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4.1   Sigma Notation and limits of Finite Sums 

      Sigma notation enables us to write a sum with many terms in the 

compact form : 

nn

n

k
k aaaaaa +++++= −

=
∑ 1321

1
...........  

The Greek letter ∑ stands for "sum". The index of summation k  tells us 

where the sum begins. Any letter can be used to denote the index, but the 

letters ji, , and k  are customary.         

                                                              The index k  ends at nk =  

      The summation symbol   
∑
=

n

k
ka

1     is a formula for the k th term. 

                                                                 The index k starts at k=1 

Thus we can write  

∑
=

=++++++++++
11

1

222222222222 1110987654321
k

k      and 

( ) ( ) ( ) ( ) ( )∑
=

=++++
100

1
100..............321

i
ifffff  

The lower limit of summation does not have to be 1; it can be any integer. 

Example 1 :  

A sum in sigma notation    The sum written out       The value of the sum  

∑
=

5

1k
k                                               54321 ++++                             15                                       

( )∑
=

−
3

1
1

k

k k                             ( ) ( ) ( ) 312111 321 ⋅−+⋅−+⋅−                      -2 

∑
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Example 2 :  

Express the sum ( )97531 ++++  in sigma notation. 

Solution 

The formula generating the terms changes with the lower limit of 

summation, it is often simplest to start with 0=k  or 1=k , but we can start 

with any integer. 

starting with 0=k ;       ( )∑
=

+=++++
4

0
1297531

k
k  

starting with 1=k ;       ( )∑
=

−=++++
5

1
1297531

k
k  

starting with 2=k ;       ( )∑
=

−=++++
6

2
3297531

k
k  

starting with 3−=k ;     ( )∑
−=

+=++++
1

3
7297531

k
k  

Algebra Rules for finite Sums  

1. Sum Rule:                           ( ) ( ) ( )∑ ∑∑
= ==

+=+
n

k

n

k
kk

n

k
kk baba

1 11

 

2. Difference Rule:                  ( ) ( ) ( )∑ ∑∑
= ==

−=−
n

k

n

k
kk

n

k
kk baba

1 11

  

3. Constant Multiple Rule:       ( )∑∑
==

⋅=
n

k
k

n

k
k acca

11

 

4. Constant Value Rule:           cnc
n

k
⋅=∑

=1

 

Example 3 :  

We demonstrate the use of the algebra rules. 

(a)    ( ) ∑ ∑∑
= ==

−⋅=−
n

k

n

k

n

k
kkkk

1 1

2

1

2 33  

(b)   ( ) ( ) ( )∑∑∑
===

⋅−=⋅−=−
n

k
k

n

k
k

n

k
k aaa

111
11  
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(c)     

( )

( ) ( )
18126

43321

44
3

1

3

1

3

1

=+=
⋅+++=

+=+ ∑∑∑
=== kkk

kk

   

(d)     111
1

=





⋅=






∑

= n
n

n

n

k
  

 

Example 4 :  

Show that the sum of the first n  integer is  ( )∑
=







 +

=
n

k

nnk
1 2

1  

Solution 

The formula tells us that the sum of the first 4 integers is 

( ) ( ) ( ) 10
2

54
2

1
=

⋅
=






 +nn  

Addition verifies this prediction: 

( ) 104321̀
1

=+++=∑
=

n

k
k  

The formulas for the sums of the square and cubes of the first n  integers are 

proved using mathematical induction. 

The first n  squares :       ( )( )∑
=







 ++

=
n

k

nnnk
1

2

6
121   

The first n  cubes    :       ( )∑
=







 +

=
n

k

nnk
1

2
3

2
1   

4.2   The definite Integral 

Let ( )xf  be a function defined on a closed interval [ ]ba, . We say that a 

number J  is the definite integral of f  over [ ]ba,  and that J  is the limit of  

the Riemann sums ( ) 







∆⋅∑

=

n

k
kk xcf

1

(the Area under any curve, see fig.). In the 
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cases where the subintervals all have equal width ( ) nabx /−=∆ , we can form 

each Riemann sum as 

( ) ( ) ( ) nabxx
n

abcfxcfS k

n

k
k

n

k
kkn /

11
−=∆=∆














 −
⋅=








∆⋅= ∑∑

==

 for all k  

                                                                        

( ) ( ) ( ) nabxxcf
n

abcfJ
n

k
kn

n

k
kn

/limlim
11

−=∆







∆⋅=














 −
⋅= ∑∑

=
∞→

=
∞→

 

( ) 







∆⋅∑

=

n

k
kk xcf

1

 becoming an infinite sum of function values ( )xf  multiplied 

by "infinitesimal" subinterval width dx . The sum symbol ∑ is replaced in 

the limit by the integer symbol ∫ , as x  goes from a to b. 

