Chapter 2

Double Integrals

In this chapter, we will learn how to evaluate double integrals. Let

z = f(x,y) be a function which is continuous on closed region
D :a(y) <z < ayy),bi(z) <y < by(xr). We may interpret the double
integral of z over D as the volume. So, we define this volume to be

y=ba(z) pz= ag(y)
volume = / / flz,y)dA = / (,y)dzdy.

b1 (z) =a1(y)
rz=az(y) [y= ba(r)

volume = / / f(z,y)dA = / / (,y)dydz.
z=ai(y) Jy=bi(z)

2.1 Properties of Double integrals

Or

If f(x,y) and g(x,y) are continuous on the region D then

//CfT ydA—C//f’U y)dA for any number c.
//D f(:z:,y)?g(:z:,y) dA://Df(xay)dAjF//Dg(a:,y)dA
//Df(“’v@/)df‘l=/ " f(fv:y)dA+/ Dgf(:v,y)dA

1f D 1s the union of two regions D = D, U D,.
Note that if f(z,y) is continuous over the region D : a < x < b,c < y < d,

then
//Df(zr,y)dA = /Cd /ab f(z,y)dzdy = /ab /Cd f(z,y)dydz.
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Example: Calculate

// f(z,y)dA for f(z,y)=1—6a’yand D:0<2<2, -1<y<1.
D

Solution

faydd= [ [ (1 6ay)dady
D -1.Jo
_ /1 [x—2x3y] 2dy,
| 0

/_ | (2 — 16y)dy,

1

1

<

28"
4

Now by changing the order of integration gives the same answer:

2 2 2 1
/ / (1 — 62%y)dydr = / [y - 3:1:23/2] dz,
0 J-1 0 —
2

= / (1 —32%) — (=1 — 32%)]dx

0

= 4.

Example: Find the volume of solid bounded by the lines x =4 and y = 8

2
€Z Y

d th f =4 — — 4+ =—,
an e surtace z 5 -+ 16

Solution

By drawing (3-dimensional) the lines z = 4 and y = 8 plane and the surface
2

z=4— g + % which gives (see Figure 1)
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volume = / / zdA
D

4 8 2
r oy
_ 4— 219 \aud:
/0/0( 5t 15 Wi
4

348
yr Yy
— [ |- & —] dz,
/0 [y 2 T 18le™
2 128
0
= 416/3. Figure 1

Example: Find the volume of solid bounded by the lines z =2 andy =1
and the plane z =4 — = — y.
Solution
By drawing the lines x = 1 and y = 1 and the plane
z =4 — o — y which gives (see Figure 2)

volume = / / zdA
D
2 pl
://(4—x—y)dyda:
0o Jo
1 y2 2
/ [4y—:2:y+—] dx,
0 20
2
(
0

oy Figure 2

— x)dx

DO =]

2.2 Areas and Centers of Mass

In this section, we show how to use double integrals to calculate the areas of
bounded regions in the plane. Also, we study the physical problem of finding
the center of mass of a thin flat plate covering a region in plane.

13



