First year/ 2" Semester - 2018-2019- Chemical and Petroleum Engineering
Department

By
MsC. Yasir R. Al-hamdany

_Lecture — One

Integration Techniques:-

1- Integration by Parts.

2- Integrals Involving Trig Functions.



Integration Techniques:-

1- Integration by Parts
So let’s derive the integration by parts formula. We’ll start with the product rule.

(fe)=rfegrfg

Now, integrate both sides of this.

[(fe)dx=[fg+fgdx

T'he left side 1s easy enough to integrate and we’ll split up the right side of the integral.
fe=[fgd+|fgdn

Finally, rewrite the formula as follows and we arrive at the integration by parts formula.

[fg'de=fo-[fgan

This is not the easiest formula to use however. So, let’s do a couple of substitutions.

u=f(x) v=g(x)
du= f'(x)dx dv=g'(x)dx
Using these substitutions gives us the formula that most people think of as the integration by parts

formula.

IdeVzuva.vdu

To use this formula we will need to identify # and dv, compute ¢ and v and then use the formula.
Note as well that computing v is very easy. All we need to do is integrate dv.

V= jdv
Example 1 Evaluate the following integral
jxeﬁx dx
Solution
6 -
U=x dv=e"dx
6x 1 6x
. dir = dx v:je dy=—e
The integ 6

Next, let’s take a look at integration by parts for definite integrals. The integration by parts
formula for definite integrals is,

Integration by Parts, Definite Integrals
b
j udv=uv

a

B b
—I vdu
a a




Example 2 Evaluate the following integral.
2
j xe® dy

Solution

This is the same integral that we looked at in the first example so we’ll use the same # and dv to
get,

2 X
J‘ xeﬁx dx — _eé.‘c
6

_%J‘iesxdx

2 2

6x

L
6 |, 36
11 7
=—e +—
36 36
Example 3 Evaluate the following integral.

"I"(3r+3)c05( ]dr

_ 1 eﬁx

-1

-6

Solution
Instead of splitting the integral up let’s instead use the following choices for « and dv.

u=3r+5 dv—cos( Jdr

du =3dt 1/—43111(

The integral is then,

|
ot

J+48005{ ! J+c
4

-lal-‘

4(3t+5)sin

o~

Example 4 Evaluate the following integral.

jw2 sin(10w)dw
Solution
For this example we’ll use the following choices for « and dv.
0= dv =sin(10w)dw
1
du =2wdw V= —Ecos(lﬁw)



The integral is then,
2

sz sin (10w)dhw = _%cos(l Ow)+ lJ.m:a:)s(lOu-') dw

In this example, unlike the previous examples, the new integral will also require integration by
parts. For this second mtegral we will use the following choices.

U=w dv =cos (1011")dw
I .
du =dw v=—sin(10w)
10
So, the integral becomes,

jw2 sin (10w)dw = —%cos (10w) +é(%sin(10w) - % j sin('lOw)dw]

2
w

:—_—COS(101v)+1(lsi11(10w)+_ :
10 SVI0 100

COS(lOH"))-i—C

W . W 1 :
- "O% 10 s - 10 s - 10 .
0 cos 1x)+5051n( w)+——cos(10w)+c
Example 5 Evaluate the following integral
I xa/x+1dx
(a) Using Integration by Parts. [Solution]
(b) Using a standard Calculus I substitution. [Solution]

Solution
(a) Evaluate using Integration by Parts.

In this case we’ll use the following choices for « and dv.

U=x dv=+x+1dx

2, 3
du = dx v:g(x+1)2

The integral 1s then,
2 32 3
J-xxﬂx+1dx :;,\‘(Hl)l —;J.(l'-i-l)z dx

3 4 5

:§A‘[x+'l)5 —E(A"I—l) +c



(b) Evaluate Using a standard Calculus I substitution.