The symbol for the number J  in the definition of the definite integral is 

( ) dxxfJ
b

a
⋅= ∫  

The component parts in the integral symbol also have names: 

 

( ) dxxf
b

a
⋅∫  

 

y  

x  

Upper limit of integration  

Lower limit of integration  

The function is the integrand 

x is the variable of integration  
Integral sign  
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Properties of definite integrals 

Theorem 1   When f  and g  are integral function over the interval [ ]ba, , the 

definite integral satisfies the rules as follows: 

1. Order of Integration:       ( ) ( ) dxxfdxxf
b

a

a

b
⋅−=⋅ ∫∫  

2. Zero width interval:         ( ) 0=⋅∫ dxxf
a

a
 

3. Constant multiple:           ( ) ( ) dxxfkdxxkf
b

a

b

a
⋅=⋅ ∫∫  

4. Sum and Difference:       ( ) ( )( ) ( ) ( ) dxxgdxxfdxxgxf
b

a

b

a

b

a
⋅±⋅=⋅± ∫∫∫  

5. Additively:                          ( ) ( ) ( ) dxxfdxxfdxxf
c

a

c

b

b

a
⋅=⋅+⋅ ∫∫∫  

6. Max-Min inequality:       if f  has maximum value max. f  and 

minimum value min. f  on [ ]ba, , then 

( ) ( ) ( )abfdxxfabf
b

a
−⋅≤⋅≤−⋅ ∫ .max.min  

7. Domination:                    ( ) ( ) [ ] ( ) ( ) dxxgdxxfbaonxgxf
b

a

b

a
⋅≥⋅⇒≥ ∫∫,  

                                                    ( ) [ ] ( ) 0,0 ≥⋅⇒≥ ∫ dxxfbaonxf
b

a
 

Definition  if ( )xfy =  is nonnegative and integrable over a closed 

interval [ ]ba, , then the area under the curve ( )xfy =  over [ ]ba,  is the 

integral of f  from a  to b . 

( ) dxxfA
b

a
⋅= ∫  

Leading us to define the average value as the area under the graph of 

( )xfy = divided by ( )ab − , and written as: 

( ) ( ) dxxf
ab

Average
b

a
⋅

−
= ∫

1  

And also called Mean value or ( )fav. . 
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Example 5 :  

Find the average value of ( ) 24 xxf −=  on [ ]2,2− . 

Solution 

The function above represent a graph is the upper semi-circle of radius 2 

centered at the origin. The Area of semi-circle can be calculated with x-axis 

between -2 and 2 given as: 

( ) πππ 22
2
1

2
1 22 =⋅=⋅= rArea  

The Area is also the value of the integral of f  from -2 to 2, 

π24
2

2

2 =⋅−= ∫− dxxArea  

Therefore, the average value of f  is 

( ) ( ) ( )
2

2
4
14

22
1.

2

2

2 ππ =⋅=⋅−
−−

= ∫− dxxfav  

Theorem 2   if f  is continuous on [ ]ba, , then at some point c  in [ ]ba, , 

( ) ( ) ( ) dxxf
ab

cf
b

a
⋅

−
= ∫

1  

Theorem 3   if f  is continuous on [ ]ba, , then ( ) ( ) dttfxF
x

a
⋅= ∫  is continuous 

on [ ]ba,  and differentiable on ( )ba,  and its derivative is ( )xf : 

( ) ( ) ( )xfdttf
dx
dxF

x

a
=⋅=′ ∫  

Example 6 :  

Use the fundamental theorem to find dxdy /  if 

(a)   ( ) dtty
x

a
⋅+= ∫ 13     (b)   ( ) dttty

x
⋅⋅= ∫

5
sin3   (c)    dtty

x
⋅= ∫

2

1
cos   

Solution 

We calculate the derivatives with respect to the independent variable x . 
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(a)   ( ) 11 33 +=⋅+= ∫ xdtt
dx
d

dx
dy x

a
     

(b) 

       

( ) ( )

( )

( )xx

dttt
dx
d

dttt
dx
ddttt

dx
d

dx
dy

x

x

x

sin3

sin3

sin3sin3

5

5

5

⋅−=

⋅⋅−=






 ⋅⋅−=⋅⋅=

∫

∫∫

   

(c)  the upper limit of integration is 2x , this makes y  a composite of the two       

functions, dtty
u

⋅= ∫1 cos  and  2xu = . 

Therefore apply the chain rule to find 
dx
du

du
dy

dx
dy

dx
dy

⋅=⇒ . 

2

2

1

cos2
2cos

cos

cos

xx
xx

dx
duu

dx
dudtt

du
d

dx
dy u

=

⋅=

⋅=

⋅





 ⋅= ∫

 

Theorem 4   if f  is continuous at every point in [ ]ba,  and ( )xF  is any anti-

derivative of f  on [ ]ba, , then 

( ) ( ) ( )aFbFdxxf
b

a
−=⋅∫  

Example 7 :  

We calculate several definite integrals using the Evaluation theorem, rather 

than by taking limits of Riemann sums. 

