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Section 3.1: Cartesian Products and Relations

Definition 3.1.1 ]

Let A and B be two sets. An ordered pair is (a,b) # {a,b} for a € A and b € B. We say
that (a,b) = (e, d) if and only if a = c and b = d.

Definition 3.1.2 ]

Let A and B be two sets. The (Cartesian or cross) product of A and B, denoted by A x B,
is defined by

Ax B={(a,b):a€ Aand b e B}.

Moreover, if (a,b) € A x B, thena € A and b € B. If (a,b) € A x B, then either a € A or
b¢ B.

Remark 3.1.1 l

Let A and B be two given sets. Then,

1. if A has m elements and B has n elements, then A x B has mn elements.

2. In general, A x B # B x A.

Example 3.1.1 ]

Let A=1{1,2,3} and B = {a,b}. Find A x B and B x A.

Solution:

Note that, in general A x B # B x A as this example shows.

A E IR () NG (2R N (28D 8 (S8a N3N0 Eand

Bx A {(a,1),(a,?2),(a,3),(b,1),(b,2),(b3)}.
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Example 3.1.2

Let A=[0,1] and B = {1} U|[2,3). Find A x B.

Solution:
=
Ax B={(a,b):a€ A and b € B}. Q“AI
1 Pl
0 1 ) A

Theorem 3.1.1

If A and B are nonempty set, then A x B=B x Aitt A = B.

» = 7. Assume that A # ¢, B# ¢pand A x B=B x A. Let a € A, then there is b € B such
that (a,b) € A x B = B x A which implies that « € B Thus, A C B.

Let b € B, then there is a € A such that (b,a) € B x A = A x B which implies that b € A.
Thus, B C A and therefore A = B.

n<="1ifA=B,then Ax B=AxA=B x A.

Theorem 3.1.2

Let A, B,C, and D be sets. Then

r

a. Ax(BUC) = (AxB)U(AXxOQC)

L b. (AUB)xC = (AxC)U(BxOQC)
c. Ax(BNC) = (AxB)N(AxCQC)

- d (ANB)xC = (AxC)N(BxQO)
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2. (AxB)N(CxD)=(ANC) x (BND,).

3. (AxB)U(CxD)C(AUC)x (BUD,).

Proof of (1.a):

(z,y) e Ax (BUC) if z€e AANyeBUC
if z€eAA(yeBVyel)
if (zr€eAAyeB)V (xeANyeC)
it ((z,y)€e Ax B)V ((z,y) € AxC)
ifft (z,y)€e (AxB)V(AxOQC).

Proof of (2):

(z,y) e(AxB)N(CxD) it (x€eAANyeB)AN(xeC ANyeD)
it xteAANzeC)AN(yeBANyeD)
iff (xe ANC) A (y € BN D)
itt (z,y) € (ANC) x (BN D).

Proof of (3): Let (z,y) € (A x B)U (C x D), then (z,y) € AXx Bor (z,y) € C x D.
Case(i): (z,y) € A x B implies that x € A and y € B. Then, x € AUC and y € BU D.
Thus, (z,y) € (AUC) x (BUD,).

Case(ii): (x,y) € C' x D implies that z € C'and y € D. Then againx € AUC and y € BUD.
Thus, (z,y) € (AUC) x (BU D).

Therefore, (A x B)U(C x D) C (AUC) x (BU D).
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Remark 3.1.2 l

Note that (A x B) U (C x D) # (AUC) x (BU D): For instance, Let A = B = {0}, and
C = D = {1}. Then, (0,1) € (AUC) x (BU D) while (0,1) € (A x B)U(C x D). Therefore,
(AUC)x (BUD)Z (Ax B)U(C x D).
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Definition 3.1.3

Let A and B be sets. A relation R from A to B is a subset of A x B. In this case, we write
aRb for (a,b) € R and say that "a is related to b”. Also, aRb means that (a,b) ¢ R C A x B.

Moreover, if A = B, then subsets of A x A are called relations on A.

Definition 3.1.4

If R C A x B is a relation, then the domain of R is Dom(R) = {a € A : (a,b) € R}.
Moreover, the range of R is Rng(R) = {b € B : (a,b) € R}.

Example 3.1.3

Let A=1{1,2,{3},4} and B = {a,b, ¢, d}. Find the domain and range of R, where

R ={(1,¢),({3},a),(1,d),(2,d)} C A x B.

Solution:

The Dom(R) = {1,2,{3}} C A and the Rng(R) = {a,c,d} C B. Note that Dom(R) # A
and Rng(R) # B.

Example 3.1.4

Let A={1,3,5,7} and B ={2,6}. Let R C A x B defined by R = {(a,b) € Ax B:a < b}.

Find R along with its domain and range.

Solution:

R = {(11 2) (1: 6)1 (3 6)1 (57 6)}
Dom(R) = {1, 3,5}
Rng(R) = {2,6}.
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Example 3.1.5

Let R = {(z,y) € R x R:y = 2%+ 3}. Find the domain and the range of the relation R.

Solution:

Domain: z € Dom(R) iff 3y € R with y = 2% + 3 which is true for all z € R. Thus,
Dom(R) = R. Range: y € Rng(R) iff 3z € R with y = z* + 3 and since z* > 0, we have
y > 3. Therefore, Rng(R) = [3, c0).

Definition 3.1.5

For any set A, the relation Z4 is the identity relation on A and is defined by
Zx={(a,a):a € A},

with Dom(Z4) = A = Rng(Z,).

Definition 3.1.6

For any sets A and B, if R C A x B is a relation, then the inverse relation is
Rt ={(b,a):(a,b) e R} C B x A,

with Dom(R™!) = Rng(R) and Rng(R ') = Dom(R).

Definition 3.1.7

Let R C A x B be a relation and let S C B x C be a relation. The composition relation
S o R is defined by

SoR ={(a,c): (A € B)((a,b) € R and (b, ¢) 68)} CAxC.

Moreover, Dom(S o R) C Dom(R).
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Example 3.1.6 ]

Let A= {a,b,c},B=1{1,2,3,4}, and C = {z,y, z,w}. Let

R ={(a,1),(b,2),(c,2),(c,3),(c,4)} C A x B, and
S — {(ljw)7 (2? x)’ (2’ z)’ (3’ y)? (4’ y)} g B X C'

Find R~!, and So R.

Solution:
Rt = {(1,a),(2,0),(2,¢),(3,¢),(4,¢)} C B x A.
SoR = {(a,w),(bx),(b2),(c,zx),(c,z2),(cy)} CAxC.
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Example 3.1.7

Let R={(z,y) e RxR:z < y}. Find R™%.

Solution:

Note that

(z,y) e R it (y,2)eR
it y<zx
it z>uy.

Thatis R '={(z,y) eRxR:z >y}