Now let’s do the integral with a substitution. We can use the following substitution.
u=x+1 x=u-1 du =dx

Notice that we’ll actually use the substitution twice, once for the quantity under the square root
and once for the x in front of the square root. The integral is then,

J‘x\jx+ldx:_‘.(u—l)\/;du

3 1
:j-uz —u? du
il 3
2 3 3
=Zu:-—"u?+c
5 :
2 52 3

2 1 2 (xs1)
5(1+ ) 3(\+ )2 +c¢

Example 6 Evaluate the following integral.

jeg cos@do
Solution
i =cost dv=ede
du=—-smbdeé v=e’

The integral is then,
jeg cos8d6 =e° COSQ-!—IGG sméde

So, 1t looks like we’ll do mtegration by parts again. Here are our choices this time.
: g
u=sné dv=e’de

du =cos@do v=e’

The integral is now,
jeg cos8dO =e’ cosO+e’ si11:9—je€ cos@de

2[99 cosBd6 =ef cosO+e’sind

All we need to do now 1s divide by 2 and we’re done. The integral is,

j‘eg cos@de :%(eg cos @ +e° sir15)+c



2- Integrals Involving Trig Functions.
Let’s start off with an integral that we should already be able to do.

-5 3 . . . .
Icos xsin” xdx = ju dut using the substitution # = sin x

= —sin®x+c

Example 1 Evaluate the following integral.
jsin5 xdx

Solution
This integral no longer has the cosine in it that would allow us to use the substitution that we used

above. Therefore, that substitution won’t work and we are going to have to find another way of
doing this integral.
Let’s first notice that we could write the integral as follows,

- 2
. 5 . 4 . . 2 .
jsuf xdx = jsm xysmxdx = j(sm x) S1n X dx

Now recall the trig identity,
2 -2 - -2 - 2
cos” x+sm x=1 = sim-x=1-cos” x

With this identity the integral can be written as,

- 2
. 3 P 2' .
jsnf xdx :j(l—cos x) sin x dx

and we can now use the substitution # = cos x . Doing this gives us,
2
25 2
'[5111 X dx :f_‘.(l —u ) du

= —.f'l —2u® +u’ du

2
:—(31—313 -I—lf.-‘ﬁ +c
3 5

5
:—COSV\'-F;COS}.X—jCOS' X+cC
- J

The exponent on the remaining sines will then be even and we can easily
convert the remaining sines to cosines using the identity,

cos’x+sin‘x=1 (1)

Example 2 Evaluate the following integral.
jsiné xcos’ xdx
Solution

So, in this case we've got both sines and cosines in the problem and in this case the exponent on
the sine 1s even while the exponent on the cosine is odd. So, we can use a similar technique in
this integral. This time we’ll strip out a cosine and convert the rest to sines.

6 3 -6 2
j.‘jlﬂ XcCos .\’d,\’:jSHl XCOoS” xcosxdx



ro. 6 ) -2 .
= | sl x(l—sm l’)COSA’dX i =511X

= -Hﬁ(l—u‘z)du
— (2% = du
1 1 .

— ~sin’ x——sin°x4c¢

At this point let’s pause for a second to summarize what we’ve learned so far about integrating
powers of sine and cosine.

jsin” xcos™ xdx 2)

The integrals involving products of sines and cosines in which both
exponents are even can be done using one or more of the following formulas
to rewrite the integrand.
|
cos’ x = 5(1 + c05(2;\'))

I 1,

sIn” x = —(l —cos(2x))
2

: 1 . .

s x cos x =—sin(2x)
2
Example 3 Evaluate the following integral.
- 7
j sin” x cos” x dx

Solution

Solution 1
In this solution we will use the two half angle formulas above and just substitute them into the
integral.

jsi112 xcos® xdy = J %(1— 005(23‘))(%J(1+ cos (2,\‘)) dx

l ¢
zljl—coszﬂx)dx



In fact to eliminate the remaining problem term all that we need to do is reuse the first half angle
formula given above.

jsinz xcos’ xdx :l [1—%(1 +coS(4x))dx

o

1 [i—lcos('—‘l,\’)dx
4)2 2
1

:—(lx—isill(4.\‘)]+c
412 8

:lx—%sirl(4,\‘)+c

Solution 2
In this solution we will use the half angle formula to help simplify the integral as follows.

