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_ LECTURE 12#
> Outline :-

v Continuous distributions

3- Normal distribution
Distribution function

Solved exercises



Normal distribution

Example: If X is any random variable with mean p and variance o > 0, then

. . X—-
what are the mean and variance of the random variable Y = T“?

Answer: The mean of the random variable Y is ;

E(Y)—E(X'—‘u) ! 1

- ZEE(X—M)zé(E(X)—]u):g(u—u):ﬂ-

The variance of Y is given by:

X —pu 1 1 .
Var(Y) = Vma( - ) = Var (X —u)= . Var(X) = e o? =1.
Hence, if we define a new random variable by taking a random variable and

subtracting its mean from it and then dividing the resulting by its standard
deviation, then this new random variable will have zero mean and unit variance.



Normal distribution

Definition: A normal random variable is said to be standard normal, if its mean is
zero and variance Is one. We denote a standard normal random variable X by

X ~N(0,1).
The probability density function of standard normal distribution is the following:
T .2
f(m)=me : —00 < < 00.

Distribution function: There is no simple formula for the distribution function Fx (x)

of a standard normal random variable X because a closed-form expression for the
Integral #x (= f ;fx (t) dt does not exist; hence, its evaluation requires the use of
numerical integration techniques. Probabilities and quantiles for random variables
with normal distributions are easily found using any program like Matlab or R or....



Normal distribution

Note :Some values of the distribution function of X are used very frequently and
people usually learn them by heart:

Fx (—2.576) = 0.005  Fy (2.576) = 0.995
Fyx (—2.326) = 0.01 Fx (2.326) = 0.99
Fx (—1.96) = 0.025 Fy (1.96) = 0.975
Fx (—1.645) = 0.05 Fy (1.645) = 0.95

Note also that: F'x (—x) =1 — Fx (x) which is due to the symmetry around O of
the standard normal density and is often used in calculations.



Table I1II
Normal Distribution

The following table presents the standard normal distribution. The probabilities
tabled are 1
P(X <z)=0(z)= / ——e /2 g,
—oo V2T
MNote that only the probabilities for 2 > 0 are tabled. To obtain the probabilities
for x < 0, use the identity ${—x) = 1 — $(x).

r | 000 001 002 0.03 004 005 006 007 0028 000
0.0 | .5000 5040 5080 5120 .5160 .5160 5230 5279 .5810 L5350 |
D1 | .5398 5438 5478 5517 5557 5596 5636 5675 5714 L5753
02 | 6702 5327 BTl 5010 5048 5087 6026 LHOB4 6103 G141
0.3 | 6179 G217 L6255 6208 6331 6368 G406 6443 6480 G517
04 | G554 6591 6628 6664 G700 .6T36 .GTT2 .GSDB .GB4d 687D
06 | .6915 B0 .BOBS 7010 L7054 .TOBR 7123 Y1ST  .T100 .72
0.6 | L7257 .T201 .7324 (T35 .7389  .7T422 7454 7486 .T5LT L7549
0.7 | 7580 7611 .TE42  .TET3 7704 .TT34 .7TEd .7TM4 7823 L7852
08 | FREL 7010 7040 79T  .TOO5 L8023 L8051 BOTE 8108 8133
0.9 | 8159 .B1B6 8212 8238 8264 8280 8315 B340 8365 @380
1.0 | 8413 8438 .B4G1 8485 8508 .BG31 8554 8577 8509 8671
1.1 | .8643 .B6B5 .8686 .AT08 .8T20  .&T40 BTTD  8TO0  .BBI0 8330
1.2 | .8349 8BGO .BES3 AG0T 8025 8044 8062 .B9E0 8097 0016
1.3 | .B032 P04 SOE6  .DOS2 9009 9116 .0131  .81d¥ 9162 .O1TY
1.4 | 5192 9207 0222 0936 0251 L0265 9279 9202 5306 9319
1.5 | 9332 9345 9357 0370 .9332 .9394 9406 9418 .9420 0441
1.6 | 0462 D463 0474 0484 0405 0505 0515 0525 0535 0545
1.7 | o554 .0bGd 6573 0582 0501 0500 9608 0616 .0625 0633
1.8 | 9641 9640 0656 .DGG4 0671 9678 9686 OGO3 0550 0706
1.0 | o713 o710 0726 0732 L0738 0744 OTEQ 0756 G976l .OTGT
20 | 9772 O7TE  OTE3 .O7SR G703 0798 0303 .OR0B 9812 0817




