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1- Moment Method:

Let X;X,, ..., X,, be a random sample from a population X with probability density
function f(x; 64, 0,, ..., 6,,) , where 64, 8,, ..., 8,, are m unknown parameters. Let

0

E(Xk) = J xk f(x, 91, 92, ,Qm)dx

— 00

Be the k" population moment about 0. Further, let

1 n
M, = ;Z X
i=1

Be the k" sample moment about O.

In moment method, we find the estimator for the parameters
01,65, ..., 6, by equating the first m population moments (if they exist) to the first
m sample moments, that is

E(X) = M,
E(X?) =M,
E(X3) =M,
E(X™ =M,

The moment method is one of the classical methods for estimating pa-rameters and
motivation comes from the fact that the sample moments are in some sense
estimates for the population moments. The moment method was first discovered by
British statistician Karl Pearson in 1902. Now we provide some examples to
illustrate this method.

Example. Let X~N(u, 02) and X;, X5, ..., X,, be a random sample of size n from

the population X. What are the estimators of the population parameters A and o2 if
we use the moment method?



Solution: Since the population is normal, that is
X~N(u,0%)
We know that
EX)=u
E(X?) = 0? + p?

Hence

The last line follows from the fact that

1 o V)2 1 3 2 YV v 2
;Z(Xi—X) =EZ(X1. —2X; X + X%
1= 1=



Thus, the estimator of g2 is %Z?:l(xi — X)? ,that is
n
~ _1 72
o2 = EZ(Xi _ 02
i=1

Example. Let X;, X, ..., X;, be a random sample of size n from a population X
whit probability density function

9x9—1 lfO <x<1
;0) = .
f(x:6) { 0 otherwise,
Where 0 < 6 < oo is an unknown parameter. Using the method of moment find an
estimator of 6 ? If x; = 0.2,x, = 0.6, x3 = 0.5, x, = 0.3 is a random sample of
size 4, then what is the estimate of 6 ?

Solution To find an estimator, we shall equate the population moment to the
sample moment. The population moment E(X) is given by

1

E(X) =j xf(x; 0)dx

0

1
= f x0x9 1dx
0



1
=9Jx9dx
0

0
=771l
0
To+1
We know that M; = X. now setting M, equal to E(X) and solving for 0, we get

)?—0
T H+1

x9+1](1)

That is

X
9=—_
1-X

Where X is the sample mean. Thus, the statistic % Is an estimator of the
parameter 6 . Hence

~ X
6=—"o
1-X
Sincex; = 0.2,x, = 0.6,x3 = 0.5,x, = 0.3, we have X = 0.4 and
g = 0.4 _ 2
S 1-04 3

Is an estimate of the O .

Example. Let X~poisson(A) find Moment Estimate of A ?

Solution: Since X~poisson(A)

FOX) = Ae™* forx=0,1,..
-] X!
0

otherwise

XX
n

E(x) = A,Var(x) = 1,X =



EX)=X
_in

)
Il
< S

Example: Let X~Binomaill (20, p) find Moment Estimate of p?
Solution: Since X~Binomaill(20, p)

_ (@p*q" forx=20,1,..,n
fe ={ 0 0<p<1
E(x) =np,Var(x) = npq
— Xi
E(x)=20p,x=Z ‘
n
[20;,:&]
n
E(x)=X
(W) =X->—733
1 ¥x X
P=%0 n "PT20
s- Lz
P=20

Example: Let X;, X5, ..., X;, @a random variable sample from Uniform (0,0) find the
Moment Estimate of 6 ?