-9 ) . 2
Ism XCos xa’x:j(smxcosx) dx

:H%sm(zx)f dx

= ijsin2 (2x)dx

Now, we use the double angle formula for sine to reduce to an integral that we can do.
-2 2 1 1 A
Ism xXcos” xdx :§jl—cas(4x)dx

1

:§x—$sin(4,\‘)+c

Sometimes in the process of reducing integrals in which both exponents are even we will run
across products of sine and cosine in which the arguments are different. These will require one of
the following formulas to reduce the products to integrals that we can do.

sina cos 3 :%[Sill(a—ﬁ)+5ill(a+ﬂ)]
sina sin :%[Cos(a—ﬁ)—COS(Cerﬁ)]

cosa cos 3 zé[cos(a—ﬁ)+cos(a+ﬁ)]

Example 4 Evaluate the following integral.
jcos (15x)cos(4x)dx

Solution
This integral requires the last formula listed above.

J.cos(ISx)cos(ilx)dx = %jcos(l 1x)+cos (19x)dx

— %{ﬁsm(l 1x)+%sin(l9x)}+c



It’s now time to look at integrals that involve products of secants and tangents.
This time, let’s do a little analysis of the possibilities before we just jump into
examples. The general integral will be,

jsec” xtan” xdx (3)

The first thing to notice is that we can easily convert even powers of secants to tangents and even
powers of tangents to secants by using a formula similar to (1). In fact, the formula can be
derived from (1) so let’s do that.

sin" x+cos x=1

-2 2 .
sy cos X 1
+ =

2 2 2
COS"X C€OS" X COS X
2 2
tan" x+1=sec” x (4)

Now, we're going to want to deal with (3) sinularly to how we dealt with (2). We’ll want to
evenfually use one of the following substitutions.

U =tanx du = sec” xdx

i =secx du = sec x tan x dx
Example 5 Evaluate the following integral.

9 5
jsec xtan’ xdx

Solution
First note that since the exponent on the secant isn’t even we can’t use the substitution # = tan x .
However, the exponent on the tangent is odd and we’ve got a secant in the integral and so we will

be able to use the substitution # =secx . This means stripping out a single tangent (along with a
secant) and converting the remaining tangents to secants using (4).

Here’s the work for this integral.
9 5 8 4
jsec xtan‘xdx:jsec xtan” xtan xsecxdx
8 (2. 1\?
:jsec x(sec x—l) tan xsec x dx U =secx
g 2 1\
:ju (u —1) du
12 10, 8
:ju —2u +u’ du

l
= —S‘ECB A‘——_SECH x+—se09 X+c

13



Example 6 Evaluate the following integral.
jsec4 xtan® x dx
Solution
So, in this example the exponent on the tangent is even so the substitution # = secx won’t work.
The exponent on the secant is even and so we can use the substitution # = tan x for this integral.

That means that we need to strip out two secants and convert the rest to tangents. Here 1s the
work for this integral.

jsec“ xtan® xdx = J.SGCZ xtan® xsec? x dx
4 )
= J‘(tan2 x+1)t3116 xsec” xdx i =tanx
2 1 6
:j(u +1)H du

= J.uS +u® du

9 1 7
=—tan x+—tan x+c¢
9 7
Example 7 Evaluate the following integral.
j tan x dx

Solution
To do this integral all we need to do 1s recall the definition of tangent in terms of sine and cosine
and then this integral is nothing more than a Calculus I substitution.

