Using Chain Ru]e with Partial Derivatives

The Chain Rule for functions of a-single variable studied in first stage says that
when w = f(x) is a differentiable function of x and x = g(t) is a differentiable

function of t, w is a differentiable function of t-and ‘Z—V: can be calculated by the
dw dw dx

formula— = ——.
0 uadt dx dt

For functions of two or more variables the Chain Rule-has several forms. The
form depends on how many variables are involved,/but there are three general
cases as a following:

Casel: If w = f(x,y,z) is a differentiable function and x = x(t),y =
y(t),and z = z(t), are differentiable functions of t, then:
dw 0dfdx dfdy dfdz

dt ~oxdt dydt  oezdt
Example: Prove that L;—v: = cos 2t, ifw = xy,and x = cost,y = sint.

dw ow dx a_w ﬂ

Solution: — T oo + 3y at
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Note that 2= = y,—x = —sint,— = x,and =2 = cost.
dx dt ay
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Now, d—W = —ysint + x cost,

dw . .
— = —sintsint + costcost,

y
d . d a
22 = cos?t — sin®t = cos 2t. —>\ /—y
dt dt dt
t

Case2: Ifw = f(x,y,z) where x = g(r,s),y = h(r,s),and z =
k(r,s). If all four functions are differentiable functions , then w have
partial derivatives with respect to » and s given by the formulas:
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ds O0xds 0dyds 0zds




., d aw . :
Example: Find a—v: and a—‘: in terms of r and s if w = x2 + y? + z2, and

AN

x=1%+s,y=rlns,z =tan"1(s? + r?).
Solution: By using the formulas in case2

ow_owox  awdy ow oz
ar  dx ar dy or az ar

ow 2r \ \l/ /
E = (ZX) (27‘) + (Zy) (ln S) + (ZZ) (m), (r S)
ow = (2r%2 +2s) 2r) + (2rIns)Ins + (2tan"1(s% + 1r?)) ( or )

or / 1+ (s?2+1r2)2)

ow 4rtan-1(s% & r?
— = (4r3+4rs) + (2rin?s) + ( ( )>

or 1+ (s? +1r?)?
Now, —
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Case3: Ifw = f(x) and x = g(r,s), then w has partial derivatives with respect
to r and s given by the formulas:

ow dwoaox

ar  dx or

ow dwoaox

ds  dx ds
Example: If w = f(x),and x = r — s, then show that Z—V: .‘;—w =— [f'(2)]?
Solution: By using the formulas in case3

ow _ dw ox ow _ dw ox
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2= 2 ()= [f )] D=0 o

Thus, 2% .2 =— [f(x)]? r s



1) Findi—f ifIn(z2 +x2+y%), x=t%,y = et’ z=sin"1t

. Of af .
2) Find —~and — if f(x,y,2) = /22 + x% + y?,
x =e"cos(s),y= e"sin(s),z=¢e"

ow ow
=0

3) If w = f(s) and s = y + ax, then show that —— oy =

NIfw=f(x,y) x =rcos(s), y = rsin(s), then show that
aw\2 _, (aw\2_[0f\? (8f)?

Gr) 7 (5) =G -3)

Bz=f(xy), x=u+v,y=u-—v,then:

2 2
show that z,z, = (Z_D '(Z_f,)

6) Suppose that z = f(x — iy) + g(x + iy).

Prove that z,, + z,, = 0,where v—1 =1



