Dr. Mazin

Chapter Two

Basic Algebra, Geometry and Trigonometry formulas

Trigonometry formulas

Definitions and fundamental identities
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The Basic Trigonometry function

tané’:ﬂ: cot<9:i secezi: csco :_i
cosd tané@ cosd sing
Even | odd
cos(—x) =cos(X) sin(—x) =—sin( x)

tan(—x) = —tan( x)
csc(—x) =—csc(x)
cot(—x) =—cot(x)

sec(—x) =sec(x)

sin?0+cos’0=1 (1)

This equation, true for all values of @ is the most frequently used identity in
trigonometry. Dividing this identity in turn by cos®# and sin? @ gives

1+tan?6O =sec’ o

1+cot?@=csc’ o

Addition formulas

cos(A+ B) =cos AcosB —sin Asin B 5
sin( A+ B) =sin AcosB +cosAsin B )

Double —Angle Formulas

c0s260 = cos® O —sin’ @

. . 3)
sin28 = 2sin@ cosd

Additional formulas come from combining the equations sin®@+cos*6=1 and
c0s260 =cos* & —sin*d we add the two equations to get 2cos® @ =1+ cos26and

subtract the second from the first to get 2sin®6=1—co0s268. This results in the
following identities, which are useful in integral calculus.
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cos? ) — 1+ cos260
2
sin? g — 1-cos26

DEFINITION Periodic Function
A function f (x)is periodic if there is a positive number p such that f (x+ p) for
every value of x. The smallest such value of p is the period of f .

AN

Periodic Trigonometric function

Periodic =

Periodic 27

4

tan(x + ) =tan x
cot(x + ) =cotx

sin( X+ 27) =sin X

COS(X + 27) = CoSX
sec(X + 2x) =secx
csc(X+ 2x) =cscx

y=sinx
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Graphs of the (a) cosine, (b) sine, (c) tangent, (d) secant, (e) cosecant, and (f) cotangent functions
using radian measure. The shading for each trigonometric function indicates its periodicity.

Identities

sin(—@) =—sin @ cos(—6) = cosé

sin?@+cos® 6 =1 sec’@=1+tan’0 csc?@=1+cot’ @
sin 20 = 2sin @ cos@ c0s260 = cos® & —sin’ 0

1+ cos260 I 1-cos260
e sin H:T

sin( A+ B) =sin AcosB +cosAsin B

cos’ @ =

sin(A—B) =sin AcosB —cosAsin B
cos(A+ B) =cos AcosB —sin Asin B
cos(A—B) =cos AcosB +sin Asin B

tan(A + B) = tan A+tanB tan(A—B) = tan A—tanB
1-tan Atan B 1+tan AtanB

sin(A—%):—cosA cos(A—%):sinA

sin(A+%):cosA cos(A+%) =—SinA

sin Asin B = 2cos(A—B) - 2cos(A+ B)
cos AcosB =2cos(A—B)+2cos(A+ B)
sin AcosB =1sin(A—B)—1sin(A+B)
sin A+sin B =2sin 3 (A+ B)cos3(A—-B)
sin A—sin B =2cos$(A+ B)sin 1 (A-B)
cosA+cosB =2cos:(A+B)cos; (A—-B)

cos A—cosB =-2sin$(A+B)sin3(A-B)
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Algebra
Arithmetic operations
a c ac a ¢ ad+bc alb ad
a(b+c)=ab+ac — == —+.—= —_—=——
b d d b d bd c/d b c
Law of sings
-a a a
—a(-a)=a —=——=—
-a) b b -b
Zero Division by zero not defined
If a=0: gzo, a’=1 0*=0
For any number a: 0O-a=a-0=0

