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lectures In Topological Spaces-Mathematics

department-Fourth stage

Svllabus

1- Definitions and (Examples) of a Topological Space.

2-Types of Topological Spaces.

3-Closed subsets of atopological space. 4- Neighborhoods.
5-Closure of a Set. 6-Topologies Induced by Functions.

/-Interior of a Set, Exterior of a Set, Boundary of a Set and Cluster Points.
8-Dense Subset of the Space. 9- Dense Subset of the Space.

10- Continuous Functions.

11- Open and Closed mappings

12- Homeomorphisms.

13-Topological spaces and Hereditary Property.
14- Compactness in Topological Spaces.
15- Connectedness in Topological Spaces.

16- Separation Axioms and study relationships between them.
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The homeomorphism in topological Spaces
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Definition:

Let (X, T) and (Y, T') be Top — spaces and let f: X— Y. Then f is said to be:-
1 — Open mapping iff the image under f if every open set in X isopen setin Y.

2 — Closed mapping iff the image under f of every closed set in X is closed set in
Y.

3 — bi-continuous mapping iff f open and continuous.

Example:

Let (X, T)and (Y, T") be a topology spaces: where

Y ={ab,c} And T ={@,Y,{a}, {a, c}} then a mapping f: X — Y defined as:

f(x) = a,vx €X Isopen since for any u is T-open set, we have:

@ Whenu= @
f () :{

{a}Whenu # @

And each on of @and{a}is T - open set.
{f(u)is open iny V u open Subset in X}

Example:
Let (X, T) and (Y, T) be topology spaces and let Y ={a,b,c} and T =
{0,Y,{a},{a,c}}

Then the mapping f: X — Y defined as:- f(x) = b,V x € X, is closed mapping

since for any fis T — closed set ,




dWhenF= 0
f (F) :{

{b} When F = @
And each one of @ and {b}is T - closed
{f (F)isclosed inY V F closed sub setin X.}

Theorem:

Let (X, T) and (Y, T") be topology space let f:X — Y Then fisopen iff f(A) S

[ (A) ]° for every A CX
Proof:
Let f be open, Then A° being open it follows that f (A)° is open consequently, [f
(A)°]° = f (A°)
Now: A° € A = f(A)° S f(A)
= [f(A)° < [f(A)]°
= f(A)° < [f(A)]°
Conversely: let f (A°) € [f(A)]° for every A CX
Let A be an open subset of X so that A° = A
-« AP € [f(A]° = f (A) S [f(H]° ~ [A° = A But [f(A)]° € f (A)

~ [f(A)]° = f (A). This show that f (A) is open when every A is open.




Theorem:

Let ( X,T) and (Y, T) be topology space let f: X — Y then f is closed iff
f(A) < f (A) for every A CX.

proof: Let f be closed and let A CX. then A being closed f (A) is therefore

closed consequently f(A) = f(A)

Now,Ac A = f(A) € f(A)
= f(A) € {FD)
Hence, f(A) <€ f (A) for very ACX
Let A be a closed subset of X then A = A
~f(A) €f @A) = fA) € f(A) [ A=A]
But, f(A) C f (A) Therefore f(A) = f(A).
This show that f (A) is closed, when every so is A. Hence f is a closed mapping.

Definition:

Two topological spaces (X, T) and (Y, T) are closed homeomorphic if there
exits: One — to — one and onto function f: X — ysuch that f and f ™ are
continuous and the function f is called homeomorphism.

Example:

Let X ={a,b,c,d} and T = {0,X, {a}, {b}, {a,b}}




AndY = {a,b,c,d} and T {@,y, {c},{d}, {c,d}}
And f: X — Y defined as:
f(@=a,f(b)=b,f(c)=c, f(d)=d.is(X, T)
And (Y, T") are homeomorphic?

1 —fis one — to — one and onto But f is not continuous since {c} € T But

f {c} = {c} ¢ T . Therefore f is not homeomorphic.

Example:

LetX ={a,b,c,d}; T = {@,y,{c},{d},{c,d}} and g: (X, T) - (Y, T) such that:-
g(@=d,g(b)=c,g(c)=b,g(d)=ais

(X, T) and (Y, T') are homeomorphic?

Sol:-

(1) And (2) are clear g is one — to — one and onto.
(3) Is g continuous?

MYeT »gl(y)=XeT.

(Mg {o}=0 €T

(*)g*{c}={b} e T*,g"{d}={a} € T and

(*)g* {c, d} ={a, b} € T . So g is continuous,

(4) is g"* continuous?




*) @) ' {a}=g{a}={d}eT
® @) HPr=0€eT
™) @) *{b}=g{b}={c}eT

* @) X}=Y€eT.

(*) (@) *{a,b}=g{a b}={d. c}eT

Since g is one — to — one, onto, g and g ™ are continuous.

So, g is homeomorphism. Therefore (X, T) and (Y, T') are homeomorphic
Theorem:

let (X, T) and (Y, T) be topology space let f be a one — one mapping of ontoY

then the following statements are all equivalent to one another:-
(i) f is open continuous.

(if) f is homeomorphism .

(iii) fis closed and continuous.

Proof:- (i) = (ii) let f be a one — one open and continuous mapping of X onto Y

then by definition it is a homeomorphism so (i) = (ii)

(i) = (iii) : let f be homeomorphism. Then it is a one — one continuous open

mapping of X onto Y. Let f beany closed subset of X then (X-f) is open
Now f being open it follows that f (X-f) is open But

f (X-f) = f (X) = f (F) = Y-F (F)




Thus Y-f (F) is open and therefore, f (F) is closed. This show that f is closed

and continuous so (ii) = (iii)

(iti) = (i) : let f be closed and continuous let G be an open subset of X then X —

G is closed and being closed f (X-G) is therefore, closed
But, f (X-G) = (X) - (G) = Y- (G)

Thus, Y. f (G) is closed and therefore, f (G) is open this show that f is closed

and continuous.

So (iii) = (i) Thus, (i) = (ii) = (iii) = (i) Hence all the given statements are

equivalent to on another
Theorem:

Let (X, T) and (Y, T') be topology space let f: X — Y be a one — one mapping
of X on to y then f is a homeomorphism iff f (A) for every AcX

Proof:

Let f be homeomorphism. Then f is a one — one continuous and closed mapping
of Xonto Y.

Let AcX then by continuity of f, we have f (A) € f (A)
Also, f being closed we have f (A) € f (A) , hence f (A) = f (A)

Conversely: - let f : X — y such that is f is one — one onto and for every A c X,

let f (A)=f(A) Then f(A) S f (A) and f(A) S f (A) . But these results show

that f is continuous and closed f is one — one onto also, so it a homeomorphism.




