CHAPTER 1. PARTIAL DIFFERENTIATION

1.3.1 Higher Order Derivatives

We can form the second order derivative with respect to x where
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Similarly, we can form second order derivative with respect to y where
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Similarly, B_yQ = 2y, and L = Zyz
Example: Verify that wy, = w., if w(z,y) ==

Solution
We have w, = 2x — y and w,, = —1. We have also w, = —z + 2y and

wy, = —1. Thus, w,, = —1 = w,,
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Example: Find

Solution

We first differentiate with respect to the variable s, then r, then s again
, and finally with respect to t. We have
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Example: If z = =ty , then show that yz, — zz, = 07
Solution
We first need to find 2, and z,. So, z, = 2ze” ¥ and 2y = 2ye‘”2+yg. Thus,
by substituting mnto yz, — xz, we get

2 2 2 2
Yze — Tz = 2yxe” Y — Qyze® TV

= 0.

Example: If 2 = f(z + cy) + g(x — cy) , then show that ¢®z,, — Zyy = 07
Solution
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Assume © = x + ¢y and v = x — ¢y so we have u, = 1,v, = 1 and u, =
¢, v, = —c. To find z,,

/

2 = f (W, + g (v)v,
= f(z+cy) +9g (x—cy).
Also,

"

2 = f (Wte + g (V)0,
=f(z+w)+g (z—cy).
Now, to find z,,
2y = £ (W, + g (),
=cf (z+ cy) — cg (z — cy).
Also,

!

2 — cf (W)u, —cq (v)v,
=f (z+cy) + 3 (v =ey).

Thus, by substituting into ¢*z,, — Zyy We get

Crze — 24y = Cf @+ ) + g (@=cy) — f (x+cy) — g (z— cy).

= 0.
Example: Considera function T = In(v/72 + s2). Prove that T(Z_T —i—s(Z—T = 1.
Solution ' ”
1 2, .2
We know that T = 5 In(7r“ + s*) then
or 1r 2r
or 2 [r2 + 32]
R ;
Cr2 4 527
and
or 11 2s
s 2 [r2 + 32]
I
Cor2 4 82
Thus, by substituting into ra—T + sa—T
or 0s
r s r? + g2
T[TQ -|—32] +S[r2 +82] R =