(a)   ]

0000sinsin

sincos
00

=−=−=

=∫
π

ππ

xxdx      
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(b) 
]

( ) 214/sec0sec

sectansec
0

4/

0

4/

−=−−=

=
−−

∫
π

ππ

xxdxx
 

(c)  

      
]

[ ] 44118
1
41

4
44

44
2
3

2/32/3

4

1

2/3
4

1
2

=−−+=



 +−



 +=





 +=






 −∫ x

xdx
x

x
 

 

Theorem 5  the net change in a function ( )xF  over an interval bxa ≤≤  is the 

integral of its rate of change:    ( ) ( ) ( ) dxxFaFbF
b

a
⋅′=− ∫  

Example 8 :  the velocity of the rock at any time t during its motion was 

given as ( ) ( )ttv 8.949 −=  (m/s) 

a) find the displacement of the rock during the time period 80 ≤≤ t . 

b) find the total distance traveled during this time period. 

Solution 

a) the displacement is the integral 

( ) ( ) [ ]
( ) ( ) ( )sm

ttdttdttv

/4.7889.4849

9.4498.949
2

8
0

28

0

8

0

=⋅−⋅=

−=⋅−=⋅ ∫∫  

b) the velocity function ( )tv  is positive over the time interval [0,5] and 

negative over the interval [5,8]. Therefore , the total distance traveled is the 

integral 

( ) ( ) ( )

( ) ( )

[ ] [ ]
( ) ( )[ ] ( ) ( ) ( ) ( )( )[ ]

( ) m

tttt

dttdtt

dttvdttvdttv

6.1661.445.122
259.4549649.4849259.4549

9.4499.449

8.9498.949
8
5

25
0

2

8

5

5

0

8

5

5

0

8

0

=−−=
⋅−−⋅−−⋅−=

−−−=

⋅−−⋅−=

⋅+⋅=⋅

∫∫
∫∫∫
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Example 9 :  which function ( ) ( )xxf sin=  between 0=x  and π2=x . 

Compute : 

a) the definite integral of ( )xf  over [ ]π2,0 . 

b) The area between the graph of ( )xf  and the x-axis over [ ]π2,0 . 

Solution   

the definite integral for ( ) xxf sin=  is given by 

the definite integral of [ ] [ ] [ ] 0110cos2coscossin
2

0

2

0

=−−=−−=−=⋅∫ π
ππ

xdxx  

the area between the graph of ( )xf  and the x-axis over [ ]π2,0  is calculated by 

breaking up the domain of ( )xsin  into two pieces: the interval [ ]π,0  over 

which it is non-negative and the interval [ ]ππ 2,  over which it is non-positive. 

[ ] [ ] [ ]

[ ] [ ] ( )[ ] 211cos2coscossin

2110coscoscossin

22

00

−=−−−=−−=−=⋅

=−−−=−−=−=⋅

∫

∫

ππ

π

π

π

π

π

ππ

xdxx

xdxx
 

The area between the graph of and the axis is obtained by adding the 

absolute values 

 422 =−+=A  

Summary: 

To find the area between the graph of ( )xf  and the x-axis over the interval 

[a, b] : 

1. Subdivide [a, b]  at the zeros of f. 

2. Integrate f  over each subinterval. 

3. Add the Absolute values of the integrals.   
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Example 10 :   find the Area of the region between the x-axis and the graph 

of  ( ) xxxxf 223 −−=  ,  21 ≤≤− x  

Solution 

First find the zero of  f . since 

( ) ( ) ( )( )2122 223 −+=−−=−−= xxxxxxxxxxf  

The zero are x=0,-1, and 2. the zeros subdivide [-1, 2] into two subintervals: 

[-1, 0] ,on which 0≥f , and [0, 2], on which 0≤f , we integrate f  over each 

subinterval and add the absolute values of the calculated integrals. 

( )

( )
3
804

3
84

34
2

12
51

3
1

4
10

34
2

2

0

2
342

0

23

0

1

2
340

1

23

−=−



 −−=








−−=⋅−−

=



 −+−=








−−=⋅−−

∫

∫
−−

xxxdxxxx

xxxdxxxx
  

Total enclosed area =
12
37

3
8

12
5

=−+  

 

4.3  Indefinite Integrals and the substitution method 

We defined the indefinite integral of the function f  with respect to x  as 

the set of all anti-derivatives of  f , symbolized by 

( ) dxxf∫ ⋅  

Since any two anti-derivatives of f  differ by a constant, the indefinite 

integral ∫  notation means that for any anti-derivative F  of f , 

( ) ( ) CxFdxxf +=⋅∫  

Where C is any arbitrary constant. 
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Basic of Indefinite integration formulas 