Law of exponents

aman — am+n (ab)m — ambm (am)n — amn am/n — n/am — (Q/a)m

If a=0,
a” _ _ 1
_n:amn’ aO:1 am:_m
a a

The Binomial Theorem for any positive integer n

n(n _1) an—2b2 + n(n _1)(n - 2) an—3b3 Feen nabn—l + bn

(a+b)"=a"+na""b+
1-2-3

For instant
(a+b)? =a® +2ab +b? (a—b)? =a® —2ab+b?
(a+b)® =a*+3a%h+3ab? +b° (a—b)® =a°®—3a’h+3ab*-b®
Factoring the Deference of Like Integer Power n>1
a"-b"=(a-b)y@ t+a"+a"%*+-----+ab" > +b"?)
For instant
a’—b?=(a—b)(a+h)
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a®—b®=(a—b)(a®+ab+b?
a*—b* =(a-b)(@®+a’h+ab®+b?
Completing the Square
If a=0

b
ax’ +bx+c=a(x*+—x)+c
a

) b 2 2
—a(X? +—-X+———2)+cC

( a 4a® 4a2)
b b2 b2
2
=a(x*+—Xx+—)+a(-—)+c
( a 4a2) ( 4a2)

» b b? b?
=a(X*+—X+—5)+C——
a 4a 4a

This is= (x+£)2 thisispart C
2a
=au’+C (u=x+(b/2a))

The Quadratic Formula

If a=0and ax?+bx+c=0 then

X:—bi\/b2—4ac

2a

EXAMPLE 1: Prove the following identities sec? X + csc? x = sec? X ¢sc? X

Sol
L.H.S sec® X +CSC% X =
1 1 sin? x + cos? x
IV I 20 2
cos’x sin’x  cos?xsin?x

. 1
sin®x+cos’x=1 = =—3p
cos? xsin? x

B 1
cos’ X sin?x

—sec? x-csc? X
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R.H.S

EXAMPLE 2: Prove that c¢scé + tan@secé = cscosec? &

Sol
1 sin@d 1

L.H.S csco +tanfdsecd = ——+
sind cosé@ cosé
1 sin @
=——+
sin@ cos? o
_ cos® 6 +sin Osin 6
sin @cos? O

_cos’@+sin’0 1
sin@cos’®  sin@ cos’oO

_ L 12 =cscé sec’ &
sin@ cos” 6

R.H.S

EXAMPLE 3: Prove thattan( A+ B) = oA+ 1anB
1-tan AtanB

Sol
sin(A+ B)

cos(A+B)
_sin AcosB +cosAsin B
cos AcosB —sin Asin B

sin AcosB N cosAsinB

_cos AcosB cos AcosB
~ cos AcosB  sinAsinB

cos AcosB cos AcosB

_tanA+tanB
1-tan AtanB

tan(A+B) =
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Prove that tan(A—B) = tanA-tanB (H.W)

1+tan AtanB

EXAMPLE 4: Prove the following identities cos® @ —sin* @ = cos? @ —sin® @

Sol
L.H.S cos* @ —sin? @ = (cos? @ —sin? 0) (cos? @ +sin” )
= (cos?* & —sin’ 0) (1)
=(cos’@—sin*@) R.H.S

EXAMPLE 5: Prove that sin 26 = 2sin @ cosé

Sol:
sin 20 =sin(@+ @) =sin &cosd + cosd sin O

= 2sin #cosd

EXAMPLE 6: Prove that cos26 = cos? & —sin’ &

Sol:
c0s268 = cos(f+ 0) = cosdcosd —sin 6 sin 6

=co0s? 6 —sin?6
=2c0s?09 -1
—1-2sin’@

EXAMPLE 7: Prove that sin A+sin B =2sin$(A+B)cos$(A-B)
Sol:

inl 1 _ in A B Acin B A B inAcin B
2sin 5 (A+B)cos5 (A—B) =2[sin 5.cos3 +cos4 sin 5]-[cos5 cos +sin 5 sin 5]
— 2lsin2cosB.cos2cosB + cos? sinB-cosAcosB
= 2[sin£C0s3 - C0S5COS~ +COS% Sin - COS5 COSS

inA B.ejnAcinB AcinB inAcinB
+S|n§COSE-SII’]?SIHE+COSESIHE-SII’]ESIHE]

