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Section 2.3: Extended Set Operations

Definition 2.3.1

Let Z be a nonempty set. Suppose that for each i € Z, there is a corresponding set A;. Then,
the family of sets A = {A; : i € T} is called an indexed family of sets. Each i € Z is called

an index and 7 is called an indexing set. Then

1. The union over A is defined by
UAi={z:FAcAzeA]l}={z:(FA)[Aie ANz € A]}.
el
2. the intersection over A is defined by
NA={z:VAcAzcAl}={z:(VA)[Aic A=z c Aj]}.
i€l
3. The indexed family A of sets is said to be pairwise disjoint if and only if for all 7 and

7 in Z, either A; = A; or A; N A; = ¢.

Example 2.3.1

Let Z={1,2,3}, and define A; = {4,i+ 1} for each i € Z. Find | JA; and (") A;.
i€l el

Solution:

Note that A; = {1,2}, Ay = {2,3}, and A3 = {3,4}. Thus, | JA; = {1,2,3,4}, and
i€l
A = ¢.

i€l

Example 2.3.2

For eachi € N, let A; = {j € N: 5 <i}. Find UAZ- and ﬂA,'.
ieN teN

Solution:

Note that A; = {1}, A, ={1,2}, ---, A, = {1,2,--- ,n} and so on. Thus, | JA; = N while
i€N

€N
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Theorem 2.3.1

Let A= {A; :7 €7} be an indexed family of sets. Then,

1. Foreach k € Z, A;, C UAi-

i€l
2. For each k € 7, ﬂAi C A;.
i€l
3. L s s e e e L S o (De Morgan’s Laws).
b. ﬂAz — UAz
€l i€l

Proof of (1): Let x € Aj. Since Aj, € A, z € | JA;. Thus, A, C | JA:.

i€l i€l
Proof of (2): Let z € [|A;. Then, z € A, for every i € Z. Since k € Z, z € A;. Thus,
i€l
mAi C Ag.
i€l

Proof of (3.a):

:1:6071;

el

el
x ¢ A;foralli el

re€ A foralli €

el

r ¢ ¢ ¢

Proof of (3.b): A similar proof as that in part (3.a) can be shown in this part as well. However,

o
N

we use a ditferent style as follows: Using A; = A; together with part (3.a) of this theorem, we

get o
N4 = NA = U4 = U4

i€l i€l i€l el

Example 2.3.3

Let T ={1,2,3,4} so that A; = {1,2,7}, A, = {3,4,8}, A3 = {1,4,8}, and A, = {1,3,4,7}.
IfU =141,2,3,---,10}, answer each of the following:

a. | JAi=1{1,2,3,4,7,8}.
i€l
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i€L
C. UZ; = ﬁ:l: =4
i€l 1€l
d. N4 = 071; = {5,6,9,10}.

i€l 1€l

e. Is A={A;:i €I} a pairwise disjoint? Explain. Answer: No, A3 N Ay = {1,4} # ¢.

Example 2.3.4

Let Y =N and Z = N. Define A; =N —{1,2,--- ,i} for all i € Z. Find:
a. AIO = {11, 12, 13} i }

b. |J4: ={2,3,4,5,---}.
i€l

C. ﬂAz == (D

i€l

Example 2.3.5

IfU=R,let A, =[—-,2+ ) for all n € N. Find:

a. |JA,=[-1,3) = A,

neN

b. (A, =1[0,2].
neN

c. ﬂZ;:U\;l;:]R—[—l,B).
neN nelN

d. |JA, = m;:]&—[o,z].

neN nelN

Example 2.3.6

Let U = R and define S, = (—a, a) for all a € N. Find

a. USa:R
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b. (S, = (~1,1).

acN

Exercise 2.3.1

Let A={A;:i €7} beanindexed family of sets for a nonempty set Z. Show that if B C A,

for every i € Z, then B C () A;.
i€l

Exercise 2.3.2

For each natural number n > 3, let A,, = H 2 + ,%] and A = {A,:n>3}. Find ﬂ A,

n=>3

and U A,.

n>3