" sinx
j tan x dx dx U =COSX

J COSX

1
—[—du
Ju

=—In

cosx|+c rlnxy =Ilnx"

In ‘cos x

+c

In ‘sec x|+c
Example 8 Evaluate the following integral.
j tan”’ x dx

Solution
The trick to this one 1s do the following manipulation of the integrand.

jtan3 xdx = .[tan xtan® x dx
= j ‘ranx(sec2 x—l)dx

2
= j tan xsec” x dx — j tan x dx

We can now use the substitution # = tan x on the first integral and the results from the previous
example on the second integral.

The integral is then,
1
I tan® x dx = 5 tan’ x—1In ‘sec x‘ +c

Note that all odd powers of tangent (with the exception of the first power) can be integrated using
the same method we used in the previous example. For instance,

jtans xXdxy = Itans J.‘('sec2 x—l)dx = jtanB xsec’ xdxy — j tan’ x dx

10



Example 9 Evaluate the following integral.
'[ secx dx
Solution

This one isn’t too bad once you see what you’ve got to do. By itself the integral can’t be done.
However, if we manipulate the integrand as follows we can do it.

secx(secx + tanx)
jsec xdxy = dx

secx+tanx

sec’ x + tan xsec x
= dx

secx+tanx

o/

In this form we can do the integral using the substitution # = sec x + tan x. Doing this gives,

jsec xdx=1In ‘sec xX+tanx|+c¢
Example 10 Evaluate the following integral.
j sec® xdx
Solution

This one is different from any of the other integrals that we’ve done in this section. The first step
to doing this integral is to perform integration by parts using the following choices for # and dv.

U =secx dv = sec” xdx

diu = sec x tan x dx v=tanx

3 2
jsec Xdxy=secxtanx — j sec xtan” xdx

To do this integral we’ll first write the tangents in the integral in terms of secants. Again, this is
not necessarily an obvious choice but it’s what we need to do in this case.

3 2 -
jsec xdx =secxtanx— j sec x(sec X— l) dx
3
=sgecxtanx— j sec” xdx+ j sec xdx

the first integral is exactly the integral we’re being asked to evaluate with a minus sign in front.
So, add it to both sides to get,

3
2J- sec” xdy =secxtanx+ lll‘SEC xX+tanx

Finally divide by two and we’re done.

3 1
jSE‘C xdx :E(SEC l‘TElIl.l‘-Flll‘SeC x+tanx )-I—C

11
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4- Integrals Involving Roots.
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5- Integrals Involving Partial Fractions.
let’s start this section out with an integral that we can already do so we can
contrast it with the integrals that we’ll be doing in this section.

T 2x-1 "1 : ) , _
,—6dx = J —du using #=x"—x—6 and du=(2x-1)dx
X' —x— u

=In

.
x° —x—6‘+c

So, if the numerator is the derivative of the denominator (or a constant multiple
of the derivative of the denominator) doing this kind of integral is fairly simple.
However, often the numerator isn’t the derivative of the denominator (or a
constant multiple). For example, consider the following integral.

dx

—
T—x—-06
This process of taking a rational expression and decomposing it into simpler rational expressions that

we can add or subtract to get the original rational expression is called partial fraction decomposition.
Many integrals involving rational expressions can be done if we first do partial fractions on the

[ 3x+11
.

integrand.
So, let’s do a quick review of partial fractions. We’ll start with a rational expression in the
form,
f(x) =2
X)=
O(x)

where both P(x) and Orx) are polynomials and the degree of P(x) 1s smaller than the degree of
O(x). Recall that the degree of a polynomial 1s the largest exponent in the polynomial. Partial
fractions can only be done if the degree of the numerator is strictly less than the degree of the
denominator. That is important to remember.

So, once we’ve determined that partial fractions can be done we factor the denominator as

completely as possible. Then for each factor in the denominator we can use the following table to
determine the term(s) we pick up in the partial fraction decomposition.