— 2lsin 2cos2 8- cosA+ cos? 2 sin B-cos2 +sin2 2 cosB.sin & Agin2B .sin A
= 2[sin 2cos” 2. cos2+cos” £ sin 2.cos8 +sin“ 2 cosE-sin £ + cos4sin” £ -sin 4]

= 2[(sin 4 cos2)(cos” £ +sin®£) + (cosEsin B)(sin* £ + cos® 4]
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= 2[(sin £cos£) + (cosSsin 2)]
= 2sin £.cos4 +2cos2sin 3
=SinA+sinB
H.W EXx 8: Prove that
sin A—sin B =2cos$ (A+ B)sin 7 (A-B)
cosA+cosB =2cos:(A+B)cos3(A—-B)
cos A—cosB =-2sin$(A+B)sin3(A-B)
EXAMPLE 9: Use the addition formulas to derive the identity
1. cos(x—z/2)=sinx
2. sin(x+z/2)=cosx
3. cos(X+ z/2)=-sin x
4. sin(x—7m/2)=-Ccosx
1. cos(x—x/2)=cos(X+ (—x/2)) =cosx cos(—z/2)—sin xsin(—z/2)
=c0SXx(0) —sin x(-1) =sin x
2. cos(x+z/2)=cosx cos(z/2)—sin xsin(z/2)

=c0sX(0) —sin x (1) =—sin x

3. sin(x+z/2)=sinxcosz/2+cosxsinz/2
=sin x(0) + cosx (1) = cosx

4. sin(x—x/2)=sin(x+ (—z/2)) =sin xcos(—xz/2)+cosx sin(—z/2)
=sin X(0) + cosx (—1) = —cosx

EXAMPLE 10: Solve the following equation tan & = 2siné

Sol:
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tan@ = 2sin@
SN0 _ osing
cosd

sin @ = 2sin @ cosd

sin@ —2sin @ cosd =0

sin@(1—2cosd) =0

sind=0 = @=sin"0=0
OR 1-2c0séd=0

2cosf =1

cosd =1 —  O=cos ‘i
0 =60

EXAMPLE 11: Solve the following equation 1+ cosd = 2sin® &

Sol:
1+cosé = 2sin’ 6
1+c0s@—2sin“6 =0
1+cos@—2(1—cos’*8) =0
1+c0s@—2+2c0s°0=0
2¢0s” 6 +c0s6—1=0

—b+.b?*-4ac

cosé =
2a
c0sd — -1+1-4(2)(-1)
- 2(2)
cosezLﬂ
4

cosd = T = cosfd=-1
@=cos'(-)=nx

cosé?z—+3 = cosé?:1
4 2

10
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0 =cos *(1/2) =60

EXAMPLE 12: Solve the following equation tan?&+tané =0

Sol:
tan’6+tand=0
tand (tan&+1)=0

either tand=0 = 6=-180,0,180
or tanfd+1=0 = tanfd=-1
0 =-45,135
EXAMPLE 13: Solve the following equation cotd =5cosé

Sol:

cos¢ =5co0sd = 5cos@sind—-cos@d =0

sind
cosd(5sind—-1)=0

either cosf=0 = 0=-7,7

or 5sind-1=0 = 5sind=1 sinf=1
0 =sin'1=11.536
180-11.536

60 =168.47
0 =90,-90 ,11.536,168.47

EXAMPLE 14: Solve the following equation 3cosé +2secd+7=0

Sol:

300349+2i+7=0
cosé

11
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3c0s°0+2+7cos0=0
(3cos@ +1)(cosfd+2)=0

either (3cos@+1)=0 = cosd=-1/3 60 =109.26
*.* (cos(—80)) =(cos(0)) even
6 = -109.26
or (cos@+2)=0
cosfd=-2 Jdez —-1<cosf<1