1.  Cxkdxk +⋅=⋅∫          (any number k ) 

2.  ( )1
1

1

−≠+
+

=⋅
+

∫ nC
n
xdxx

n
n  

3.  Cx
x

dx
+=∫ ln   

4.  Cedxe xx +=⋅∫  

5.  ( )1,0
ln

≠>+=⋅∫ aaC
a

adxa
x

x  

6.  Cxdxx +−=⋅∫ cossin  

7.  Cxdxx +=⋅∫ sincos  

8.  Cxdxx +=⋅∫ tansec2  

9.  Cxdxx +−=⋅∫ cotcsc2  

10.  Cxdxxx +=⋅⋅∫ sectansec  

11.  Cxdxxx +−=⋅⋅∫ csccotcsc  

12.  Cxdxx +=⋅∫ seclntan  

13.  Cxdxx +=⋅∫ sinlncot  

14.  Cxxdxx ++=⋅∫ tanseclnsec  

15.  Cxxdxx ++−=⋅∫ cotcsclncsc  

16.  C
a
x

xa
dx

+





=

−
−∫ 1

22
sin  

17.  ( ) C
a
x

axa
dx

+





⋅=

+
−∫ 1

22 tan1  

18.  
( )

C
a
x

aaxx
dx

+⋅=
−⋅

−∫ 1

22
sec1  
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Substitution: Running the chain rule 

If u  is a differentiable function of x  and n  is any number different from -1, 

the chain rule tells us that  

dx
duu

n
u

dx
d n

n

=







+

+

1

1

 

Therefore, 

C
n
udx

dx
duu

n
n +








+

=⋅
+

∫ 1

1

 

And go to the simpler integral 

C
n
uduu

n
n +








+

=⋅
+

∫ 1

1

 

 

Example 1 :  Find the integral  ( ) ( )∫ +⋅+ dxxxx 13 253  

Solution   We set  xxu += 3    then 

( ) dxxdx
dx
dudu ⋅+=⋅= 13 2  , so that by substitution we have 

( ) ( )

( ) Cxx

Cu

duudxxxx

+
+

=

+=

=⋅+⋅+ ∫∫

6

6

13

63

6

5253

 

 

Example 2 :  Find the integral  ( ) dxx ⋅+∫ 12   

Solution   the integral dose not fit the formula ∫ duu n  , with 12 += xu  and 

2/1=n , because  

dxdx
dx
dudu ⋅=⋅= 2   
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So we write  

( ) ( )

( ) Cx

Cu

duu

dxxdxx

++⋅=

+⋅=

⋅=

⋅+⋅=⋅+

∫

∫∫

2/3

2/3

2/1

12
3
1

2/32
1
2
1

212
2
112

 

Theorem 6 – The substitution Rule if ( )xgu =  is a differentiable function 

whose range is an interval I , and f  is continuous on I , then 

( )( ) ( ) ( )∫∫ ⋅=⋅′⋅ duufdxxgxgf  

 

Proof : 

By the chain rule, ( )( )xgF  is an antiderivative of ( )( ) ( )xgxgf ′⋅  whenever F is 

an antiderivative of f  : 

( )( ) ( )( ) ( )

( )( ) ( )xgxgf

xgxgFxgF
dx
d

′⋅=

′⋅′=     fF =′   

If we make the substitution ( )xgu = , then 

( )( ) ( ) ( )( )

( )( )
( )
( )
( )duuf

duuF

CuF
CxgF

dxxgF
dx
ddxxgxgf

∫
∫

∫∫

=

′=

+=
+=

⋅=⋅′⋅

 

The Substitution Rule provides the following Substitution method to 

evaluate the integral ( )( ) ( )∫ ′⋅ dxxgxgf , 
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When f  and g ′  are continuous functions : 

1. Substitute ( )xgu =  and ( )dxxgdx
dx
dudu ′=⋅






=  to obtain the integral 

               ( ) uduf∫ ⋅   

2. integrate with respect to u . 

3. Replace u  by ( )xg  in the result. 

  

Example 3 :   Find   ( )∫ ⋅⋅+ dtt 515sec2  

Solution  we substitute ( )15 += tu   and  dtdu ⋅= 5  . then, 

( ) ( )

( ) Ct
Cu

duudtt

++=
+=

⋅=⋅⋅+ ∫∫

15tan
tan

sec515sec 22

 

Example 4 :   Find   ( )∫ ⋅+ θθ d37cos   

Solution  we let ( )37 += θu   so that  θddu ⋅= 7  , therefore, multiplying and 

dividing by 7, 

 

( ) ( )

( )

( ) C

Cu

duu

dd

++⋅=

+⋅=

⋅=

⋅+=⋅+

∫

∫∫

37sin
7
1

sin
7
1

cos
7
1

737cos
7
137cos

θ

θθθθ

 

 

Example 5 :   Find the integral  ( ) dxxx ⋅⋅∫ 32 sin  

Solution  we let ( )3xu =   so that  ( ) dudxxdxxdu ⋅=⇒⋅= 3/13 22  , therefore 
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( ) ( )

( )

