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lectures In Topological Spaces-Mathematics

department-Fourth stage

Svllabus

1- Definitions and (Examples) of a Topological Space.

2-Types of Topological Spaces.

3-Closed subsets of atopological space. 4- Neighborhoods.
5-Closure of a Set. 6-Topologies Induced by Functions.

/-Interior of a Set, Exterior of a Set, Boundary of a Set and Cluster Points.
8-Dense Subset of the Space. 9- Dense Subset of the Space.

10- Continuous Functions.

11- Open and Closed mappings

12- Homeomorphisms.

13-Topological spaces and Hereditary Property.
14- Compactness in Topological Spaces.
15- Connectedness in Topological Spaces.

16- Separation Axioms and study relationships between them.
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Sub-Spaces on Topological Space

Introduction:
It is always possible to construct new topologies from the given ones. The

simplest one is the relativized Topology.

If (X, T) is topological space and Yc X, then Y can inherit a topology from X;

as shown in the following result.

Definition:

If (X, T) is topological space and Y c X, then, the collection Ty ={GNY:G €
T} is a topology on Y.

Proof: We observe that Ty satisfies the following properties:
DeETand dNY =0 = Q € Ty;
XETandXNY =Y =Y €Ty;

Let {H,: a € A} be any family of sets in Ty.

Then, foreacha e AJasetG, € TsuchthatH, =G, NY.

U{HyaeAl=u{G,NY:a € A}

=[U{G,NY:ae€eA}]NY € Ty,since U{G,:a € A} €ET;

Let H;and H, be any two sets in Ty.
ThenH; = Gy nYand H, = G, NY for some G4, G, in T.




= (Gl N Gz) NnY e Ty, since Gl N GZ e T.
Hence, Ty is a topology for Y.
Remark:

This topology Ty is the relativized or inherited topology on Y. Also (Y, Ty) is
called the sub-space of (X, Ty).

Example

Let X={a,b,c,d,e} and let T={X 0,{a},{c,d} {a,c,d},{b,cde}} be a
topology on X.

LetY ={a,d,e}.

Then, we have
XNY=Y;0nY=0;{a}nY={a};{c,d}nY = {d};
{a,c,d}nY ={a,d}land {b,c,d,e} NY = {d, e}.

T relativized topology on Y is given by

Ty = {Y,0,{a},{d},{a,d},{d, e}}.




Example:

Consider the usual topological space (R, u). Let N be the set of all natural

numbers. Then, the relativized topology uy on N is the discrete topology.

Proof: For an arbitrary n € N, we have

1 1 . 1 1
{n} = [n—E,n+§]nNEuNSInce [n—;,n+g] € .

Thus, each singleton subset of N is uy- open.

Now, if A is any subset of N, then it can be expressed as the union of singleton

subsets of N, each one of which is uy- open.

And, the arbitrary union of sets being open, it following that A is uy- open.
Thus, every subset of N is uy- open. Hence, the relativized topology for N is

the discrete topology.
Remark:

If (¥, Ty) is a sub-space of the space(X,Ty), then a set open in X is not

necessarily open in'Y