6 =109.26,-109.26

2tan @

EXAMPLE 15: Solve the following equation 3tan 8 = L tn’d
—tan

Sol:
3tan® —3tan®9 =2tan o
3tand—3tan*0—2tand=0
tand—3tan*9=0
tan@(1-3tan’6) =0

either tand=0 = 6=0,180,360

or 1-3tan?6=0 = —3tan’f=-1

2pn_ _ a1
tan“0=1/3 = tane_iﬁ
60 =150,330
_ 1 _
tane_ﬁ 0 =30, 210

tan @ = —

b

6 ={0,30,150,180, 210,360}

EXAMPLE 16: Solve the following equation sin26cosé +sin”@ =1

Sol:
sin 20 = 2sin 8cos@

2sin@cosfcosd +sin?0 =1

12
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2sin@cos’ @ +sin®6 =1
2sin@cos® @ + (1—cos” 0) =1
2sin@cos’ @ +1-cos’ 6 =1
2sin@cos’ @ +1-1—-cos’@=0
2sin@cos® 6 —cos* =0
cos?@(2sin6-1) =0
cos’6d=0 = 6=90,270

25in0-1=0 = sinf=1/2 =0=30,150
0 ={30, 90, 150, 270}

EXAMPLE 17: If cos@ =3/5find sin@, tan&, secd, csc@, cotd

Sol
sin@=4/5 secd=5/3 x% + 3% =52
tand=4/3 cotd=3/4 5 : x?=25-9
cscd=5/4 x> =16
0
X=4

3

EXAMPLE 18: If tanA=-1/7, tanB =3/4find tan(A—-B)

Sol
tan A—tanB

tan(A—-B) =
1+ tan Atan B

. —17-3/4
1+ (~1/7)(3/4)

tan(A-B)=-1

(A—B)=135

13
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EXAMPLE  109: If tand=7/24find

Find1.sec@, 2.sin @

Sol:
tan@=7/24
1 25
secd = = =—
cos®d 24/25 24
sin@=7/25

EXAMPLE 1: Sketch y =3sin2x
Sol:

SoXx=0
S X=x/2
S X=7x

2Xx=0
2X=1
2X=2rx

~ O

T

O W oK

wl?2
3z/4 | -3

EXAMPLE 2: Sketch y=-1+sinx

without

using

calculator.

2X=71x/2

2x=3x/2

S X=rxl4
S.X=37/4

v =3sin2x

:
-45

T
45

yv=—-1l+sinx

1
Sol:
X Yy 0
0 -1
zl2 | 0
T 1 -1
3zl2 | -2
27 -1 A

H.W Ex 3: Draw

14
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1. y=1+sinx
2. y=(1/6)cosx
3. y=CO0SX+2

4. y=sin®x
5. y=5+sinx
6. y=—3+C0s%X

Transcendental function

1.1 Logarithm function

e Definition log, x

e Properties of Logarithm function
e Rule of Logarithm function
e Example

1.2 Exponential function

e Definition of
o Properties and rule of Exponential function
e Example

1.3 Invers function
e Example

1.1 Logarithm function
Logarithms with Base a

Definition log, X
For any positive number a =1 log, x is the inverse function of a* .

Example: y =log, x reflecting the graph of y=a* when a=2 as shown in Fig.

So that mean %
e )‘ B 2_[ 7
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Inverse Equations for a*and log x

1. a'®%aX = x x>0

2. log,(a*)=x all x
Rules for base a logarithms for any numbers x>0 and y >0

1. Product Rule: log, xy =log, x+log, y

2. Quotient Rule: log, X log, x—1log, y
y

3. Reciprocal Rule: Iogai =-log, Yy
y

4. Power Rule: log, x’ = ylog, x

Also
1. log,a=1
2. log,1=0
Inx
3. log, x=—
%X na
4 Iogax:loﬂ
loga
Inx
logx=—-—

16
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EXAMPLE 1: Prove that log, x= :”_X
na
Proof: a'% = x
tak In — Ina"%* =Inx using properties

log, x-Ina=Inx

log x—ln—X
" Ina
EXAMPLE 2: Calculate + 1
log,,30 log,;30
Sol:
1 N 1 or 1 N 1
log30  log30 In30  In30
logl0  log3 InN10  In3