( ) Cx

Cu

duu

duudxxx

+⋅−=

+−⋅=

⋅=

⋅⋅=⋅⋅

∫

∫∫

3

32

cos
3
1

cos
3
1

sin
3
1

3/1sinsin

 

Example 6 :   Evaluate dxxx ⋅+⋅∫ 12  

Solution  we let 12 += xu   so that  dxdu ⋅= 2 . Then, 

duudxx ⋅⋅=⋅+
2
112  and ( ) 2/112 −=⇒+= uxxu  , therefore; 

( ) duuudxxx ⋅⋅⋅−=⋅+⋅
2
11

2
112   the integration now becomes 

( ) ( )

( )

( ) ( ) Cxx

Cuu

duuu

duuuduuudxxx

++−+=

+







−=

⋅−=

⋅⋅−=⋅⋅−=⋅+⋅

∫

∫∫∫

2/32/5

2/32/5

2/12/3

2/1

12
6
112

10
1

3
2

5
2

4
1
4
1

1
4
11

4
112

 

Example 7 :   Evaluate ∫
+

⋅
3 2 1
2
z

dzz  

we might try 12 += zu  or we take  3 2 1+= zu . 

Solution 1    substitute 12 += zu  and dzzdu ⋅= 2  

( ) Cz

Cu

duu

u
du

z
dzz

++=

+=

⋅=

=
+

⋅

∫

∫∫
−

3/22

3/2

3/1

3/13 2

1
2
3

3/2

1
2
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Solution 2    substitute 3 2 1+= zu  and dzzduuzu ⋅=⋅⇒+= 231 223  

( ) Cz

Cu

duu

u
duu

z
dzz

++=

+⋅=

⋅=

⋅
=

+

⋅

∫

∫∫

3/22

2

2

3 2

1
2
3

2
3

3

3
1

2

 

 

The integrals of x2sin  and x2cos  

Sometimes we can use trigonometric identities to transform integrals we do 

not know how to evaluate into ones we can evaluate using the substitution 

rule.  

Example 8 :   

a) 

 
( )

Cxx

Cxx

dxx

dxxdxx

+−=

+





 −=

⋅−=

⋅
−

=⋅

∫

∫∫

4
2sin

2

2
2sin

2
1

2cos1
2
1

2
2cos1sin 2

  

b)  

( )

Cxx

Cxx

dxx

dxxdxx

++=

+





 +=

⋅+=

⋅
+

=⋅

∫

∫∫

4
2sin

2

2
2sin

2
1

2cos1
2
1

2
2cos1cos2
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Example 9 : 

( )∫ ⋅−⋅ dxxx 1sin 2/32   ,  ( )12/3 −= xu  

Solution  

dxxdu ⋅⋅= 2/1

2
3     

( ) ( )

( )∫

∫∫

⋅=







 ⋅⋅−=⋅−⋅

duu

dxxxdxxx

2

2/322/32

sin
3
2

2
31sin

3
21sin

 

When  
( )

2
2cos1sin 2 xx −

=  , therefore 

( ) ( )

( )

( ) ( ) Cxx

Cuu

Cuu

duu

uduu

+
−

−
−

=

+−=

+





 −=

⋅−=

−
=⋅

∫

∫∫

6
22sin

3
1
6
2sin

3

2
2sin

3
1

2cos1
3
1

2
2cos1

3
2sin

3
2

2/32/3

2

       

 

Theorem 7 – Substitution in definite integrals    if g ′  is continuous on the 

interval [ ]ba,  and f  is continuous on the range of ( ) uxg = , then 

( )( ) ( ) ( )
( )

( )

∫∫ ⋅=⋅′⋅
bg

ag

b

a

duufdxxgxgf  

 

When ( ) bxwhenubg =⇒= ,  

And   ( ) axwhenuag =⇒= ,   
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Example 10 :   Evaluate   ( ) dxxx ⋅+∫
−

13 3
1

1

2  

 Solution 

Let 13 += xu , dxxdu 23=  

When 1−=x , ( ) 011 3 =+−=u  

When 1=x , ( ) 211 3 =+=u  , then 

( )

[ ] [ ]
3

2422
3
202

3
2

3
2

13

2/32/3

2

0

2/3

2

0

2/1

2

0

3
1

1

2

==−=





=

⋅=

⋅=⋅+

∫

∫∫
−

u

duu

duudxxx

 

Example 11 :   Evaluate   θθθ
π

π

d⋅⋅∫ 2
2/

4/

csccot  

Solution 

Let θcot=u , θθθθ dduddu ⋅=−⇒⋅−= 22 csccsc  

When 4/πθ = , ( ) 14/cot == πu  

When 2/πθ = , ( ) 02/cot == πu  , then 

( )

( ) ( )
2
1

2
1

2
0

2

csccot

22

0

1

2

0

1

0

1

2
2/

4/

=







−−=









−=

⋅−=

−⋅=⋅⋅

∫

∫∫

u

duu

duudθθθ
π

π
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Theorem 8 – Definite integrals of Symmetric functions  let f  be 

continuous on the Symmetric interval [ ]aa,− .  