Solution: Since U(0,0)

() = 1 fora<x<bh
fx) = baa otherwise
a+b
E(o) = —
0+0

EC) ==~



O-% 5o=2x%
—_ = - =
2
0 =2X
o 1
E(X2)=fX2'f(X)dx —>J XZ-de
0
1 X360 63
2y — | . 2y —
E(X)_le 3]0_’E(X) 30
92
2y —
E(X)—3
E(X?) = X2
2 X2 X2
L —>n92=3ZXi2 L g2 = 32X
3 n n
5 3Y X7
n

Example: Let X;, X5, ..., X;, be a random variable sample of size n from
distribution, with p.d.f

0
or0<x<®@
flx,a,0) = {H—QXa f
0

a>0,0>0

otherwise

Suppose o is known find the moment estimator of 0 , 8 and unbiased estimator of
0?

Solution:

6 a
E(X) = j % F(0)dx > E(X) = j 2o xdy
0



0

a
E(X)—f — - xx" 1l x%dx —>E(X)=f g-x“dx
0
a x%t1]6 a(9)*tt a6%0 ab
E(X)_e_a'a+1]o_’E(X)_ea-(a+1)_9a(a+1)_a+1
EX)=X
af _ [af = (a + 1)X]
=X -
a+1 a
. (a+ DX _  ab
f=— """ 5 X =
a a+1
a+1
B(8) = F|—%|
a+1
E(X)
0c+1[056]
a la+1
E(9) =6

9 is not unbiased estimator of 0 .

2- Maximum Likelihood Estimator:
Let L(0) = L(6; X1,...,Xn)

Be the likelihood function for the random variables X, Xo, ..., X,. if

0 (where 0 = 9 (Xy, X,, ...,X,) is @ function of the observations X;,...,X,) is the
Value of 6 in © which maximum L(0). Then © = 9(X{,X,,...,Xp) is the
Maximum likelihood estimator of 6 =19 (Xy,...,X,) is the maximum likelihood
estimate of 0 for the example x;,...,Xp.

The most likelihood important cases which we shall consider are those in which
X1,Xz,...,Xy 1s a random sample from some density f(x;0), so that the likelihood
function is

L(0) = f(x1:0) f(x2:0) ... f(Xn:0).



Many likelihood functions satisfy regularity conditions; so the maximum-
likelihood estimator in the solution of the equation.

aL(e)
do
Also, L(0) and log L(0) have their maxima at the same value of 0, and it is some-

times easier to find the maximum of the logarithm of the likelihood, if the
likelihood function contains (k) parameters, that is

If L(01,02,.....00) = [TF=1 f(xi504, 65, ..., Ox)

Then the maximume-likelihood estimators of the parameters 0,,0,,..., 0, are the
random variables O; = 31(Xy,...,Xp), ..., Or = $(Xy(,...Xp), ... O = 9 (Xy,...,Xp),
where 01 0,,....,0¢are the values in © which maximize L(040,,...,0).

If certain regularity conditions are satisfied, the point where the likelihood is a
maximum is a solution of the (k) equation

OL(64, ..., 0k) 0
96, B

OL(6, ..., 0k) 0
96, B

OL(64, ..., 0k) 0
90, B

In this case it may also be easier to work with the logarithm of the likelihood,

We shall illustrate these definitions with some examples.

Example 1. Letx;, x,,...,x, a random variable sample ~ Geometric (p) find
Maximum likelihood estimator of (p)

Solution:
Since x4,..., x,, ~ G(p)
. For x=1,2,...
— x_
f(x):{P(1 OP) 0<P<0

Otherwise



f G s X, P) = f (21, P) . f (X2, P) e oo f (%, P)
f(Gery oo X, P) = P(P = 1D)* 1 .P(P = 1)*271 ., f (2, P)
g(xq, ..., x,, P) = P" (1 — p)Exin

g(xy, P) = P*(1 — p)Zam

In g(xy, P) = In[P"] + In(1 — P)Z¥i"

Ing (x,, P) = nln(P) + (¥x; —n) In (1 — P)

o= = s+ (S - )

n i 1] 1-p
n (N, .
p X n 1-p "

i=1

P n

l_ E_ Z?=1xl_ E_=> l—1=2xi—1
P P n n P n
1 3 -

X

n .