In10 In3 In10+1In3
= + =

In30 In30 In30
_In(10x3) In30 1

In30 In30

EXAMPLE 3: Evaluate
1. 2'092(3)

Sol: a'°%* = x
2log2(3) _ 3

2. log,, (10)”
Sol:

17



Dr. Mazin

log,,(10)”" = log, a* = x
log,,(10) " =-7

3. log,(1/4)=-2 (HW)

Inx" Inx
4. log, x" = =n—=nlog, x
Ina Ina

EXAMPLE 4: If y=1log, x find the value of x
Sol:
y=log,x =a’=x
F=x = x=3
EXAMPLE 5: calculate y =log,8
Sol:
x=a’ 4Y =8
2% =2°
2y=3 = y=3/2
H.W Ex 6: Calculate

1. y=log,8
2. y=Ilog, 49
EXAMPLE 7: Find the value of x
1. log;x=4
Sol:
al=x = 3'=x
X =81
2. logg x=6 (H.W)
3. logs(1/125) =x (H.W)

H.W Ex 8: Find value of y
1. y=5°%s" = y=7 2. y=log, 36

18

= y=2
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3. y=log,(1/9) = y=-2 4. y=log,~/3 = y=1/2
5. y=log,(4*®) = y=2/3 6. y=log,(1/\/x) = y=-1/2

Exponential function

y=a" = a:constant
y=¢" = e~2718
Properties and rule of Exponential function

1. e*.e¥ =Y
2. e¥leY =Y
3. (eX)n — g™

Rule

1. Ine=1

In1=0

Ine" =ulne=u
eInl :eO -1

eInu —u

ok~ N

EXAMPLE 1: Solve for e"¥*? =g+
Sol:

gl y+2x _ gln(x+1)
eV e = (x+1)
y-e? =(x+1)
y=(x+1)/e**

EXAMPLE 2: Solve for Iny —Inx = In(x? +1)
Sol:

Iny/x=In(x* +1)

19
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Iny/x — eIn(x2+1)

e

y/x=x*+1

y=x3+x
EXAMPLE 3: e’ " =x42
Sol:

eV = x 42

e * = In(x +2)
yZ+1=In(x+2)
yZ =In(x+2) -1

y=+,/In(x+2)-1

1.2 Invers function
IF y=sin"'x = x=siny

OR x=siny = y=sin"*x

EXAMPLE 1: Prove that sin™*(—x) = —sin ' x
Sol:
Let y=sin'(-x)

—X=siny
X=-siny
y =—sin"(X)

EXAMPLE 2: Prove that sec™ x = cos *(1/X)
Sol:
Let y=sec'x  L.H.S
X =Secy
x=1/cosy
1/x=cosy
y =cos *(1/x)
So sectx=cos*(1/x) R.H.S

20
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EXAMPLE 3: Prove that tan™ x = cot™(1/x)
Sol:
Let y=tan™'x
x=tany
x=1/coty
coty=1/x
y =cot ™ (1/x)
y =tan"'x =cot ™ (1/ X)

EXAMPLE 4: Prove that sin*x+cos*x=7/2
Sol:

y=sin"'x

X=siny

X=cos(z/2-y) sin @ =cos(90 — 6)
(r12-y)=cos*x

(r/2—-sin"'x) =cos ' x

712 =costx+sintx

EXAMPLE 5: Prove that cos ™ x+cos *(—x) =
Sol:

y =c0s *(—X)

—X=C0sYy

X=—CO0SYy cos(z —y) =—cosy

X=cos(z—Y)

(7 —y) =cos™(x)

7 —€0s H(—x) = cos ()

7 =0 X +c0s(—X)

21
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EXAMPLE 6: Prove that cot *x=—tan ™ x+ /2

Sol:

