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Certain Powers of Trigonometric and Hyperbolic Integrals 

Consider the following integrals form:

𝐴  𝑠𝑖𝑛𝑚 𝑢 𝑐𝑜𝑠𝑛 𝑢 𝑑𝑢 𝑜𝑟  𝑠𝑖𝑛ℎ𝑚 𝑢 𝑐𝑜𝑠ℎ𝑛 𝑢 𝑑𝑢

𝐵  𝑡𝑎𝑛𝑚 𝑢 𝑠𝑒𝑐𝑛 𝑢 𝑑𝑢 𝑜𝑟  𝑡𝑎𝑛ℎ𝑚 𝑢 𝑠𝑒𝑐ℎ𝑛 𝑢 𝑑𝑢

𝐶  𝑐𝑜𝑡𝑚 𝑢 𝑐𝑠𝑐𝑛 𝑢 𝑑𝑢 𝑜𝑟  𝑐𝑜𝑡ℎ𝑚 𝑢 𝑐𝑠𝑐ℎ𝑛 𝑢 𝑑𝑢



Under Type (A) , there are three cases:

Case 1: If   m is odd  and positive integers , we factor out   sin u   (sinh u)    and change the 
remaining even power of   sin u  (sinh u ) to  cos u ( cosh u ) using the identities:

𝑠𝑖𝑛2 𝑢 = 1 − 𝑐𝑜𝑠2 𝑢 , 𝑠𝑖𝑛ℎ2 𝑢 = 𝑐𝑜𝑠ℎ2 𝑢 − 1

Example (1): Evaluate the integral   𝑠𝑖𝑛5 2𝑥 𝑐𝑜𝑠
−3

2 2𝑥 𝑑𝑥

Solution:  𝑠𝑖𝑛5 2𝑥 𝑐𝑜𝑠
−3

2 2𝑥 𝑑𝑥 =  𝑠𝑖𝑛4 2𝑥 𝑐𝑜𝑠
−3

2 2𝑥 sin 2𝑥 𝑑𝑥

=  1 − 𝑐𝑜𝑠22𝑥 2 𝑐𝑜𝑠
−3
2 2𝑥 sin 2𝑥 𝑑𝑥 =  1 − 2 𝑐𝑜𝑠22𝑥 + 𝑐𝑜𝑠42𝑥 𝑐𝑜𝑠

−3
2 2𝑥 sin 2𝑥 𝑑𝑥

=  𝑐𝑜𝑠
−3
2 2𝑥 − 2 𝑐𝑜𝑠

1
22𝑥 + 𝑐𝑜𝑠

5
22𝑥 sin 2𝑥 𝑑𝑥

=  (𝑐𝑜𝑠
−3

2 2𝑥 𝑠𝑖𝑛2𝑥 − 2 𝑐𝑜𝑠
1

22𝑥 sin 2𝑥 + 𝑐𝑜𝑠
5

22𝑥 sin 2x) dx 

= −
1

2

𝑐𝑜𝑠
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2 2𝑥
−1

2

+
𝑐𝑜𝑠

3
22𝑥
3

2

+
−1

2

𝑐𝑜𝑠
7
22𝑥
7

2

+ C = 𝑐𝑜𝑠
−1

2 2𝑥 +
2

3
𝑐𝑜𝑠

3

2 2𝑥 −
1

7
𝑐𝑜𝑠

7

2 2𝑥 + 𝐶



Case 2: If n is odd  and positive integers , we factor out   cos u  (cosh u)    
and change the remaining even power of cos u  (cosh u ) to sin u (sinh u)
using the identities: 

𝑐𝑜𝑠2 𝑢 = 1 − 𝑠𝑖𝑛2 𝑢 , 𝑐𝑜𝑠ℎ2 𝑢 = 1 + 𝑠𝑖𝑛ℎ2 𝑢

Example (2): Evaluate the integral   𝑠𝑖𝑛ℎ4 3𝑥 𝑐𝑜𝑠ℎ3 3𝑥 𝑑𝑥

Solution:  𝑠𝑖𝑛ℎ4 3𝑥 𝑐𝑜𝑠ℎ3 3𝑥 𝑑𝑥 =  𝑠𝑖𝑛ℎ4 3𝑥 𝑐𝑜𝑠ℎ2 3𝑥 cosh 3𝑥 𝑑𝑥

=  𝑠𝑖𝑛ℎ4 3𝑥 1 + 𝑠𝑖𝑛ℎ2 3𝑥 cosh3𝑥 𝑑𝑥

=  𝑠𝑖𝑛ℎ43𝑥 cosh 3𝑥 + 𝑠𝑖𝑛ℎ63𝑥 cosh 3𝑥 𝑑𝑥

=
1

3

𝑠𝑖𝑛ℎ5 3𝑥

5
+
1

3

𝑠𝑖𝑛ℎ73𝑥

7
+ 𝐶 =

𝑠𝑖𝑛ℎ5 3𝑥

15
+
𝑠𝑖𝑛ℎ73𝑥

21
+ C



Case 3: If both m and n are even and positive integers ( or one of them zero)  , we 
reduce the degree of the expression by  using the identities: 