a) if f  is even, then ( ) ( )∫∫ ⋅=⋅
−

aa

a

dxxfdxxf
0

2  

b) if f  is odd, then ( ) 0=⋅∫
−

a

a

dxxf  

Proof  

( ) ( ) ( )

( ) ( )∫∫

∫∫∫

⋅+⋅−=

⋅+⋅=⋅

−

−−

aa

a

a

a

a

dxxfdxxf

dxxfdxxfdxxf

00

0

0

 

Let      dxduxu −=−= ,  

When 00 =⇒= ux  and auax =⇒−= , then 

( ) ( ) ( ) ( )

( ) ( )∫∫

∫∫∫

⋅+⋅−=

⋅+−⋅−−=⋅
−

aa

aaa

a

dxxfduuf

dxxfduufdxxf

00

00  

a) If f  is even, so ( ) ( )ufuf =−  , then 

( ) ( ) ( )

( ) ( )

( )∫

∫∫

∫∫∫

⋅=

⋅+⋅=

⋅+⋅−=⋅
−

a

aa

aaa

a

dxxf

dxxfduuf

dxxfduufdxxf

0

00

00

2

 

b) If f  is odd, so ( ) ( )ufuf −=−  , then 

( ) ( ) ( )

( ) ( ) 0
00

00

=⋅+⋅−=

⋅+⋅−=⋅

∫∫

∫∫∫
−

aa

aaa

a

dxxfduuf

dxxfduufdxxf
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Example 12 :   Evaluate   ( ) dxxx ⋅+−∫
−

2

2

24 64  

Solution 

Since ( ) 64 24 +−= xxxf  satisfies ( ) ( )xfxf =−  , it is even on the symmetric 

interval [-2,2] , so 

( ) ( )







=






 ∗+∗−∗

=





 +−=









+−=

⋅+−=⋅+− ∫∫
−

15
232

15
1512532332212

3
32

5
322

6
3
4

5
2

64264

2

0

3
5

2

0

24
2

2

24

xxx

dxxxdxxx

 

 

4.4  Techniques of Integration 

      We study a number of other important techniques for finding 

antiderivatives for many combinations of functions whose antiderivatives 

cannot be found using the methods presented before. 

 

a. Integration by parts 

Integration by parts is a technique for simplifying integrals of the form 

 

( ) ( )∫ ⋅⋅ dxxgxf  

It is useful when  f  can be differentiated repeatedly and  g  can be integrated 

repeatedly without difficulty. The integrals 

( )∫ ⋅⋅ dxxx cos    ,  ∫ ⋅⋅ dxex x2    and     ( )∫ ⋅⋅ dxxe x cos         

Let ( )xfu =  and  ( )xgv = . Then ( )dxxfdu ′=  and ( )dxxgdv ′= . Using the 

Substitution Rule, the integration by parts formula becomes 
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∫∫ ⋅−⋅=⋅ duvvudvu  

To avoid mistakes, we always list our choices for  u  and  dv , then we add to 

the list our calculated new terms  du and v, and finally we apply the above 

formula  

 

Example 13 :  find  ( )∫ ⋅⋅ dxxx cos  

Solution  we use the formula  ∫∫ ⋅−⋅=⋅ duvvudvu  

xu =       ,   ( )dxxdv cos=  

dxdu =    ,   ( )xv sin=        , then 

( ) ( ) ( )
( ) ( ) Cxxx

dxxxxdxxx

++⋅=

−⋅=⋅⋅ ∫∫
cossin

sinsincos
 

These are four choices available for u and  dv  in ex.13 : 

1. let 1=u   and  ( )dxxxdv cos⋅=     2. let xu =  and  ( )dxxdv cos=  

3. let ( )xxu cos⋅=   and  dxdv =      4. let ( )xu cos=   and  dxxdv ⋅=  

 

Example 14 :  find  ( )∫ ⋅ dxxln  

Solution  since ( )∫ ⋅ dxxln  can be written as ( )∫ ⋅⋅ dxx 1ln , we use the formula  

∫∫ ⋅−⋅=⋅ duvvudvu  

( )xu ln=       ,   dxdv =  

dx
x

du 1
=      ,   xv =        , then 

( ) ( )

( )
( ) Cxxx

dxxx

dx
x

xxxdxx

+−⋅=

−⋅=

⋅⋅−⋅=⋅

∫
∫∫

ln

ln

1lnln
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Example 15 :  find  ∫ ⋅⋅ dxex x2  