Let y=cot’x
X =coty
Xx=tan(z/2-y)
(7/2—-y)=tan*x
(r/2—cot™*x)=tan* x

cottx=—tantx+x/2

tan(z/2-y)=coty

EXAMPLE 7: If a=sin"t+/3/2find cosa,seca, csca, tana cota

Sol:
cosa =1/2
seca =2

csca =2/+/3

fana = \/§
cota =1/+/3

ok W DNE

EXAMPLE 8: Evaluation the following equation

1) sec(cos'1/2)
y =c0s ‘1/2
cosy=1/2
secy=2/1

2) cos H(—sintz/2)=cos (- =x

3) sin(cos11/~/2)
cosy =1/+/2

22

2
.
1
4=(+/3)% + x?
x=1
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siny =1//2
sin(cos1//2) =1/~/2
4. cos(sin'0.8)

y=sin"0.8
o8 10
siny =0. 8
cos(sin0.8) =0.6 -
10% = 8% + x*
X=06

5. csc(sect2)
2

y=secl2 —secy=2 3

csc(sect2) =csc(y) =2/+/3

Hyperbolic Function

Definition of hyperbolic function

e—X) _ (eX _e—X)

1. sinhx:l(ex —
2 2

(e*+e™)

2. coshx= 1(eX +e )=
2 2

3. tanh X sinh x _ (e"—e™)
coshx (e*+e™)

coshx (e"+e™)

4. cothx=—
sinhx (e*—e™)

1 2

5. sechx = =
coshx (e*+e™)

23
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6. cschx =

Identities

1.

2.

© © N o

cosh? x

2

sinh x (e

—sinh?x=1

sinh 2x = 2sinh x cosh x

_e_x)

cosh2x = cosh? X +sinh? x

cosh? X

sinh? x =

tanh? x

cosh? x

sinh( X = y) =sinh xcoshy + coshx sinh y

cosh(x £ y) =cosh x coshy +sinh xsinh y

_cosh2x+1
2
cosh2x -1

—1-sech?x

—1+csch?x

10. sinh X+ coshx =e*

11. cosh2x = 2sinh? x +1

12. cosh2x = 2cosh? x —1

13. cosh(—x) = cosh x

14. sinh(—x) = —sinh x

15.coshx—sinhx =e™*

EXAMPLE 1: Prove that sinhx +coshx =e*
Sol:

sinhx =

L.H.S (

(e"-e™)
2

e*—e™) N (e*+e ™) e

coshx =

X

2

2

e +e™)
e—X eX
2 2

24

e—X

2

Prove?

Prove?

Prove?

Prove?

Prove?

Prove?

Prove?
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X X

& 1% _e*RHS
2 2

EXAMPLE 2: Prove that coshx —sinhx =e™*
Sol

LH.S (e"+e™) (e"-—e )_e_+e e &

2 2 2 2 2

_& L & _eXRHS
2 2

EXAMPLE 3: Prove that cosh? x—sinh?x =1

Sol
LH.S ::(ﬁﬁfj;ﬁ_flj ((e eX)j
2 2

:(£82X+2exe‘ _ZX) (1 x 2e'e”
4 4 4
et e et

4 2 4 4 2 4
1yl iRHs

2 2

EXAMPLE 4: Prove that tanh? x +sech?x =1

Sol
2 2
ef—e” 2
B e P
e’ +e (e"+e™)
_e¥-2efe e N 4
e +2e"e  +e ¥ e+ 2e"e"‘ +e
—2+e7? +4 e +2+e7

e
— —1RHS
eX 124 X424
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EXAMPLE 5: Prove that sinh(x + y) =sinh xcoshy + coshx sinh y

Sol:
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(x+Y) _ g=(x+y)
L.H.S sinh(x+y) = 5

R.H.S sinh xcoshy + coshx sinh y

e —e* eY+e”? e +e* el—e”?
=(2)(2)+(2)(2)

1 _ _ _ 1 _ _ _
:_(ex+y+ex y_e x+y_e (x+y))+Z(ex+y_ex y_|_e x+y_e (x+y))

_Loey Loy J e _ 1 0ay)
4 4 4 4

_ lex+y _le—(x+y)
2 2

(x+y) _ a=(x+Y)
€ —€
= = L.H.S

EXAMPLE 6: Rewrite the following expressions in terms of exponential. Write

the final result as simply as you can.