=1

p & ——>P—1

i1 Xi B X



Example Let x,, ..., x, ~ Poisson (1) find Maximum-likelihood estimator of A?

Solution: Since x4, ..., x, ~ Poisson ()

For x=0,1,...
AXe—2
f(x) = { x;
0 Otherwise

[y, e xn, A) = flx, ) f((x, 4) .. f((xn, A)

Mgt pXze=2 Nng=4
() e, x, 1) = )
[t " X! X! X!
e—nAAZ?zlxi
i=1%i

e—nla}‘,xi
Ing(x,,A) =1In [v]
n
Ing (x,,A) = Ine ™ + In Ax%i — anxi !
i=1
n
Ing (x,,A)) = —ni+ in InA-0
i=1
Ing(x,,A) =—na+3L,x;InA
d1n g(x,, A) =1 d1n g(x,, )
=-n+ ) x .= =0
A 2 A A
i=1

n
1
—n+in .z=0
i=1



o
=l

Example: Let x ~ Bernoulli Parameters (P) find Maximum likelihood estimator of
P?

Solution: Since x ~ Ber (P)

For x=0,1

fo = {Fra - P

0 Otherwise

f(xq, e, X0, P) = f(x1,P). f(x3,P) ... ... f(x,, P)

f(X1, ey X, P) = PX1(1 — P)17%, pX°(1 — P)1%2  P¥n(1 — p)1~*n
9g(xy, P) = PLi=i¥i(1 — pyn-Zia

Ln g(xp, P) = In[PZ%] + In[(1 — P)"2%]

n n
Ing(x,, P) = z x;In(P) + (n — Z x;)In(1 - P)
i=1 =1
ding(x,.P) ~ 1 =1 1
N g\Xn1
P lePJ’(n z Z *ip = ( _in)l—P
=1 =1 =1 =1
n n
dIn g(x,, P) Z 1 Z 1
P L. Y%ip (= 2 X TTp dln g(xn,P) _
i=1 i=1 =0

ap

n n

le%*”‘zxi)lif"

l=1 l=1




= -1
P XX
1-P P n X 1 n
LP_P_ m Ex_ 1 n
P p Zl'—lxl le P i=1Xi
n
1 n S p Z
—_ = == n = xX:|=n
P X% - '
n
p= i=1 l_:>P:_
n X
P=yx

Example: Let x;...x, ~ N(4, o2) find Maximum-likelihood estimator of p & ¢2?

Solution:
1 —1(x—2u)2
Since xq, ..., x, ~ N(1, 6?) then f(x) ={5752¢ *° for —w<x<o
0 otherwise

f( oL G 1 g

Xqy ey Xy, W, 0%) = e 207 e 202 ... n

' " \V2mo? \V2mo?
1 1@ -’

e 202



-n -1 x—p)°
gy, 1,0%) = (2no®)Z e 2

-n -1 x-w’
g(xyn,0%) = 2no®)z e 207

-n -n —(Cx—w)?
Ing(x,,n,0%) =(2n)2 +In(c?)2 +1lne 20
2
2y = 1 N O Dl
lng(xn, P-;O' ) - 2 1n(27T) Zln(o- ) 20_2
dlng(x,,u 02)
BT 0055 (D) xi -
dlIngCenp) _ +2(2x; — 1)
du 202
Exi—w
;2 0==> (le- )=0
_\2
_ o, _Tn no o QX -x)
Ing(x,,x,0°) = 2 In(2m) 2ln(a) oz
dlng(xn,f,az)_o nl1l 0-20x;—x)>

do? 2 02 uo

dIng(x, x,06%) -n N X x; —%)°

do? 202 204
_\2
Xi — X
ORI
202 204
n
Cx;—%)°  n _
= ==> 202(2 x; —X) = 20*n| + 20%n
4 2 t
20 20 —
Q=1 X = )=02 ==>0%=

n