Solution   Let 
2xu =       ,   dxedv x=  

xdxdu 2=      ,   xev =        , then 

dxexexdxex xxx ∫∫ ⋅−⋅=⋅⋅ 222  

Also we integrate the second term ( )dxex x∫ ⋅  by part 

xu =       ,   dxedv x=  

dxdu =    ,   xev =        , then 

Ceex

dxeexdxex
xx

xxx

+−⋅=

−⋅=⋅ ∫∫  

Using this last evaluation, we then obtain 

( )
Ceexex

Ceexex

dxexexdxex

xxx

xxx

xxx

++⋅−⋅=

+−⋅−⋅=

⋅−⋅=⋅⋅ ∫∫

22
2

2

2

2

22

 

 

Example 16 :  evaluate  ( )∫ ⋅⋅ dxxe x cos  

Solution  Let 
xeu =       ,   ( )dxxdv cos=  

dxedu x=      ,   ( )xv sin=        , then 

( ) ( ) ∫∫ −=⋅⋅ xdxexedxxe xxx sinsincos  

Also we integrate the second term ( )∫ xdxe x sin  by part 

xeu =       ,   ( )dxxdv sin=  

dxedu x=      ,   ( )xv cos−=        , then 
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( ) ( )( )
( ) ( )∫

∫∫
+−=

−−−=

dxxexe

dxxexexdxe
xx

xxx

coscos

coscossin
 

Using this last evaluation, we then obtain 

( ) ( )
( ) ( ) ( )[ ]
( ) ( ) ( )∫

∫
∫∫

−+=

+−−=

−=⋅⋅

dxxexexe

dxxexexe

xdxexedxxe

xxx

xxx

xxx

coscossin

coscossin

sinsincos

 

The unknown integral now appears on both sides of the equation. Adding the 

integral to both sides and adding the constant of integration give 

 
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) 1cossincos2

coscoscossincoscos

Cxexedxxe

dxxedxxexexedxxedxxe
xxx

xxxxxx

++=⋅⋅

⋅⋅+−+=⋅⋅+⋅⋅

∫
∫ ∫∫∫  

Dividing by (2) and renaming the constant of integration give 

( ) ( ) ( ) Cxexedxxe
xx

x +
+

=⋅⋅∫ 2
cossincos  

 

Example 17 :  obtain a formula that expresses the integral  ( )∫ ⋅ dxxncos  

Solution  we may think of  ( )xncos  as ( ) ( )xxn coscos 1 ⋅− . Then we let  

( )xu n 1cos −=                                  ,   ( )dxxdv cos=  

( ) ( ) ( )( )dxxxndu n sincos1 2 −⋅⋅−= −      ,   ( )xv sin=        , then 

Integration by part then gives 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( ) ( ) ( )∫∫

∫
∫∫

⋅−−⋅−+⋅=

⋅−⋅−+⋅=

⋅⋅−+⋅=⋅

−−

−−

−−

dxxndxxnxx

dxxxnxx

dxxxnxxdxx

nnn

nn

nnn

cos1cos1sincos

coscos11sincos

cossin1sincoscos

21

221

221

 

If we add ( ) ( )∫⋅− dxxn ncos1  to both sides of this equation, we obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )∫∫

∫∫ ∫
⋅−+−−

⋅−+⋅=⋅−+⋅ −−

dxxndxxn

dxxnxxdxxndxx
nn

nnnn

cos1cos1

cos1sincoscos1cos 21
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( ) ( ) ( ) ( ) ( )∫∫ −− ⋅−+⋅=⋅⋅ dxxnxxdxxn nnn 21 cos1sincoscos   , dividing by (n) to obtain 

( ) ( ) ( ) ( ) ( )∫∫ −
−

⋅
−

+
⋅

=⋅ dxx
n

n
n

xxdxx n
n

n 2
1

cos1sincoscos  

We apply the formula repeatedly until the remaining integral is easy to 

evaluate. For example if n=3, the result tells us that 

( ) ( ) ( ) ( )

( ) ( ) ( ) Cxxx

dxxxxdxx

+⋅+⋅=

⋅+
⋅

=⋅ ∫∫

sin
3
2sincos

3
1

cos
3
2

3
sincoscos

2

2
3

  

 

Integration by parts Formula for definite Integrals 

( ) ( ) ( ) ( ) ( ) ( )∫∫ ⋅⋅′−⋅=⋅′⋅
b

a

b

a

b

a

dxxgxfxgxfdxxgxf  

 

Example 18 :  find the area of the region bounded by the curve  xxey −=  and 

the x-axis from x=0  to  x=4. 