Table III
Normal Distribution

The following table presents the standard normal distribution. The probabilities
tabled are z g
PX<z)=0(zx)= | —e ™ /dw.
(r<a=0@=[ —=
MNote that only the probabilities for & = 0 are tabled. To obtain the probabilities
for x < 0, use the identity ®{—x) = 1 — $(x).

[ = [ 000 001 002 003 004 005 006 0.0 008 009 |

2.1 | 9821 0826 .9830 .DOB34 9338 OB42 .OB46 0850 9354 | O857
2.2 | 8861 9864 .9BGE  .D8T1  0BVS  JOETS 9881 O8B4  .OBAT  .DEOO
23 | 5803 OBGG GRGR 8901 9504 9805 9509 96511 9913  .0014
24 | 9918 .DO20 9022 0925 9027 0029 0031 D932 9034 0936
25 | 9938 9040 8941 9843 0545 9046 O0d4B 0049 8051 .pOSZ
2.6 | 9953 06955 9956  .O95Y 9555 9560 59961 9062 9963 5964
27 | 9965 0966 9067 9068 9969 907D .0OF1 0972 9973 D974
2.8 | 9974 0976 9076 .0OTY 0877 0078 .00V0 0070 .0DB0 .DGE1
29| .9981 .DooEZ 5982 9983 0534 9084 998% 0B85 5966 0486
3.0 | L9987 DOST 9987 D088 0088 908D 009 .DOSD 0000 .DOOD
4.1 ] 9990 9991 9991 90891 9002 0052 9902 0002 9003 0003
32| 8993 .9953 9994 9894. 9934 9994 9094 0995 9095 0995
43 | 9995 9055 9005 D096 9006 5006 .OBOG 09956 9006 0907
3.4 | 8997 9957 9007 9987 8097 G097 9997 9007 9907 0408
35| 0008 .DogE 0908 00983 0908 0093 9908 OG0B  .900% 0908




Normal distribution

Therefore, if we know how to compute the values of the distribution function of a

standard normal distribution (by table), we also know how to compute the values
of the distribution function of a normal distribution with mean pand variance o 2.

The following theorem is very important and allows us to find probabilities by
using the standard normal table.

Theorem: If X ~ N(, 2 ), then the random variable z = X-# | ~N(0,1)

T

Proof : We will show that Z is standard normal by finding the probability density
function of Z. We compute the probability density of Z by cumulative distribution
function method.

X =u+o Z , then Fx(z) = P(X<ua)
= Plp+oZ=<2) —39 7y _ X—u > N=pu+aoZ
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Normal distribution

Example: If X ~ N(O, 1), what is the probability of the random variable X less
than or equal to — 1.72?

ANSWEr.  p(x < —1.79) = 1 — P(X < 1.79)
=1-0.9573 (from table)
= 0.0427.
The following example illustrates how to use standard normal table to find
probability for normal random variables.
Example: If X ~ N(3, 16), thenwhatis P(4 < X < §8)?
Answer:

P(4§X§8)=P(4;3£X;3£ 8;3) :PGEZE‘%) = P(Z <1.25)— P(Z <0.25)

= 0.8944 — 0.5987 _ (9057 (From table)

\ 'I/’




Normal distribution

Example: If X ~ N(25, 36), then what is the value of the constant ¢ such that

P (|X — 25| < ¢) = 0.95447
Answer:

U+9544=P(|X—25|£c)ZP(—uEX_QSEU}:P(—,
(i i (il
— < Z) = < _Z) — 7 < 2 _
P(Z_G) P(Z_ )_2F</j{ ) 1.
Hence, .
P(Zgg)=ﬂ,97’?’2

and from this, using the normal table, we get ; =2 or c=12.
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