13



Factor in Term in partial

denominator fraction decomposition
A
ax+b A
ax +
A A A .
(ax+b) b k=123,
ax+b  (ax+5) (ax+b)
2 Ax+ B
ax~ +bx+c A abroc
ax” +bx+c
, : Ax+ B, Ax+B, o Ax+B, F—123
(ax” +bx+c) 2 hrace o g+ —— . k=123
ar-+ox+c (ax +bx+c) (ax‘+bx+c)

There are several methods for determining the coefficients for each term and we will go over each of
those in the following examples.
Let’s start the examples by doing the integral above.
Example 1 Evaluate the following integral.

| Ij:. +11 v

J xT—x-06
Solution
The first step is to factor the denominator as much as possible and get the form of the partial
fraction decomposition. Doing this gives,

3x+11 A B
+

(x=3)(x+2) x-3 x+2

The next step 1s to actually add the right side back up.
3x+11  A(x+2)+B(x-3)
(x=3)(x+2) (x=3)(x+2)

Now. we need to choose 4 and B so that the numerators of these two are equal for every x. To do
this we’ll need to set the numerators equal.

3x+11=A4(x+2)+B(x-3)
What we’re going to do here 1s to notice that the numerators must be equal for any x that we

would choose to use. In particular the numerators must be equal for x =—2 and x=3. So, let’s
plug these in and see what we get.

x=-2 5=4(0)+B(-5) =  B=-1
x=3 20=A4(5)+B(0) = A=4
At this point there really isn’t a whole lot to do other than the integral.
T 3x+11 (4 1
v
x*—x—-6 Jx—3 x+2
o :
4 |
= dx — ( dx
J x-=3 J x+2
=4In x—3| —In|x+ 2|+c

14



There is also another integral that often shows up in these kinds of problems so we may as well

give the formula for it here since we are already on the subject.

S | 1 . (x
J — dx =—tan 1(—J+c
X +a a a

Example 2 Evaluate the following integral.
el 2 A

x +4
* dx

| 3x* +4x7 —4x

Solution
We won't be putting as much detail into this solution as we did in the previous example. The first
thing is to factor the denominator and get the form of the partial fraction decomposition.

X’ +4 4 B C

: —=—+ +

r(x+2)(3x-2) x x+2 3x-2

The next step is to set numerators equal. If you need to actually add the right side together to get
P +4=A(x+2)(3x—2)+Bx(3x—2)+ Cx(x+2)

As with the previous example it looks like we can just pick a few values of x and find the

constants so let’s do that.
x=0 4:A(2)(—2) = A=-1
x=-2 8=B(-2)(-8) = Bzé
A A 5
o2 ﬂ:c(%][ﬁj e
3 9 313 16 2
Now, let’s do the integral.
: 2
X +4 | 1 5
J 5 5 dx = [——+ 2 4+ 2 dy
3x” +4x° —4x J x x+2 3x-2
5
x+2‘+gln 3,\‘—2|+c

= 111‘:\" +l]11
2

Example 3 Evaluate the following integral.
x*—29x+5
X X ”

J (x— 4)2 (.\'2 +3)

Solution
This time the denominator 1s already factored so let’s just jump right to the partial fraction

decomposition.
A B Cx+D
_|_

¥ -20x+5 A
(A‘—4)2(1‘2+3) x—4 (x—4) 2743

Setting numerators gives,
X =29x+5=A(x—4)(x? +3)+ B(x* +3)+(Cx + D) (x—4)’

15



In this case we aren’t going to be able to just pick values of x that will give us all the constants.
Therefore, we will need to work this the second (and often longer) way. The first step is to
multiply out the right side and collect all the like terms together. Doing this gives,

x*=29x+5=(4+C)x’ +(-44+B-8C+D)x’ +(34+16C—-8D)x—124+3B +16D

In other words we will need to set the coefficients of like powers of x equal. This will give a system of
equations that can be solved.

X A+C=0
x':  —44+B-8C+D=1 | |
= A=1.B=-5.C=-1.D=2
K 34+16C—-8D =-29
x’:  —124+3B+16D=5
Now. let’s take a look at the integral.
T2 504 - .
x ?pfs dx:J 1 _ 5_2+ i+2dr
(x—4)"(x*+3) x4 (x—4) x+3

1 5 X 2
= - N B e
x—4 (x—4) x +3 x +3
2

lel‘,\’—4‘+ >

x—4
Example 4 Evaluate the following integral.

