CHAPTER 1. PARTIAL DIFFERENTIATION

1.4 Maxima and Minima

Suppose that f(z,y) and its first and second partial derivatives are con-
tinuous at (a,b) (critical point) and f.(a,b) = f,(a,b) =0, then

(i) f(z,y) has a local maximum at (a, b) if
feo(a,) < 0 and fuu(a,b) fyy(a,) — | ﬁ,,,.,,(a,b)]2 - 0.
(ii) f(z,y) has a local minimum at (a, b) if
feo(@,6) > 0 and fra(a,b)fy(a,5) — [y b)]2 - 0.
(i) f(z,y) has a saddle point at (a,b) if
fue(@,) fnlag) — [ Fenfa, D] 0

Note that to find the critical points of f(z,y), we suppose both f.(x,y) and
fy(x,y) = 0, then we solve the equation to @ and y.

Example: Find local maxima, local minima and saddle points of the functions
(i) f(z,y) =2’ +ay+y*+3r =3y +4

(ii) f(z,y) =ay —2*~y*>—2r -2y +4

(iii) f(z,y) =22+ 2y + >+ 2y +5

Solution
(7) We need firstly to find the critical points of f(z,y), where

fz(z,y) =2x+y+3=0and f,(z,y) =2 +2y —3 =0.
Thus, there is one critical point (—3,3). Also, we have
fez(—=3,3) =2, f,,(—3,3) =2, and f,,(—3,3) =1
SO fre(—3,3) =2 >0 and

For(=3.3)Fy(~3.3) = [£n(-3.3)] >0
(2)(2) — (1)2 =3 > 0.
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Thus, f(z,y) has a local minimum at (—3,3) which is f(—3,3) = —5.

(1) We need firstly to find the critical points of f(z,y), where
fe(z,y) =y—22—-2=0and f,(r,y) =02 —-2y—2=0.
Thus, there is one critical point (—2, —2). Also, we have
fez(—2,-2) = _Qafyy(_Q: —2) = —2, and fzy(—Q, —2) =1

SO fre(—2,—2) = —2 < 0 and

Fer(=2,=2) f (~2,-2) = [ (~2,-2)| 750
(=2)(=2) — (1)* =3 >.0.
Thus, f(z,y) has a local maximum at (—2, —2) which is f(=2,—-2) = 8.

(721) We need firstly to find the critical points of f(x,y), where
fz(z,y) =22 +y+3=0and f,(z;y) =2 +2=0.
Thus, there is one critical point (—2,1). Also, we have
foe(—=2,1) =2, f,,(=2,1) =0, and f,,(—2,1) =1

SO

Fap=2,1) fyy(=2,1) = | oy (=2 1)]2 <0
(2)(0) — (1)* = -1 < 0.
Thus, f(x,y) has a saddle point at (—2,1).
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1.5 EXxercises

(), : Find the limits of the functions below

i ’
111 E—
(z,y)—(0,4) \/Y

:z:2—y2

lim
(z,y)—(1,1) T — Y

. r+y—4
lim

(2:9)—(2,2) \/T + Y — 2
¥ vz —y—1
11m

(z,y)—(34) T — Y — 1

lim V2 —2y3 — 2xy? + xy
(z,y)—(0,0) VT +Y
0z 0z

Q)2 : Find P and 8_y

(i) 2z = bzy — Ta* — y* + 3z — 6y

L x
(ii) z = 714
(iii) z = ™ In(y)
21,0y
= tan (2
(v) == tan" (%)
, O*F O°F
()3 : Verify that 920y~ Dyon if

(i) F = zsin(y) + ysin(x) + xy
(ii) F = In(2z + 3y)
(iii) F =¢e" + zIn(y) + y In(x)

()4 : Prove that

(i) If G(r,©) = V72 + ©2, then rG, + OGg = G.

(i) EW ==+ 2+ then W, + yW, + 2W, = 0.

Yy zZz T



CHAPTER 1. PARTIAL DIFFERENTIATION

(iii) If V = f(s+t) +sg(s +t), then V,, — V; + V,; = 0.

()5 : Find local maxima, local minima and saddle points of the
functions below

(1) f(z,y) = 22° + 3zy + 4y* — 5z + 2y
(2) f(z,y) =3y* —32* — 2y° — 32° + bzy
(3) f(z,y) =2 +32® +y* — 3y* — 8
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