y, = 0.838+0—;[(0.2*0.838) +(0.3%0.774)]

v, =0.782 Corrected value
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n=3 — y3=0.782, x3=0.3, h=0.1
Yt = Vo TS (x,,9,)
Ve =Ys T hf(x5,y;)
v, =0.782+0.1(0.3-0.782)

v, =0.734 Estimation value

h
yn+1 :yn +5[f(xn’yn)+f(xn+1’yn+1)]

h
Ya=Ds +5[f(x3,y3)+f(x4,y4)] 5 x4=0.4, y,=0.734

y, = 0.782+%[(0.3 %0.782) + (0.4%0.734)]

v, =0.714 Corrected value
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4- Runge-Kutta Method
This method is more advanced from others methods that can be classified into two types:
A- Second order Runge-Kutta formula

1
Vot = Va +E(k1 +k,)

ky=h.f"(x,,y,)
ky=h.f'(x,+hy, +k)

Ex.8: Solve the (D.E.) y' =x.y by using “Second order Method” when y(1)=1, x=1.1, 1.2,
Sol. y(x)=Yy(1)=y,=1, x=1.1,1.2, — h=0.1

n= — Yo=1, Xo=1, h=0.1

1
Yot =V +5(k1 +ky)

by =h.f'(x,,9,) =h. f'(x0,5,) = 0.1 f'(L1) = 0.1(1*1) - k, = 0.1

ky=h.f'(x, +hy, +k)=h.f'(x;+hy, +k)=0.1f'1+0.1,1+0.1) = 0.1 £'(1.1,1.1)
ky =0.1(L.1*1.1)

k, =0.121

=Dy +%(k1 +ky) =1+%(o.1+o.121)

y, =1.1105

n=1 —y:=1.1105, x4=1.1, h=0.1

1
Yot =V +5(k1 +ky)
ki=h.f'(x,,y,)=h.f(x,y,)=0.1f'1.11.1105)=0.1(1.1*1.1105) — k, = 0.1221
ky=h.f'"(x,+hy, +k)=h.f'(x, +h,y, +k)=0.1 f'(1.1+0.1,1.1105+0.1221) = 0.1 f'(1.2,1.2326)
k, =0.1(1.2*1.2326)
k, =0.148
Y, = +%(kl +k,) :1+%(O.1221+ 0.148)

y, =1.1350

H.W. Solve
1- above Ex. y(1)=1, x=1,(0.1), 1.6
2- y'=x+y y(1)=1, x=1,(0.2), 2

3- »'—x* =0 y(0)=1, x=0,(0.2), 1
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Ex.9: Find a velocity after (min) by this given equ. du/dt = g +(¢/m).u where are (g, c, m)

constants equal to (9.81, 12.5, 68). At initial time (0) the velocity is (0 m/min), take step time
(1min). Use 2™ Order method.
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B- Fourth order Runge-Kutta formula

Vot =V +é(k1 +2k, + 2k, + k)

kl = h'f’(xn’yn)

h k
k,=h.f'(x, +—,y, +—
2 f(xn 2 yn 2)

h k
k,=h.f'(x +—,y +—=
3 f( n 2 yn 2)
ky=h.f'(x,+hy, +k;)

Ex.8: Solve the (D.E.) y' =x—y by using “forth order Method” when y(0)=1, x=0.1, 0.2, 0.3, 0.4
Sol. y(X,) =y(0)=y,=1, x=0.1,0.2,0.3,04, — h=0.1

n=0 — y,=1, X,=0, h=0.1

Vst =V +%(k1 + 2k, +2k; +k,)

b=k f (0, = hof (0, 00) = 0.1 /(0 = 0.1 (0~1)

K =—0.1
k2=h.f'(xn+§ —) hof'(x, + ,yo —) 0.1/"(0+ El‘_) 010+ _1)_(1_%)]
k, =—-0.09

;@:h.f'(xﬁ% —) hf' Gy + ,yo —) 0.1/°(0+ El‘w) 010+ _) (1_&)]
k, =—0.0905

k,=h.f'(x, +h,y, +k)=h.f'(x, +hy, +ky)=0.1. £(0+0.1,1-0.0905) = 0.1[(0+0.1) — (1 — 0.0905)]
k, =—0.0809

v, =y, +%(kl +2k, + 2k, +k,)=1 +%(—o.1 —2(0.09) — 2(0.0905) — 0.0809)
y, =0.9096
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Numerical Analysis Ch.4: Solution of Ordinary Differential Equs.

n=1 — y;=0.9096, x;=0.1, h=0.1

Vot =V +%(k1 +2k, +2ky +k,)

ko=h.f'(x,,y,)=hf'(x,y)=0.1 £(0.10.9096) = 0.1 (0.1- 0.9096)

k, =-0.08096
k,=h.f'(x, +ﬁ,y,, +ﬁ) =h.f'(x, +ﬁ,y1 +ﬁ) — 0.1f'(0.1+g,(),9096_ 0.08096)
2 2 > ) >
— 0.1[(0.1 +%) _ (09096 208096,

k, =-0.072

h k h k 0.1 0.072
ey =h f'(x, + =y, +=) = h.f'(x, + =, ¥, + =) = 0.1 f'(0.1+ —,0.9096 - ——=
s =h S0+ + ) =S+ 2+ 20 = 017 5 5 )

=0.1[(0.1+ %) - (0.9096—%)]

ky =—0.0723

k,=h. f'(x, +hy +k)=h.f'(x, +hy, +k)=0.1.£(0.1+0.1,0.9096—0.0723)
= 0.1[(0.1+0.1) — (0.9096 — 0.0723)]

k, =—0.0637

V, =V, + %(k1 +2k, + 2k, +k,)=0.9096+ é (—0.08096— 2(0.072) — 2(0.0723) — 0.0637)
y, =0.9277
n=2 — y,=0.9277, x,=0.2, h=0.1 By same steps above, we can find y3

n=3 — y3=77?77,x3=0.3, h=0.1 And also by same steps above, we can find y,4

H.W. Solve by 2™ & 4" order 1- above Ex. y(1)=1, x=1,(0.1), 1.4
2- y =x+y y(1)=1, x=1,(0.2), 2
3- Y — x> =0 y(0)=1, x=0,(0.2), 1
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Summary
Solution of Ordinary Differential Equs.

1- Taylor Series Method

h h? n’ he
v, =y, +— Y+ -y
1i 2i 3i ci

2- Euler (Simple Euler) Method
ynH :yn +h'f(xn7yn)
Vst = Vo 1Y,

3- Modified Euler Method, Euler’s Trapezoidal Method, Predictor Corrected Metho
h
yn+l :y,, +E[f(xn’yn)+f(xn+l9yn+l)]

The estimation value f(x,+1+ yn+1) find from last “Euler Method”

4- Runge-Kutta Method

A- Second order B- Fourth order
1 1
yn+1:yn+5(kl+k2) yn+1:yn+g(k1+2k2+2k3+k4)
klzh'f’(xn’yn) kl :h'f'(x;ﬂyn)
k2=h'f(xn+h>yn+k1) kzzh-f’(x,,‘l'ﬁ,y,,*‘ﬁ)
2 2
h k
ky=h.f'"(x, +—,y, +—=
3 f(xn 2 yn 2)

k4 :h'f’(xn +h7yn +k3)

For General y(x,) = y(0) = yo=1, Xo=0, x=X, (h) x, — for example x=0 (0.1) 0.4
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