[x3+10x2+3x+36

S—dx
(,\'—1)(.\'2 +4)

Solution
Let’s first get the general form of the partial fraction decomposition.

x> +10x% +3x+36 4 Bx+C Dx+E
; 2 2 - _1+ 2 4 + 2 2
(x—l)(x +4) X X7+ (,\‘ +4)

Now, set numerators equal, expand the right side and collect like terms.
x%u0f+3x+36=ALH+4f+{Bx+cnx—ntﬁ+4yqﬁu+5ux—n
=(4+B)x"+(C-B)x’ +(84+4B-C+D)x" +
(-4B+4C-D+E)x+164-4C-E

Setting coefficient equal gives the following system.

Xt A+B=0
¥ C-B=1
X’ 84+4B—-C+D=10y = A=2B=-2C=—1D=1E=0
x': —A4B+4C-D+E=3
x%: 164—-4C-E =36

16



Here’s the integral.

¥10x2+3x+36 [ 2 2x-1 &
_ —dx = —t———+ > dx
Jo(x-1)(x? +4) Ja=boxt+d (22 4a)
= 2._ 223’ - 21 - - zdx
Jx=1 x"+4 x"+4 (,\*2+4)

X 1 1

=2In ,\'2+4‘—%tan_1(5]—5 5 4+C
X+

x—l‘—]n

To this point we’ve only looked at rational expressions where the degree of the
numerator was strictly less that the degree of the denominator. Of course not all
rational expressions will fit into this form and so we need to take a look at a
couple of examples where this isn’t the case.

R(x)
Q(x)

than the degree of Q(z), then one must use long division and write the rational

If a rational function is such that the degree of R(z) is greater

function in the form

% = apr" +a12" 4 @y 1T+ an %

where now P(z) is a remainder term with the degree of P(z) less than the degree of

Q(x) and our object is to integrate each term of the above representation.

Example 5 Evaluate the following integral.
Cxt-5x% 4 6x7 18

3 2
x” —3x

dx

Solution
So, 1n this case the degree of the numerator 1s 4 and the degree of the denominator 1s 3.
Therefore, partial fractions can’t be done on this rational expression.

To fix this up we’ll need to do long division on this to get it into a form that we can deal with.
Here 1s the work for that.
x=2

X —3,\‘2\/,\‘4 —5x° +6x° —18
—(,\‘4 —3,\‘3)

20 +6x7 18
—(—2,\‘3 +6x° )

-18

17



xf =5t 4627 -18 18

q =x—-2-
¥ 37 ¥ - 3x?
and the integral becomes,
~ 4 3 2 -
X —5x"+6x" —18 18
dx = | x—2———dx
x° —3x7 y x° —3x?
18
= |x—2dx— [ dx
J J ¥ =357

The first integral we can do easily enough and the second integral is now in a form that allows us
to do partial fractions. So, let’s get the general form of the partial fractions for the second
mtegrand.

X (x=3) -
Setting numerators equal gives us,
18=Ax(x—3)+B(x—3)+Cx’

18 4 B C
X'Z

+
X x—3

x=0 18=B(-3) = B=-6
x=3 18=C(9) = C=2
x=1 18=A(-2)+B(2)+C==24+14 = 4=-2

The integral is then,

593 16t
J\ x” + 6x lgdx‘zjl’—Zdl“_[_

3 2
x —3x Ny

dx

26 2
xr ox x-3

:lxz —2,\‘+2]n‘x‘—9—2111‘,\*—3‘+c
2 X

18



6- Integrals Involving Roots.
Example 1 Evaluate the following integral.