1. 2cosh(In x)

Sol:
In x —Inx
2cosh(Inx) =2(E—%
_ eln X + e—lnx
=X+1/X
2cosh(In x) = x+1/x
2. tanh(In x)
Sol:
elnx _a—Inx
ta.nh(ln X) = W
= X_% = sz_l
X+% x2X+1
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x? -1

X2 +1

tanh(In x) =

EXAMPLE 7: use the definitions the identity cosh?x—sinh®x=1to find the

values of the remaining five hyperbolic function. sinh =-3/4

Sol:
1. cosh? x =1+sinh?x

coshx =+/1+sinh? x
coshx =1+ (-3/4)? =~/25/16 =5/4

2. tanh x = sinhx _ —3/4 - -3/5
coshx 5/4

3. cothx= L :_—5
tanhx 3

4. sechx = 1 :ﬂ
coshx 5

5. cschx = _1 _~4
sinhx 3

H.W Ex 8:

1.sinh=4/3

2. cosh=17/15

3. cosh=13/5

EXAMPLE 9: Rewrite the expressions (1 - 5) in terms of exponential and simply

the result as much as you can.

1. sinh(2In x)
Sol:
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2Inx _ 4-2Inx

€

sinh(2Inx) =

2.cosh5x +sinh5x HW
3.cosh3x —sinh 3x H.W

4. (sinhx + coshx)*

Sol:

—X X

e

(sinhx + coshx)* = (£ +2 4+ 8

— (eX)4 — e4X

5. In(cosh x +sinh x) + In(cosh x —sinh x)

Sol:
In(cosh x +sinh x) (cosh x —sinh x)

In(cosh? x —sinh? X)
In1=0

EXAMPLE 10: Prove that sinh ™ x = In(x + v1+ x?)

Sol:
Let y=sinh™*x L.H.S
. ey —e™
X=sinhy =
y 2
2x=e¥ —e7Y x eY

2xeY =e?Y -1
e?y —2xe¥ —-1=0

Ax? +Bx+c=0
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—~B++/B?—4AC

2A

X =

o _ — (220 :£4(=2%)° - 4@)(-D)
2(1)

24/ %% +1

2
e’ =x++/x° +1
e = In(x++/x% +1)
y:In(xi\/xTH)
y=|n(x+\/x27+1)

H.W Ex 11: Prove that cosh™x = In(x + v x> —1)

ey =x+

EXAMPLE 12: Prove that tanh * x = %In GJ“—XJ
—X
Sol:
Let y=tanh™x
ey _e_y
Xx=tanhy=
Y e e
ey _e_y
X =
el +e”’

xe¥ +xe¥ =’ -V x ¢’
xe” +x=e" -1

xe” —e?Y =—x-1

(x-De? =—(x+1)

2y —(X+1)
- (x-1)
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Ine?y = In_(x+1)
(x-1)
= (x+1)
2y_In—_(l_X)
_ 1, (x+1)

In
2 (1-x) R.H.S

1+\/1—7J

EXAMPLE 13: Prove that sechx = In[

X
Sol:
Let y =sech™'x
X =sechy
y = 2
el +e”’
xe’+xe ¥ =2 xe’
xe? +x =2eY
xe?y —2e¥ +x=0
o _ — (2 (2" - (20)°
2X
2
ey_ii 4 —4x
2X 2X
y_1+2\/1—x2
X  2X
2
ey—ii 1-x
X X
12
ey:(1_ 1 x)
X
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EXAMPLE 14: Use the identities
sinh( X + y) = sinh xcoshy + coshx sinh y

cosh(x + y) =cosh x coshy +sinh xsinh y

To show that
a) sinh 2x = 2sinh xcoshx

b) cosh2x =cosh? x +sinh? x

Sol: a
sinh(2x) = sinh( x + X)
=sinh xcosh x + cosh x sinh x
= 2sinh xcoshx

Sol: b
cosh(2x) = cosh(x + x)
= cosh x cosh x + sinh xsinh x

—cosh? x +sinh? x
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