𝑠𝑖𝑛2𝑢 =
1−𝑐𝑜𝑠2𝑢

2
,     𝑠𝑖𝑛ℎ2𝑢 =

𝑐𝑜𝑠ℎ2𝑢 −1

2

𝑐𝑜𝑠2𝑢 =
1+𝑐𝑜𝑠2𝑢

2
,     𝑐𝑜𝑠ℎ2𝑢 =

𝑐𝑜𝑠ℎ2𝑢+1

2

Example (3): Evaluate the integral   𝑠𝑖𝑛2 2𝑥 𝑐𝑜𝑠2 2𝑥 𝑑𝑥

Solution:  𝑠𝑖𝑛2 2𝑥 𝑐𝑜𝑠2 2𝑥 𝑑𝑥 =  
1−𝑐𝑜𝑠4𝑥

2

1+𝑐𝑜𝑠4𝑥

2
𝑑𝑥

=
1

4
 1 − cos 4𝑥 1 + cos 4𝑥 𝑑𝑥

=
1

4
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1
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2
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𝑥

2
−
1

16
sin 8𝑥 +C                       



Under Type (B) , there are two cases:

Case 1: If   n is even  and positive integers, we factor out   𝑠𝑒𝑐2𝑢 𝑠𝑒𝑐ℎ2𝑢 and change 
the remaining even power of   sec u  (sech u ) to  tan u ( tanh u ) using the identities:

𝑠𝑒𝑐2 𝑢 = 1 + 𝑡𝑎𝑛2 𝑢 , 𝑠𝑒𝑐ℎ2 𝑢 = 1 − 𝑡𝑎𝑛ℎ2 𝑢

Example (4): Evaluate the integral   𝑠𝑒𝑐ℎ4
𝑥

2
𝑡𝑎𝑛ℎ

−1

3
𝑥

2
𝑑𝑥

Solution: 𝑠𝑒𝑐ℎ4
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Case 2: If  m is odd  and positive integers,  we factor out   sec u tan u  (sech u tanh u) and 
change the remaining even power of  tan u (tanh u) to sec u (sech u) using the identities: 

𝑡𝑎𝑛2 𝑢 = 𝑠𝑒𝑐2 𝑢 − 1 , 𝑡𝑎𝑛ℎ2 𝑢 = 1 − 𝑠𝑒𝑐ℎ2 𝑢

Example (2): Evaluate the integral   𝑡𝑎𝑛3 2𝑥 𝑠𝑒𝑐
−1

4 2𝑥 𝑑𝑥

Solution:  𝑡𝑎𝑛3 2𝑥 𝑠𝑒𝑐
−1

4 2𝑥 𝑑𝑥 =  𝑡𝑎𝑛2 2𝑥 𝑠𝑒𝑐
−5

4 2𝑥 (tan 2𝑥 sec 2𝑥) 𝑑𝑥

=  𝑠𝑒𝑐2 2𝑥 − 1 𝑠𝑒𝑐
−5
4 2𝑥 sec 2𝑥 tan 2𝑥 𝑑𝑥

=  𝑠𝑒𝑐
3
4 2𝑥 − 𝑠𝑒𝑐

−5
4 2𝑥 sec 2𝑥 tan 2𝑥 𝑑𝑥

=  𝑠𝑒𝑐
3
4 2𝑥 sec 2𝑥 tan 2𝑥 − 𝑠𝑒𝑐

−5
4 2𝑥 sec 2𝑥 tan 2𝑥 𝑑𝑥

=
1

2

𝑠𝑒𝑐
7
4 2𝑥

7
4

−
1

2

𝑠𝑒𝑐
−1
4 2𝑥

−1
4

+ 𝐶 =
2

7
𝑠𝑒𝑐

7
4 2𝑥 + 2 𝑠𝑒𝑐

−1
4 2𝑥 + 𝐶



Under Type (C) , there are two cases similar to those of type (B) where

The identities:

Case 1: 𝑐𝑠𝑐2 𝑢 = 1 + 𝑐𝑜𝑡2 𝑢 , 𝑐𝑠𝑐ℎ2 𝑢 = 𝑐𝑜𝑡ℎ2 𝑢 − 1

Case 2: 𝑐𝑜𝑡2 𝑢 = 𝑐𝑠𝑐2 𝑢 − 1 , 𝑐𝑜𝑡ℎ2 𝑢 = 1 + 𝑐𝑠𝑐ℎ2 𝑢



Exercises : 

(1)  𝑠𝑖𝑛5 2𝑥 𝑑𝑥

(2) 𝑐𝑜𝑠3 𝑥 𝑐𝑜𝑠
−1

2 𝑥 𝑑𝑥.

(3)  𝑐𝑠𝑐6 𝑥 𝑑𝑥 .

(4)  𝑡𝑎𝑛3 𝑥 sec 𝑥 𝑑𝑥.

(5)  0
1
𝑠𝑖𝑛ℎ4 𝑥 𝑑𝑥 .