[ xX+2 Jx
Jx—3

v

Solution
Sometimes when faced with an integral that contains a root we can use the following substitution
to sumplify the mtegral nto a form that can be easily worked with.

u=3yx-3

So, mnstead of letting « be the stuff under the radical as we often did in Calculus I we let « be the
whole radical. Now, there will be a little more work here since we will also need to know what x
is so we can substitute in for that in the numerator and so we can compute the differential, dx.
This 1s easy enough to get however. Just solve the substitution for x as follows,

x=1+3 dx = 3u’ du

Using this substitution the integral 1s now.,

o 3
uw+3)+2
J !313@711 = j3u4 +15u du
u
3 15
-2 +2112+c
3 2

515 2

:‘Z(x—i%')g +j(,\'—3)5 +c

So, sometimes, when an integral contains the root /g (x) the substitution,

u=3fg (%)

can be used to simplify the integral into a form that we can deal with.

Example 2 Evaluate the following integral.

J —2 dx
x=3Jx+10
Solution

We’ll do the same thing we did in the previous example. Here’s the substitution and the extra
work we’ll need to do to get x in terms of .

19



u=+x+10 x=u’-10 dx = 2u du

With this substitution the integral is,

2 2 ’ Au
—————dx=| ————(2u)du :J ——————du
J x=3Jx+10 . 1!2—10—31:‘( ) u* —3u—10
This integral can now be done with partial fractions.
4u 4 N b
(=5 u+2) wu-5 wu+2
Setting numerators equal gives,
4u=A(u+2)+B(u-5)
Picking value of # gives the coefficients.
8
u=-2 —8=B(-7) B=—
-
20
u=>5 20=A(7) 4=""
7
The integral 1s then.,
2 ~ 20 2
————dx = I T+ T du
J x=3Jx+10 Ju—=5 u+?2

:Qltl‘”—5|+§hl‘”+2|+c
7 7

:2—;)111‘M—5‘+2111‘m4r2‘+c

20



First year/ 2" Semester - 2018-2019- Chemical and Petroleum Engineering
Department

By
MsC. Yasir R, Al-hamdany

Lecture — Three

Integration Technigues

Tutorials & Problems

21



Problems:

Sheet No. 1

A-

Integration by Parts

1. j4,\*c05(2 —3x)dx

0 .
2. j (2+5:¢)e%1 dx

6

()

1. [6tan™ (L)dw

5. .ezzcos(%:)dz
T2l A\ e
6. L x~ cos(4x)dx

7. IIT Fsin(2.i*4 ) dt

8. | ¥°cos(3y)dy

=

Evaluate each of the following integrals.

[(3t+1*)sin(21)dt

9. (4:1:3 —Ox" +Tx+ 3)9_"' dx

22



Problems: Sheet No. 1
B-

Integrals Involving Trig Functions

Evaluate each of the following integrals.

. j sin’ (2x)cos” (2x)dx

[ —

2. jsinS(B:)coss(B:)dz

3. | cos®(2t)dt
1 [ cos® (Law)sin® (L) dow
4. | cos (Lyw)sin’ (L) dn

5. jsecﬁ (3y)tan®(3y)dy

6. j tan” (6x)sec’® (6x)dx
7. j tan’ (z)sec’ (z)d=

8. jcos(Br)sin[Br)dr
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Problems: Sheet No. 1
C-

Partial Fractions

Evaluate each of the following integrals.

4_
S S—
Jx?+5x—14

8 —3f
J 102 +13¢r—3

L2

dt

~0 o
W+ 7w

ah
J_ (w+2)(w=1)(w—4)

1-'?

(ad

. g
4. 5 - dx
J 3x +7x" +4x

4 32
5. 37+l —d-=

Jo(z+1)(=z=5)

o [l
x” —9x°
2 +2z2+3
7I et d=
(:—6)(:2+4)

84r+612—127 P
(37 +4)(#* +7)
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Problems: Sheet No. 1

D-

Integrals Involving Roots

Evaluate each of the following integrals.

T dx
J 2++4x—-4

o

. |
dw
J w4+ 24Jl-w+2

-2

. dt
Jt=3J2t—4+2

fad

25