Solution  the area of the region is  

∫ −⋅
4

0

dxex x  , and let  

xu =       ,   dxedv x−=  

dxdu =    ,   xev −−=        , then 

( )

[ ]

( ) 91.051144

4

04

444044

4

0

4

4

0

4

4

0

4

0

4

0

≈−=+−−=−−−=

−−=

+−−=

−−⋅−=⋅

−−−−−

−−

−−

−−−

∫

∫∫

eeeeee

ee

dxee

dxeexdxex

x

x

xxx
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Example 19 :   Evaluate   ∫ ⋅ dxex x2   

Solution  with ( ) 2xxf =   and  ( ) xexg =  , we list: 

 

( )xf  and its derivatives         ( )xg   and its integrals 

          2x                    (+)                xe     

          x2                    (-)                 xe      

          2                     (+)                 xe  

           0                                         xe  

Ceexexdxex xxxx ++⋅−⋅=⋅∫ 2222   

 

Example 20 :   Evaluate   ( )∫ ⋅ dxxx sin3   

Solution  with ( ) 3xxf =   and  ( ) ( )xxg sin=  , we list: 

 

( )xf  and its derivatives         ( )xg   and its integrals 

          3x                    (+)                  ( )xsin     

          23x                   (-)                ( )xcos−      

          x6                    (+)               ( )xsin−  

           6                    (-)                  ( )xcos  

           0                                          ( )xsin  

( ) ( ) ( ) ( ) ( ) Cxxxxxxxdxxx +−⋅+⋅+⋅−=⋅∫ sin6cos6sin3cossin 233   

      

 

 

 

                                           



Chapter Four                                        Integration  

مدرس المادة                                                                                                                               
    

م. د. وسام طالب الحیالي   

26 

b. Trigonometric Substitutions 

      Trigonometric substitutions occur when we replace the variable of 

integration by a trigonometric function. The most common substitutions are 

( )xax tan= , ( )xax sin=  and ( )xax sec= . These substitutions are effective in 

transforming integrals involving 22 xa + , 22 xa −  and 22 ax −  into 

integrals. When 

( )θtanax =  ,  





= −

a
x1tanθ  with 

22
πθπ

≤≤−  

( ) ( )( ) ( )θθθ 22222222 sectan1tan aaaaxa =+=+=+  

( )θsinax =  ,  





= −

a
x1sinθ  with 

22
πθπ

≤≤−  

( ) ( )( ) ( )θθθ 22222222 cossin1sin aaaaxa =−=−=−  

( )θsecax =  ,  





= −

a
x1secθ   with    

1
2

0

10
2

≥≤≤

−≤≤≤

a
xif

a
xif

π
θ

θ
π

 

( ) ( )( ) ( )θθθ 222222222 tan1secsec aaaaax =−=−=−  

 

Example 21 :   Evaluate   ∫
+ 24 x
dx   

Solution   we let   

( )θtan2=x   and  ( ) θθ ddx 2sec2=  , 
22
πθπ
〈〈−  

( ) ( )( ) θθθ 2222 sec4tan14tan444 =+=+=+ x  ,  then 

( ) ( )

Cxx

Cd

ddd
x

dx

++
+

=

++=⋅=

⋅
=

⋅
=

⋅
=

+

∫

∫ ∫∫∫

22
4ln

tanseclnsec

sec
sec

sec2
sec2

sec4
sec2

4

2

22

2

2

2

θθθθ

θ
θθ

θ
θθ

θ

θθ

       
















〈〈−〉

=

22
0sec

secsec2

πθπθ

θθ

for
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Example 22 :   Evaluate   ∫
− 2

2

9 x
dxx   

Solution   we let   

( )θsin3=x   and  ( ) θθ ddx cos3=  , 
22
πθπ
〈〈−  

( ) ( )( ) θθθ 2222 cos9sin19sin999 =−=−=− x  ,  then 

( )( )

( ) ( ) ( )( )

Cxxx

Cxxx

CC

dd

d
x

dxx

+−⋅−





=

+








 −
⋅−






=

+⋅−=+





 −=

−
==

⋅
=

−

−

−

∫∫

∫∫

21

2
1

2

2

2

2

9
23

sin
2
9

3
9

33
sin

2
9

cossin
2
9

2
2sin

2
9

2
2cos19sin9

cos3
cos3sin9

9

θθθθθ

θθθθ

θ
θθθ

 

Example 23 :   Evaluate   ∫
− 425 2x

dx  , 
5
2

〉x  

Solution   we first rewrite the radical  

 
2

222

5
25

25
425425 






−=






 −=− xxx  

To put the radicand in the form 22 ax − , we then substitute  

( )θsec
5
2

=x   and  ( ) ( ) θθθ ddx tansec
5
2

⋅=  , 
2

0 πθ 〈〈  

( ) ( )( ) ( )θθθ 222
2

2 tan
25
41sec

25
4

25
4sec

25
4

5
2

=−=−=





−x  ,  then 

( ) ( )θθ tan
5
2tan

5
2

5
2 2

2 ==





−x  

With these substitutions, we have 
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( ) ( )

( )

( ) ( ) ( )

Cxx

Cd

d

x

dx
x
dx

+
−

+=

++=⋅=

























⋅

⋅
=



























−

=
−

∫

∫∫∫

2
425

2
5ln

5
1

tansecln
5
1sec

5
1

tan
5
25

tansec
5
2

5
25

425

2

2
2

2

θθθθ

θ

θθθ

 

 

c. Integration of Rational functions by Partial Fractions 

 

d.  

 

 

  

 

 

 

                                          


